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PREFACE. 


Ts  the  volumea  now  offered  to  students  I  have  written  the 
history  of  an  important  branch  of  science  in  the  manner  in  which 
I  formerly  treated  the  Calculus  of  Vaiiations  and  the  mathe- 
matical theory  of  Probability ;  and  in  the  present  work,  as  in 
those,  I  undertake  a  task  hitherto  unattempted.  For  although 
much  has  been  published  on  the  Histoiy  of  Afitronomy,  yet  the 
progress  of  the  mathematical  development  of  the  principle  of 
Attraction  has  been  left  almost  untouched.  The  last  of  the  six 
volumes  which  constitute  the  great  work  of  Delambre  is  devoted 
to  the  Astronomy  of  the  eighteenth  century ;  hut  the  Astronomy 
discussed  is  almost  entirely  that  of  observation,  and  the  investi- 
gations of  the  eminent  mathematicians  who  contributed  to  fill  up 
the  outline  traced  by  Newton  are  scarcely  noticed.  There  are 
indeed  interesting  and  valuable  works  in  which  the  results 
obtained  by  theory  are  stated  in  popular  languf^  for  the  benefit 
of  general  readers ;  such  is  the  well-known  histoiy  by  Bailly  in 
French,  with  its  continuation  by  Voiron;  and  in  English  we 
have  various  excellent  productions  of  the  same  kind,  especially 
Narrien's  Bintarical  Account  of  the  Origin  and  Progreaa  of  Astro- 
•nomy,  and  Grant's  Biatory  of  Physical  Astronomy.  But  the  object 
of  these  works  is  quite  distinct  from  that  which  I  have  kept  in 
view  in  my  contributions  to  scientific  history.  I  desire  not  merely 
to  record  the  results  which  may  have  been  obtained  but  to  trace 
the  analysis  whicb  led  to  those  results,  to  estimate  its  value,  and 
to  discriminate  between  its  failure  and  its  success,  its  error  and  its 
truth.  So  far  as  I  know  the  only  example  of  a  mathematical 
treatise  bearing  on  the  histoiy  of  Physical  Astronomy  is  Gautiei^s 
Essai  Eistorique  sur  le  probleme  des  trois  corps :  hut  as  this  treats 
of  the  Lunar  and  Planetary  Theories,  omitting  the  Figure  of  the 
Bodies,  it  has  nothing  in  common  with  the  present  work. 

In  the  fifth  volume  of  the  Mdeaniqw  Celeste  Laplace  arranges 
the  whole  subject  of  Physical  Astronomy  in  six  divisions,  and 
gives  brief  sketchea  of  the  progress  of  the  theory  of  all ;  in  every 
case  sound  knowledge  practiculy  begins  with  Newton.  Lwlace'a 
first  division  is  devoted  to  the  Figure  and  Rotation  of  the  Earth  ; 
and  this  has  suggested  to  me  the  subject  of  the  present  work.  I 
T.  M .  A.  A 
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undertake  accordingly,  to  trace  the  history  of  the  Theories  of 
Attraction  and  of  the  Figure  of  the  Earth  from  Newton  to  Laplace. 
The  two  Bubjects  are  necessarily  associated  in  origin,  and  have 
been  historically  always  united ;  they  are  discussed  together  by 
Laplace  in  the  second  volume  of  his  great  work.  I  have  confined 
myself  to  a  single  division  of  the  wide  subject  of  Physical  Astro- 
nomy, for  the  extent  and  difSculty  of  the  whole  might  deter  even 
a  professional  cultivator  of  the  science ;  and  the  numerous  un- 
finished fragments  of  works  intended  to  bear  on  the  Mecanique 
Colette  famish  an  impressive  warning  against  the  rashness  of  any 
extravagant  design. 

I  will  now  give  an  outline  of  the  plan  of  my  work.  The  first 
Chapter  is  necessarily  occupied  with  Newton,  the  founder  of  Phy- 
sical Astronomy.  The  power  revealed  in  all  his  efforts  is  nowhere 
more  conspicuous  than  m  his  treatment  of  our  two  subjects. 

In  the  theory  of  attraction,  among  other  important  results,  he 
shewed  that  the  attraction  of  a  spherical  shell  on  an  external 
particle  is  the  same  as  if  the  shell  were  collected  at  its  centre,  and 
that  the  attraction  on  an  internal  particle  is  zero.  These  two  pro- 
positions constitute  a  complete  theory  of  the  attraction  of  a  sphere 
inwiiich  the  density  vaiies  as  the  distance  from  the  centre.  More- 
over the  result  with  respect  to  an  internal  particle  was  extended 
by  Newton  to  the  ca^  in  which  the  bounding  surfaces  of  the  shell 
are  similar,  similarly  situated,  and  concentnc  ellipsoids  of  revo- 
lution. 

Newton  originated  the  idea  of  investigating  the  Figure  of  the 
Earth  on  the  supposition  that  it  might  be  treated  as  a  homogeneous 
fluid  rotating  with  uniform  angular  velocity.  He  assumed  as  a 
postulate  that  there  could  be  relative  et^uilibrium  in  such  a  ease 
if  the  form  were  that  of  an  oblate  ellipsoid  of  revolution ;  and  he 
determined  the  ratio  of  the  axes  and  the  law  of  variation  of 
gravity  at  the  surface.  The  investigation,  tboi^h  not  free  from 
imperfection,  is  a  rare  example  of  success  in  the  first  discussion  of 
a  most  difficult  problem,  and  constitutes  an  enduring  monument 
to  the  surpassing  ability  of  its  author. 

The  second  Chapter  is  devoted  to  Huygens.  To  him  we  owe 
the  important  condition  of  fluid  equihbrium,  that  the  result- 
ant force  at  any  point  of  the  free  surface  must  be  normal  to 
the  surface  at  that  point ;  and  this  has  indirectly  promoted  the 
knowledge  of  our  subject.  Eut  Huygens  never  accepted  the  great 
principle  of  the  mutual  attraction  of  particles  of  matter ;  and  thus 
he  contributed  explicitly  only  the  solution  of  a  theoretical  pro- 
blem, namely  the  investigation  of  the  form  of  the  surface  of  rotating 
fluid  under  the  action  of  a  force  always  directed  to  a  flxed  point 
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The  third  Chapter  treats  of  various  misceUaneous  iBTestiga" 
tioiiB  connected  with  the  subject  in  the  course  of  one  generatioii 
after  the  publication  of  the  PrCticipia.  No  real  adaition  was 
made  to  Newton's  theoretical  results,  while  the  measurements 
of  arcs  of  the  meridian  in  France  led  the  Caosinls  to  adopt  tha 
hypothesis  that  the  form  of  the  Earth  was  not  oblate  but  oblonff. 

U'he  fourth  Chapter  relates  to  Maupertuis.  He  wrote  various 
memoirs,  among  which  were  two  in  the  form  of  commentaries  on 
Newton's  theories  of  Attraction  and  the  Figure  of  the  Earth. 
These  theories  were  rendered  more  accessible  by  the  tnAialation 
from  their  original  geometrical  expression  into  the  familiar  analy- 
tical languf^  of  toe  epoch.  By  adhering  to  Newton's  conclu- 
sions Maupertuis  must  have  contributed  much  to  m^tain  tha 
truth  among  his  countrymen,  in  opposition  to  the  errors  recom* 
mended  by  the  authority  of  Des  Cartes  and  the  Cassinis. 

The  important  postulate  assumed  hj  Newton  was  first  oon* 
sidered  by  Stirling,  a  mathematician  of  great  power :  the  fifth 
Chapter  shews  that  he  obtained,  at  least  implicitly,  an  approxi' 
mate  demonstration  of  the  required  result. 

In  the  sixth  Chapter  an  account  is  ^ven  of  various  memoirs 
hy  Clairaut  which  preceded  the  publication  of  his  important  work 
on  the  Figure  of  the  Earth.  Clturaut  explicitly  demonstrated  the 
buth  of  Newton's  postulate  approximately.  He  also  gave  the 
theorem,  called  Clairaut's  theorem,  which  establishes  a  connection 
between  the  ellipticity  of  the  earth  and  the  coefficient  of  the  teiTa 
expressing  the  increase  of  gravity  in  passing  &om  the  equator  to 
the  pole. 

The  seventh  Chapter  narrates  briefly  the  circumstances  of  the 
measurement  of  an  arc  of  the  meridian  in  Lapland.  I  have  - 
undert^en  to  develop  the  pr<^ress  of  the  Mathematical  Theories 
of  Attraction  and  of  the  Figure  of  the  Earth }  but  I  do  not  profess 
to  include  the  practical  operations  conducive  to  our  knowledge  c^ 
the  exact  -dimenRionB  of  the  Earth,  These  consist  mainly  of  ODmr< 
vations  of  pendulums,  and  measurements  of  arcs ;  and  an  account 
of  them  dnivn  from  the  original  sources  would  form  an  interest' 
ing  aad  instructive  work.  But  the  more  difficult  matters  to 
which  I  have  devoted  the  present  volumes  have  furnished  ample 
employment  without  any  serious  divergence  into  the  department 
of  practical  application.  I  have  therefore  limited  myself  to  short 
noticoB  of  the  earlier  pendulum  experiments,  and  of  the  two  great 
measarements  in  Lapland  and  Peru ;  these  measurements  daservs 
some  attention  on  account  of  their  historical  interest  and  their 
decifflve  testimony  to  the  ohlat*  form  of  the  Earth. 

The  eighth  Chapter  treats  of  varioos  misceUaneous  investi- 
gatioQi  between  1721  and  1740.    Desagoliers  maintuned,  with 
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a  zeal  not  uoiformly  discreet,  the  oblate  form  against  the  Cascdniaii 
hypothesis ;  on  the  other  hand,  the  measurements  in  France  were 
still  held  to  be  in  favour  of  that  hypotbeBis.  Towards  the  end 
of  the  period  the  Academy  of  Paris  proposed  the  Tides  as  the 
Subject  of  a  Prize  Essay;  and  this  led  to  the  important  researches 
of  Maclaurin. 

The  ninth  Chapter  is  devoted  to  Maclauria.  He  completely 
solved  the  problem  of  the  attraction  of  an  ellipsoid  of  revo- 
lution on  an  internal  or  superficial  particle;  and  his  method 
and  results  admitted  of  obvious  extension  to  the  case  of  an 
ellipsoid  not  of  revolution.  The  extent  to  which  he  proceeded 
for  the  case  of  an  external  particle  requires  to  be  stated  with 
accuracy,  in  order  to  correct  errors  of  opposite  kinds  which  are 
current.  The  moat  general  result  yet  attained  may  be  stated 
thus :  the  potentials  of  two  confocal  ellipsoids  at  a  given  point  ex- 
ternal to  both  are  as  their  masses.  This  theorem  was  first  es- 
tablished by  Laplace,  but  Maclaurin  demonstrated  it  for  the  par- 
ticular case  in  which  the  estemal  point  is  on  the  prolongation 
of  an  aais  of  the  ellipsoids.  In  the  theory  of  the  Figure  of  the 
Earth,  Maclaurin's  main  achievement  was  an  exact  demonstra- 
tion of  Newton's  postulate,  of  which  hitherto  only  approximate 
investigations  had  been  given. 

In  the  tenth  Chapter  the  contributions  of  Thomas  Simpson 
are  noticed.  This  eminent  mathematician  explicitly  shewed  that 
if  the  angular  velocity  of  rotation  exceeds  a  certain  value,  the 
oblatum  is  not  a  possible  form  of  relative  equilibrium  for  a  fiuid 
mass ;  and  it  followed  implicitly  from  his  results  that  for  any 
value  of  the  angular  velocity  less  than  the  limit,  more  than  one 
-  figure  for  relative  equilibrium  would  exist.  Simpson  also  gave 
a  remarkable  investigation  of  the  attraction  at  the  snr&ce  of  a 
very  extensive  class  of  nearly  spherical  bodies. 

The  eleventh  Chapter  consists  of  an  analysis  of  the  celebrated 
work  by  Clairaut  The  first  part  of  the  work  treats  on  the 
principles  of  fluid  equilibrium ;  here  Clairaut  far  surpassed  his 
predecessors  in  extent  and  accuracy,  and  left  the  theory  in  the 
form  which  it  still  retains,  with  the  single  exception  of  the  im- 
provement effected  by  Euler,  who  introduced  the  notion  of  the 
pressure  at  any  point  of  the  fluid,  together  with  the  appropriate 
symbol  by  which  it  is  denoted.  The  second  part  of  the  work 
tjeats  on  the  Figure  of  the  Earth.  For  the  case  of  a  homogeneous 
fluid  Clairaut  closely  followed  Maclaurin.  The  case  of  a  hetero- 
geneous fluid  had  been  hitherto  practically  untouched,  and  Clairaut 
invented  for  it  a  beautiful  process  which  has  remained  substan- 
tially unchanged  to  the  present  time ;  the  chief  result  is  a  certun 
equation  connecttng  the  ellipticity  of  the  strata  with  their  density. 
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vhich  appears  in'  two  forms :  these  I  h&ve  called  respectively 
Clairaut's  primary  equation,  and  Clairaufa  derived  equation. 

The  twelfth  Chapter  narrates  briefly  the  circumstances  of  the 
measurement  of  an  arc  of  the  meridiaa  in  Peru.  I  have  care- 
fiilly  examined  the  extensive  literature,  much  of  which  is  con- 
troversial, arising  from  this  memorable  expedition ;  and  by  means 
of  exact  references  I  have  afforded  assistance  to  any  student  who 
wishes  to  render  himself  familiar  with  all  the  circumstances. 

The  thirteenth  Chapter  ia  devoted  to  the  earlier  half  of  the 
writings  of  D'Alembert  which  bear  on  our  subjects.  They  are 
extensive  in  amount,  and  may  have  served  indurectly  to  diffuse 
the  interest  in  such  investigations  which  the  writer  must  have 
felt  himself;  but  on  account  of  errors  in  principle  and  inaccuracy 
of  detail  their  direct  value  is  small.  In  various  attempts  which 
D'Alembert  made  to  criticise  the  work  of  Clairaiit  he  was  I  believe 
almost  uniformly  wrong,  so  far  as  regaids  the  Figure  of  the  Earth, 
and  barely  right  on  some  unimportant  points  of  Hydrostatics.  It 
IB  stated  in  the  life  of  D'Alembert  published  in  the  Biographical 
IHctionary  of  ike  Society  f<yr  the  IHffvaion  of  Useful  Knowledge 
that  "  He  and  Clairaut  were  rivals,  and  no  wort  of  either  appeared 
without  finding  a  severe  critic  in  the  other;  but  D'Alembert,  the 
more  cautious  and  profound  of  the  two,  was  generally  on  the  right 
side  of  the  question:..."  The  judgment  is  pronounced  by  a  most 
eminent  authority  to  which  I  usually  bow  with  reverence ;  but  so 
&r  as  the  subjects  of  the  present  work  extend,  I  should  venture  to 
reveiBe  it. 

The  fourteenth  Chapter  is  devoted  principally  to  Boscovich, 
whose  writings  furnish  elementary  accounts  of  the  most  important 
results  which  had  been  obtained  up  to  their  date.  I  have  also 
given  a  brief  notice  of  the  poem  by  Stay,  for  which  Boscovich 
8u|^lied  notes  and  supplementary  dissertations. 

The  fifteenth  Chapter  treats  of  various  miscellaneous  investi- 
gations between  the  years  1741  and  17C0.  It  includes  a  brief 
notice  of  a  Priae  Essay  on  the  Figure  of  the  Earth,  published  by 
Clairaut,  some  years  after  his  treatise. 

The  sixteenth  Chapter  is  occupied  with  the  later  half  of  the 
writings  of  D'Alembert.  The  general  character  is  the  same  as  of 
the  earlier  half;  the  investigations  themselves  are  disfigured  by 
serious  errors,  hut  they  serve  to  suggest  interesting  and  important 
matter. 

The  works  of  Frisi  are  noticed  in  the  seventeenth  Chapter: 
they  resemble  those  of  Boscovich  in  the  fact  that  they  served  to 
teach  the  subject  rather  than  to  promote  its  progress. 

The  eighteenth  Chapter  treats  of  various  miscellaneous  in- 
veatigations  between  the  years  1761  and  1780.     The  first  three 


izedbyGoOglC 


X  PBETACE. 

(^  Laplaoe'a  memoiis  belong  to  this  period,  but  for  oonreiiieDce  the 
consideratioD  of  them  is  postpoDed.  The  Chapter  includes  an  ac- 
count of  a  memoir  by  L^range  in  which  he  proceeded  by  analysis 
to  the  point  Maclaurio  had  reached  by  geometry.  The  operations 
carried  on  at  Schehallien  for  ascertaining  the  density  of  the  Earth 
are  noticed,  and  references  are  supplied  to  the  subsequent  labours 
on  the  same  subject.  Here  the  firat  volume  ends,  which  contains 
the  history  of  our  subjects  during  the  oentury  which  followed  the 
publication  of  Newton's  R-incipia. 

The  nineteenth  Chapter  tak^  the  first  three  memoirs  of 
Laplace.  The  principal  object  of  these  memoirs  may  be  said  to 
be  the  solution  of  a  |m)blem  which  is  an  extension  of  Newton's 
postulate.  Newton  a^umed  that  an  oblatura  waa  a  possible  form 
of  relative  equilibrium  for  rotating  fluid ;  the  present  problem  is 
to  shew  that  an  oblatum .  is  the  onli/  possible  form,  at  least  under 
certain  restrictions.  I  call  the  problem  Legendre's,  because  he 
was  the  first  who  solved  it  with  tolerable  success.  D'AIembert 
attempted  the  investigation,  but  fuled.  Laplace  did  not  solve 
liie  problem  completely;  but  he  shewed  that  for  a  very  large 
class  of  nearly  sphericiu  figures,  the  relative  equilibrium  was  im- 
possible. He  also  obtained  the  expression  for  the  law  of  gravity 
which  would  hold  universally. 

The  twentieth  Chapter  is  devoted  to  a  memoir  which  is  con- 
spicuous in  the  history  of  the  Theoir  of  Attraction,  namely  the 
earliest  of  Legendre's.  The  limit  reached  by  Uaclaurin  is  now  for 
the  first  time  left  behind ;  Legendre  shews  that  the  theorem  with 
respect  to  oonfocal  ellipsoids  is  true  for  any  position  of  the  ex- 
ternal point  when  the  ellipsoids  are  solids  of  revolution.  Legendre 
introduces  here  the  memorable  expressions,  hitherto  unknown, 
which  are  now  usually  called  Lajdace'a  coefficients;  and  also,  at  the 
suggestion  of  Laplace,  the  function  now  called  the  Potential  func- 
tion takes  its  plaoe  in  the  subject. 

The  twenty-first  Chapter  brings  before  us  a  scarce  treatise  l^ 
Laplace,  and  gives  an  analysis  of  that  half  of  it  which  relates  to 
Attractionand  the  Figure  of  the  Earth.  Here  was  published  for  the 
first  time,  the  demonstration  of  the  theorem  relating  to  the  action 
of  oonfocal  elUpsoids  at  an  external  point  which  I  ciul  by  Laplace's 
name.  The  subjects  of  the  Attraction  of  Ellipsoids  and  of  the 
homogeneous  Figure  of  tbe  Earth  appear  in  this  treatise  in  nearly 
the  same  form  as  in  the  M^niqve  Celeste. 

The  twen^-second  Chapter  relates  to  Legendre's  second  me- 
moir. Here  L^peadre  solves  the  problem  which  I  call  by  his 
name.  He  assumes  that  the  fluid  is  in  the  form  of  a  figure  of 
revdution,  and  that  it  does  not  deviate  widely  from  the  spherical 
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The  twenty-third  Chapter  notices  Laplace's  fourth,  fifth,  aad 
rixth  memoirs.  The  fourth  and  fifth  memoirs  contain  the  theoiy 
of  the  attraction  of  spheroids,  and  the  theory  of  Laplace's  functions, 
in  the  form  they  assume  in  the  M^canique  Celeste.  The  sixth 
memoir  relates  to  Saturn's  ring. 

The  twenty-fourth  Chapter  ie  devoted  to  Legendre's  third 
memoir.  The  object  of  this  memoir  is  to  demonstrate  Laplace's 
theorem  respecting  confocal  ellipsoids  hy  a  more  direct  process 
than  Laplace  himself  had  employed.  Legendre  does  demonstrate 
the  theorem,  without  expanding  his  expressions  in  series,  but  the 
process  is  excessively  long  and  complicated. 

The  twenty-fifth  Chapter  analyses  Legendre's  fourth  memoir. 
Here  we  have  a  great  development  of  Clairaut's  process  for  the 
case  of  heterogeneous  fluid.  A  general  equation  is  obtuned 
analogous  to  Clairaut's  primatr  equation;  and  from  this  it  is 
shewn  that  the  strata  must  be  ellipsoidal 

The  twenty-sixth  Chapter  is  devoted  to  Ijaplace's  seventh  m»* 
moir.  This  contains  some  numerical  discussion  of  the  lengths  of 
d^p^es,  and  of  the  lengths  of  the  seconds  pendulum ;  there  is  also 
a  theory  of  the  het«rogeneous  figure  of  the  Earth,  which  sub- 
stantially agrees  with  that  in  Legendre's  fourth  memoir. 

The  twenty-seventh  Chapter  treats  of  miscellaneous  investiga- 
tions between  the  years  1781  and  1800.  Among  other  matters  we 
have  here  to  notice  Cousin's  Introduction  to  the  study  of  Physical 
Astronomy,  a  memoir  by  L^range,  and  a  memoir  by  Trembley ; 
the  last  is  of  the  same  unsatisfactoiy  character  as  various  memoirs 
by  the  same  writer  which  I  have  examined  in  my  History  of  the 
Matkmfwitical  Theory  of  Probabilitt/. 

The  twenty-eighth  Chapter  ^ves  an  account  of  the  first  two 
volumes  of  the  Minimis  Celeste,  so  far  as  they  relate  to  our 
subjects.  Laplace  in  effect  reproduced  with  small  change  the  last 
four  of  his  seven  memoirs ;  and  the  result  is  a  treatise  not  yet 
superseded. 

The  twenty-ninth  Chapter  traces  the  history  of  investigation 
with  respect  to  Laplace's  Theorem.  Ivory,  Legendre,  Oauss  and 
Kodrigues  all  gave  complete  discussions  of  the  attraction  of  ellip- 
soids; while  Biot  and  Plana  also  commented  on  parts  of  the  theory. 
The  method  of  Ivory  is  the  simplest  of  all,  and  has  obtained  a 
permanent  position  m  our  elementary  works ;  insomuch  that  it  is 
usual  to  speak  of  Ivory's  theorem,  although  the  more  correct  phrase 
would  he  Ivory^B  demimatration  of  Laplace's  theorem. 

The  thirtieth  Chapter  treats  on  an  equation  which  Laplace 
seems  to  have  regarded  with  peculiar  favour,  and  which  occurs 
often  in  his  writings.  The  equation  however  did  not  satisfy  Ivory, 
and  he  eriticised  it  with  severity.    The  resalt  of  the  discusd<Hi 
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may  be  said  to  have  established  the  accuracy  of  Laplace's  equation 
when  used,  ae  he  himBelf  used  it,  with  due  caution.  But  at  the 
same  time  the  objects  which  Laplace  sought  by  the  aid  of  his 
equation  are  now  generally  obtained  without  it ;  so  that  practically 
the  equation  is  at  present  rarely  emjdoyed. 

The  thirty-firat  Chapter  elucidates  the  partial  differential 
equation  for  the  symbol  which  denotes  the  potential  function. 
Laplace  bad  originally  assumed  that  a  certain  equation  held  both 
for  an  external  particle,  and  for  a  component  particle  of  the  body 
considered ;  but  Foisson  shewed  that  the  two  cases  required 
different  forma  of  the  equation. 

The  thirty-second  Chapter  discusses  a  method  which  Laplace 
gave  for  solving  Legendres  problem,  with  the  objection  brought 
against  it  by  I^ouville,  and  ^e  treatment  which  Foissoo  substi- 
tuted in  place  of  Laplace's. 

The  thirty-third  Chapter  passes  in  review  various  memoin)  which 
Laplace  published  during  the  first  quarter  of  the  present  century. 

The  thirty-fourth  Chapter  is  devoted  to  that  part  of  the  fifth 
volume  of  the  M^canique  Celeste  which  relates  to  our  subjects  \  it 
consists  chiefly  of  a  republication  of  the  memoirs  noticed  in  the 
thirty-third  Cnapter. 

Strictly  speaking  the  period  of  history  which  I  proposed  to 
describe  closes  here ;  but  it  seemed  convenient  to  include  within 
my  range  all  the  writings  of  three  mathematicians  who  had 
already  been  prominent  in  my  work,  and  who  may  be  naturally 
associated  with  their  predecessors,  especially  with  Laplace.  These 
writers  are  Foisson,  Ivory  and  Plana. 

The  thirty-fifth  Chapter  contains  an  account  of  all  Poisson'a 
contributions  which  had  nut  been  previously  examined.  The  most 
important  of  these  are  an  elaborate  memoir  on  the  Attraction  of 
Spheroids,  and  a  memoir  giving  a  new  investigation  of  Laplace's 
theorem  respecting  confocal  ellipsoids. 

The  thirty-sixth  Chapter  gives  a  brief  sketch  of  the  numerous 
articles  and  memoirs  which  Ivory  produced,  mainly  in  support  of 
opinions  of  his  own  which  were  both  peculiar  and  erroneous.  The 
great  promise  which  bis  early  success  held  out  was  not  followed  by 
any  corresponding  merit  in  the  essays  of  bis  later  years. 

The  thirty-seventh  Chapter  is  devoted  to  Plana,  who  wrote 
several  papers  chiefly  in  the  form  of  comments  on  Li^prange, 
Legendre  and  Laplace. 

The  last  Chapter  treats  of  various  miscellaneous  investigations 
•  during  the  first  quarter  of  the  present  century.  It  is  by  accident 
the  history  finishes  with  a  par^japh  relating  to  Bowditch;  but 
on  account  of  his  moral  and  intellectual  eminence,  and  of  his 
unselfish  devotion  to  science,  the  name  of  one  of  the  most  dis* 
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tinguished  mathematicians  beyond  the  Atlantic  may  justly  close  a 
roll  which  commences  with  that  of  Newton. 

The  period  of  time  which  I  have  traversed  will  be  found  to 
correspond  with  some  accuracy  to  a  distinct  boundary  line  in  the 
Bohject.  The  labours  of  more  recent  date  present  to  us  many  in- 
dications of  what  may  be  more  appropriately  called  new  methods 
ralherthan  mere  developments  oftnose  already  discussed.  Among 
them  we  may  meotion  the  investigations  respecting  the  Potential 
by  Oreen  and  Oauas,  and  the  numerous  researches  on  the  attrac- 
tion  of  Ellipsoids  by  Chasles;  all  these  writers  will  occupy 
conspicuous  places  in  any  future  record  of  the  subjects.  Sir  John 
Herschel  spoke  of  my  Hiatory  of  Probability  as  embracing  the  series 
of  the  Pleiocene  analysts  in  distinction  from  the  Post-Pleiocene ; 
and  the  illustration  might  be  similarly  applied  in  the  present  case. 

Such  then  is  the  outhne  of  the  history  which  the  present 
volumes  contain.  The  principles  on  which  I  have  executed  my 
task  are  the  same  as  those  adopted  in  my  former  works;  and 
I  may  refer  especially  to  the  preface  to  my  History  of  Probability 
for  an  account  of  them.  I  will  only  state  here  that  I  have  not 
thought  it  necessaiy  to  preserve  the  exact  notation  of  the  original 
authors ;  that  notation  frequently  varies  much  in  various  places, 
and  it  is  really  advantageous  for  the  sake  of  brevity  and  clearness 
to  nse  the  same  symbols  throughout.  For  example  the  ratio  of 
the  centrifugal  force  at  the  equator  to  the  gravity  there  is  denoted 
in  some  English  books  by  the  letter  m ;  Clairaut  uses  tfi  ; 
D'Alembert  in  the  sixth  volume  of  his  Opuscules  Math^matiquss 
uses  m ;  laplace  in  the  Mecanique  Celeste,  Vol.  v.  page  7,  uses  ijs, 
and  in  VoL  v^  page  23  he  uses  a^.  For  the  ratio  of  the  centri- 
fugal force  at  the  equator  to  the  attraction  there,  which  is  very 
approximately  the  same  thing  as  the  preceding  ratio,  the  letter  j 
is  used  throughout  the  present  work. 

I  have  been  very  sparing  in  the  introduction  of  new  terms, 
for  this  practice  seems  carried  to  an  embarrassing  extent  in  some 
modem  mathematical  works.  I  have  however  found  it  necessary 
to  have  short  designations  for  two  things  which  occur  perpetually 
in  these  investigations.  The  body  formed  by  the  revolution  of  an 
ellipse  round  its  minor  axis  I  call  an  oblatum,  and  the  body  formed 
by  the  revolution  of  an  ellipse  round  its  major  axis  I  call  an  06- 
Imtgum.  In  English  books  the  former  has  usually  been  called  an 
ob^e  spheroid;  and  the  latter  a  prolate  spheroid.  Something  is 
gtuned  m  conciseness  by  using  one  word  instead  of  two  for  a  name 
which  is  frequently  required  ;  but  the  chief  reason  of  the  change 
arises  from  the  fact  that  the  word  spheroid  has  been  much  used 
in  a  different  sense,  namely  to  denote  a  body  which  differs  but 
little  from  a  sphere.     It  would  be  very  convenient  if  this  sense- 
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of  the  Tord  tpheroid  could  be  bo  established  u  to  render  superfluous 
tbe  formal  enunciation  of  the  condition  of  reBemblance  to  a  sphere. 
Perhaps  the  use  of  a  word  to  express  a  form  only  approscimately 
determined  is  felt  to  be  somewhat  unlike  the  ordinary  precision 
of  mathematical  language ;  and  thin  may  account  for  the  frequent 
repetition  of  the  condition  even  after  it  has  been  explicitly  adopted. 
Moreover  the  great  French  writers  have  often  employed  the  word 
apkeroid  in  a  sense  so  wide  as  to  render  it  practically  equivalent 
to  body ;  an  example  will  be  found  in  the  title  of  a  memoir  by 
Poisson  on  page  388  of  the  second  volume. 

I  have  found  it  convenient  to  give  a  name  to  a  certain  ratio 
which  is  of  importance  in  our  subject,  namely  the  ratio  of  the 
difference  of  gravity  at  the  equator  and  at  the  pole  to  gravity  at 
the  equator.  This  ratio  is  one  of  the  elements  coimected  by 
Clmraufs  theorem,  and  I  have  accordingly  called  it  Clairauta 
fraction. 

There  is  one  term,  perhtqts  the  most  objectionable  of  all  that 
have  become  permanent  in  mixed  mathematics,  which  is  used 
throughout  the  work,  namely  centrifugal  force.  It  is  with  great 
reluctance  that  I  have  felt  myself  constrained  to  yield  to  uni- 
versal authority  and  to  employ  language  which  experience  shews 
to  be  most  perplexing  and  misleading.  The  well-trained  student 
will  however  have  learned  that  the  so-called  centrifugal  force  is  a 
fiction ;  the  simple  fact  is  that  a  dynamical  problem  relating  to 
a  body  which  is  rotating  uniformly,  can  be  reduced  to  a  statical 
problem  by  supposing  the  rotation  to  cease  and  a  certain  force 
to  be  introduced. 

This  History  assumes  on  the  part  of  the  reader  some  elementary 
acqu^ntance  with  the  subjects  on  which  it  treats.  For  the  Theory 
of  Attractions  the  Chapter  in  my  work  on  Statics,  to  which  I 
have  occasionally  referred,  will  be  sufficient.  For  the  Figure  of 
the  Earth  the  student  may  consult  three  well-known  English 
treatises,  namely  one  in  Airy's  iiathetnatical  Tracts,  one  in 
O'Brien's  Mathejnatical  Tracts,  and  Pratt's  Chapter  on  the  subject 
in  his  Meckanieal  Philosophy,  sfterwards  enlarged  and  published 
separately  in  a  Treatise  on  Attractions,  Laplace's  Fun^ions  and 
the  Figure  of  the  Earth :  Pratt's  Treatise  is  the  most  comprehen- 
sive ef  these  English  treatises,  and  the  easiest  to  procure.  An 
interesting  work  was  published  at  Paris  in  1865,  entitled  Traits 
Mimmtaire  de  Mkanigue  Cileste.  Far  H.  Mesal.  About  a  third 
of  this  volume  is  devoted  to  our  subjects;  and  it  gives  a  very 
instructive  account  of  them :  but  the  extreme  inaccuracy  of  the 
printing  is  a  serious  diminution  of  the  value  of  the  work. 

The  mathematical  expressions  which  are  called  Laplace's 
«0«^!eMni>  and  Laplace's  functions  play  a  very  importaot  part  in 
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the  higher  mTestigations  of  our  subjeotB.  The  treatises  of  O'Brien, 
Pratt,  and  Besal,  which  have  just  beea  cited  contaiD  a  sufBcient 
account  of  these  expressions  for  elementary  purposes.  The 
student  who  wishes  to  become  intimately  acquuntea  with  them 
will  hare  recourse  to  the  work  by  Heine  wfaiob  is  named  (hl 
^iLgo  24  of  the  second  volume ;  this  is  an  admirable  volume 
enriched  with  numerous  references  to  the  original  authorities. 

It  may  be  naturally  expected  that  a  person  who  has  devoted 
much  time  to  the  study  of  the  history  of  science  will  feel  disposed 
to  attribute  considerable  value  to  the  pursuit.  The  interest  which 
attaches  to  the  struggle  of  the  human  mind  with  serious  diffical- 
ties,  to  its  gradual  progress  and  final  triumph,  may  be  at  least  as 
great  as  that  which  is  excited  by  an  account  of  the  vicissitudes  of 
oivil  history.  An  acquaintance  with  the  .origin  and  the  course  of 
any  science  will  often  give  great  assi  stance  in  the  comprehension  of 
its  present  state,  and  may  even  point  out  the  most  promiung  direc- 
tion for  fiiture  efforts.  Moreover  a  familiarity  with  what  has  been 
already  accomplished  or  attempted  in  any  subject  is  conducive  to 
a  wise  economy  of  labour ;  for  it  may  often  prevent  a  writer  from 
investigating  afresh  what  has  been  already  settled,  or  it  may 
warn  mm  by  the  failure  of  his  predecessors,  that  he  Bhould  not 
too  lightly  undertake  a  labour  of  well-recognised  difficulty.  The 
opinions  of  Laplace  and  An^,  which  are  quoted  in  my  title-pages, 
are  justly  entitled  to  great  weight  on  these  points. 

That  the  subjects  here  treated  historically  are  of  no  common 
importance  and  influence  may  be  easily  seen.  A  knowledge  of  the 
figure  and  dimensions  of  the  Earth  is  the  basis  of  all  the  numerical 
resolta  of  Astronomy,  and  therefore  of  the  greatest  practical  value. 
Moreover  the  researches  into  the  theories  of  Attraction  and  of  the 
Figure  of  the  Earth  have  been  fertile  in  yieliling  new  resources 
for  mathematicians ;  it  will  be  sufficient  to  point  to  the  Transfor- 
mation of  Multiple  Integrals,  the  theory  of  the  Potential,  and  the 
elaborate  doctrine  of  Laplace's  functions,  which  have  all  sprung  up 
in  the  cultivation  of  this  field  of  Physical  Astronomy.  Humboldt 
baa  drawn  attention  to  this  circumstance  in  his  Cosmos;  the  fol- 
lowing passage  occurs  on  pi^es  156  and  157  of  the  fifth  edition 
<rf  Sabine's  translation  of  the  first  Volume :  "  Except  the  investi- 
gations concerning  the  parallax  of  the  fixed  stars,  which  led  to 
the  discovery  of  aberration  and  nutation,  the  history  of  science 
presents  no  problem  in  which  the  object  obtained, — the  knowledge 
of  the  mean  compression  of  the  Euih,  and  the  certainty  that  its 
figure  is  not  a  regular  one, — is  so  far  surpassed  in  importance  by 
the  incidental  gain  which,  in  the  course  of  its  long  and  arduous 
paimit,  has  accrued  in  the  general  cultivation  anoi  advancement 
of  matfaematMal  imd  astronomical  knowledge." 
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It  may  appear  that  some  apology  is  due  for  the  extent  to 
which  the  work  has  grown ;  this  must' be  foimJ  in  the  extent  and 
intricacy  of  the  materiala  which  had  to  be  analysed.  Indeed 
■  Ivory,  who  devoted  much  attention  to  the  subject  of  the  Figure  of 
the  Earth,  asserts  that  it  has  been  attended  with  greater  difficulty 
and  has  occasioned  a  greater  number  of  memoirs  than  any  other 
branch  of  the  system  of  the  world.  I  have  bad  some  trouble  in 
keeping  withm  the  limits  of  two  volumes,  and  have  been  com- 
pelled to  omit  many  developments  which  I  should  gladly  have 
printed.  I  have  also  published  separately  various  papers  which 
have  grown  out  of  my  historical  studies ;  to  these  I  refer  in  the 
appropriate  places,  but  it  may  be  convenient  to  give  a  list  of  them 
here.     They  are  the  following  : 

On  Jacobi's  Theorem  respecting  the  relative  equilibrium  of  a 
revolving  ellipsoid  of  fluid,  and  on  Ivory's  discussion  of  the 
Theorem.     Proceedings  of  the  Moyal  Society,  Vol.  xix. 

Note  relating  to  the  Attraction  of  Spheroids.  I^oceedings  of 
the  Royal  Society,  Vol.  xx. 

Note  on  an  erroneous  extension  of  Jacobi's  Theorem.  Pro- 
ceedings of  the  Royal  Society,  Vol.  xxi. 

On  the  Arc  of  the  Meridian  measured  in  Lapland.  Trans- 
actions of  the  Cambridge  Philosophical  Society,  Vol.  Xll. 

On  the  equation  which  determines  tbe  form  of  the  strata  in 
Legendre's  and  Laplace's  theory  of  the  Figure  of  the  Earth. 
Transactions  of  the  Cambridge  Philosophical  Society,  Vol.  xii. 

On  the  Proposition  38  of  the  Third  Book  of  Newton's  Principta. 
Monthly  Notices  of  the  Royal  Astronomical  Society,  Vol,  xxxii. 

On  the  Arc  of  the  Meridian  measured  in  South  Africa. 
Monthly  Notices  of  the  Royal  Astronomical  Society,  Vol  xxxiii. 

The  account  which  is  given  of  the  memoirs  and  treatises 
will  be  found  ample  enough  in  moat  cases  to  supply  all  that  a 
student  will  ever  want  to  read  of  them ;  but  this  does  not  apply  to 
the  M^canique  Celeste,  which  I  desire  to  illustrate  not  to  super- 
sede. In  other  words  all  that  I  say  relative  to  that  great  work  is 
intended  as  a  commentary  for  the  use  of  those  who  are  consulting 
the  original.  I  have  usually  cited  it  by  sections,  hut  in  some 
cases,  which  occur  almost  exclusively  in  the  fifth  volume,  I  have 
for  greater  distinctness  cited  it  by  pages.  The  pages  meant  are 
those  of  Laplace's  own  edition;  but  tbe  student  who  uses  the 
national  edition  will  be  able  to  adjust  the  references  by  observing 
that  in  the  fifth  volume  the  85  pages  with  which  we  are  concerned 
correspond  to  103  pages  in  the  national  edition. 

It  is  well  known  that  Laplace  does  not  give  any  specific 
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PREFACE.  •  XVW 

referencea  to  the  labours  of  hie  predecessors  and  contemporaries ; 
in  hia  great  treatises  on  Physical  Astronomy  and  Probability  he 
embodied  with  his  own  results  much  that  he  derived  from  others, 
and  as  these  treatises  have  become  the  standards  of  authority  for 
the  aubjects  to  which  they  relate,  it  has  followed  that  with  un- 
critical readers  Laplace  has  not  unfrequently  obtained  credit  for 
what  was  not  distinctively  his  own  production.  A  student  of  the 
course  of  science  will  often  discover  that  important  investigations 
irhich  first  came  under  his  notice  in  t)ie  works  of  Laplace,  are 
really  due  to  other  mathematicians ;  and  by  a  natural  reaction 
-the  conjecture  will  aritie  that  further  research  will  lead  to  the 
restitution  of  much  more  to  the  rightful  owners;  and  thus  there 
may  be  a  recoil  from  an  undue  admiration  to  a  auspicious  depre- 
ciation. But  a  complete  evolution  of  the  history  will  restore  the 
reputation  of  Laplace  to  its  just  eminence.  The  advance  of 
mathematical  science  is  on  the  whole  remarkably  gradual,  for 
with  the  single  exception  of  Newton  there  is  very  little  exhibition 
of  great  and  sudden  developmeuts ;  but  the  possessions  of  one 
generation  are  received,  augmented,  and  transmitted  by  the  next. 
It  may  be  confidently  maintained  that  no  single  person  haa 
contributed  more  to  the  general  stock  than  Laplace. 

In  the  life  of  Laplace  in  the  English  CycU^BBdia,  which  we 
may  safely  attribute  to  the  late  Professor  I)e  Morgan,  there  are 
some  valuable  remarks  suggested  by  the  want  of  specific  infonna- 
tion  in  the  writings  of  I^place  as  to  what  was  done  by  himself 
and  what  was  done  b^  otbers;  and  it  is  stated  that  no  one  has 
yet  supplied  the  deficiency.  With  respect  to  Laplace  it  ia  said: 
"  Had  he  consulted  his  own  glory,  he  would  have  taken  care 
always  to  note  exactly  that  part  of  his  own  work  in  which  be  had 
a  forerunner;  and  it  is  not  until  this  shall  have  be^p  well  and 
precisely  done,  that  his  labours  will  receive  their  proper  apprecia- 
tion." In  the  present  history  and  in  that  of  Probability  I  have 
gone  over  a  third  part  of  the  collected  mathematical  works  of 
la^Iacc ;  and  to  that  extent  the  evidence  of  his  great  power  and 
achievements  is  I  hope  fully  and  fairly  manifested. 

I  have  not  hesitated  to  criticise  aU  that  haa  come  before  me ; 
and  there  ia  scarcely  any  memoir  or  treatise  of  importance  left 
without  the  suggestion  of  corrections  or  additions.  I  cannot 
Tenture  to  hope  that  1  have  uniformly  escaped  without  any 
obscurity  or  error.  My  readers  will  I  trust  excuse  such  blemishes, 
arising  partly  from  the  nature  of  the  task  and  partly  from  the 
circumstance  that  only  such  leisure  could  be  found  for  it  aa 
remained  amidst  continuous  occupation  in  elementary  teaching 
and  writing.  The  work  has  thus  furnished  ample  employment 
for  seven  yean  of  labour,  with  the  exception  of  a  necessary  dJgres- 
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sion  in  order  to  explain  and  illustrate  some  peculiaiitiea  in  tlie 
Calculus  of  VoriationB.  It  was  perhaps  rash  for  a  mere  volunteer 
to  undertake  so  extensive  a  task ;  but  in  spite  of  the  imperfeo- 
tiooB  with  which  it  may  have  heen  accomplished,  I  am  willing  to 
hope  that  the  result  will  be  a  permanent  addition  to  the  literature 
of  Physical  Astronomy. 

It  is  not  from  any  desire  to  challenge  comparisons  with  illus> 
trious  men,  but  merely  to  justi:^  my  estimate  of  the  labour 
involved,  that  I  venture  to  quote  the  followiog  opinion  expressed 
hy  the  late  Professor  James  Forbes  in  his  Mevieu;  of  the  Progreas 
of  Mathematical  and  Fhysicai  Science,  and  to  extend  it«  applica- 
tion from  pure  to  mixed  mathema.tic8 :  "  Specimens  of  what  a 
history  of  pure  mathematics  would  be,  anci  must  be,  are  to  be 
found  in  the  able  '  Reports '  of  Dr  Peacock  and  Mr  Leslie  Ellis, 
in  the  Transactions  of  the  British  Association  for  1833,  and  1846. 
A  glance  at  these  profound  and  very  technical  essays  will  shew 
the  impossibility  of  a  popular  mode  of  treatment,  while  the  dif- 
ficulty and  labour  of  producing  such  summaries  may  be  argued 
from  their  exceeding  rarity  in  this  or  any  other  language." 

I  have  to  record  my  great  obligations  to  the  Rev.  J.  Sephton, 
Head  Master  of  the  Liverpool  Institute,  formerly  Fellow  of  St 
John's  College,  for  bis  most  valuable  assistance  in  condncting  the 
work  through  the  Press.  To  the  Syndics  of  the  University  Press 
I  am  indebted  for  their  liberality  in  defraying  the  expenses  of  the 
{Hinting. 

I  TODHUNTER. 


Jm^i',  1B78. 
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CHAPTER  I. 

NEWTON. 

1.  Neablt  two  centuries  have  passed  away  ednce  the  pub- 
lication of  the  greatest  work  known  in  the  history  of  science. 
Newton's  PkUoaophia  Naturalis  Prindpia  Ma^iematiea  appeared 
in  1687.  The  volume  is  in  quarto ;  it  contains  a  title-leaf,  a 
dedication  to  the  Koyat  Society  on  another  leaf,  a  preface  on  two 
pages,  some  Latin  verses  by  Halley  on  two  pages,  then  the  text 
consisting  apparently  of  510  p^es,  followed  by  errata  on  one 
leaf.  I  Bay  the  text  consists  apparently  of  510  pages ;  there  are, 
however,  no  pf^es  numbered  from  384  to  399  inclusive :  the 
third  Book  b^ns  on  page  401,  and  so  perhaps  some  of  this  was 
struck  off  before  the  second  Book  was  finished,  and  a  gap  was  leffc 
in  the  number  of  p^es  which  proved  too  large. 

The  second  edition  of  the  Princtpia  appeared  in  1713,  edited 
by  Cotes;  the  third  in  1726,  edited  by  Femberton.  Newton  was 
bom  in  1642,  and  died  in  1727. 

2.  Newton's  researches  on  Attractions  form  Sections  XU. 
and  XIII.  of  the  first  Book  of  the  Prindpia.  Section  XII.  con- 
tains Propositions  70.. .84;  it  relates  to  the  attraction  of  sphe- 
rical bodies.  Section  xiii,  contains  Propositions  85...d3 ;  it 
relates  to  the  attraction  of  bodies  which  are  not  spherical  These 
Sections  remain  unchanged  in  the  other  two  editions  of  the 
Pruieipia. 

3.  In  his  Proposition  70,  Newton  shews  that  a  particle  will 
be  in  equilibrium  if  placed  at  any  p(unt  of  the  hollow  part  of 
an  indefinitely  thin  spherical  shell,  which  attracts  according  to 

7  T.  M.  A,  1 
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the  law  of  the  invetBe  square  of  the  diatance.  Newton's  de- 
monstration is  remaritable  for  itB  simplicity.  Let  any  indefinitely 
small  double  cone  be  described  with  the  position  of  the  attracted 
particle  .as  vertex ;  the  areas  of  the  indefinitely  small  surfaces 
which  the  cone  intercepte  on  the  shell  are  ultimately  as  the 
squares  of  the  distances  of  the  elements  from  the  vertex :  thus 
the  elements  exert  eqoal  attractions  in  opposite  directions.  There- 
fore the  entire  shell  exerts  no  actios  in  any  direction. 

We  assume  here  and  in  the  other  propositions  that  the  attract- 
ing body  is  homc^eneous  unless  the  contrary  is  stated. 

4.  In  his  Proposition  71,  Newton  shews  that  an  indefinitely 
thin  ^herical  shell  attracts  an  esteraal  particle  towards  the 
centre  of  the  shell,  with  a  force  which  varies  invei'sely  as  the 
square  of  the  distance  of  the  particle  from  the  centre  of  the  shell. 
Newton's  demonstration  is  geometrical ;  it  can,  however,  be  easily 
translated  into  an  analytical  form. 

Let  a  be  the  radius  of  the  shell,  c  the  distance  of  the  particle 
from  the  centre  of  the  shell,  da  an  element  of  the  length  of  the 
circle  which  by  revolution  round  the  straight  line  joining  the 
particle  to  the  centre  geneiates  the  sur&ce  of  the  shell,  r  the 
distance  of  this  element  from  the  particle,  y  its  distance  from 
the  axis  of  revolution.  Then  the  element  of  surface  generated 
by  the  revolution  of  (2s  is   2iryda ;    and  the  attraction   of  this 

element  along  the  axis  is ^ — cos  0;  where  &  is  the  thickness 

of  the  shell,  p  is  the  density,  and  0  is  the  angle  between  the 
direction  of  r  and  tiie  axia     Let  p  denote  the  perpendicular  frx>m 
the  centre  of  the  sbeU  on  the  direction  of  r.    We  have 
p>=«sin^,        r*-2rceostf+(^=a*; 


ar{r—ecas0)     c'  V(«''  —  /*')  * 
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Hence  the  resultant  attraction  of  the  ahell  will  be  found  by 
{nt^ratiog  this  expression  between  appropriate  hmits.  If  we  take 
0  and  a  as  the  limits  ofp,  we  obtain  the  attraction  of  either  of 
the  two  parts  into  which  the  shell  is  divided  hj  the  curve  of 
contact  of  straight  lines  drawn  from  the  particle  to  touch  the 
shell;  hence  these  two  parts  exert  eqoal  attractions,  and  the 
attraction  of  the  whole  shell  ig 

g     iirkpa  ['      pdp 

which  Tariee  inversely  as  c*. 

The  value  of  the  definite  integral  is  a ;  and  thus  the  attrac- 
tion of  the  whole  shell  is  -    -   ■■ . 
c 

We  see  from  this  investigation  that  if  any  right  cone  be  taken 
having  its  vertex  at  the  position  of  the  particle,  and  its  axis  coin- 
cident with  the  straight  line  drawn  from  the  particle  to  the  centre 
of  the  shell,  we  can  detennine  the  attraction  which  is  exerted  by 
the  portion  of  the  shell  cut  oft  by  the  cone  :  we  have  only  to  give 
an  apprc^iriate  VE^ue  to  the'  upper  limit  of  ^  in  the  int^ration. 
We  may  observe  too  that  if  any  indefinitely  small  cone  be  taken 
having  its  vertex  at  the  position  of  the  particle,  the  two  distinct 
'  portions  of  the  shell  which  it  intercepts  exert  equal  attractions. 

We  may  observe  that  Proposition  71  has  been  very  well 
treated  by  Professor  Thomson:  see  Gamiridg«  and  Dwbim  J/a- 
l  Journal,  VoL  in.  page  146. 


5.  Propositions  72... 76  extend  the  conclusions  obtained  re- 
specting indefinitely  thin  epherieal  sheik  to  spheres. 

It  appears  that  Newton  arrived  at  his  theorems  respecting  the 
attraction  of  spheres  in  1685.  See  the  M&anique  CHeste,  Vol.  v., 
page  87 ;  Rigaud's  Hittorical  Eatay  on  tke  first  puhUcation  of 
Ae  Brmdpia,  page  27  of  the  Appendix. 

6.  Newton'BPropoBition8  77and78relate  to  the  casein  whidi 
the  latw  of  attraotitm  is  that  of  the  direct  distance. 

Between  Propositions  78  and  79  a  Lemma  occurs. 

1—3 
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Xiet  x  and  y  be  the  co-ordinates  of  a  point  on  a  circle;  r  the 
distance  of  the  point  from  an;  fixed  origin.     We  have 

therefore       rdr  =  xdx  +  ydy  =  (sc  -  c)  da: + ydy  +  cdx. 

Let  c  be  the  distance  of  the  centre  of  the  circle  from  the 
origin,  the  centre  being  on  the  axis  of  a;.  Then  {x  —  c)dx+ydy=Q; 
therefore  rdr  =  cdx.  This  result  constitutes  the  Lemma ;  it  is  of 
course  demonstrated  geometrically  by  Newton.  Throughout  this 
Chapter  we  shall  translate  Newton's  geometrical  processes  into 
modem  mathematical  language. 

7.  In  his  Proposition  79,  Newton  finds  the  attraction  of  a 
zone  of  an  indefinitely  thin  spherical  shell  on  a  particle  at  the 
centre  of  the  shelL 

Take  the  axis  of  the  zone  for  that  of  x,  and  a  line  at  right 
angles  to  this  through  the  centre  of  the  shell  for  the  axis  of  y; 
let  .a  be  the  radius  of  the  sphere.  Then  2-7radx  represents  an 
element  of  the  zone;  and  the  attraction  of  this  element  will  be 

kf.  2im  ■  -  dx,  where  k  denotes  the  thickness  of  the  shell,  and 

y  is  a  constant  which  denotes  the  attraction  of  a  unit  of  matter, 
condensed  at  a  point,  on  a  particle  at  the  distance  a.    Hence  the 

attraction   of  the   zone   =hf.2ir\xdx,  the  integral  being  taken 

between  proper  limits.  If  the  zone  be  the  segment  cut  off  by 
the  plane  x'=iX^,  we  have  to  integrate  between  the  limits  x,  and 
a.  Thus  we  obtain  kfir(a^  —  x^,  that  is  Jefiry*,  where  y,  is 
the  radius  of  the  base  of  the  segment. 

8.  Newton's  Proposition  80  investigates  the  attraction  of  a 
sphere  on  an  external  particle,  the  law  of  attraction  being  ex- 
pressed by  any  function  of  the  distance. 

Divide  the  sphere  into  elements  by  describing  spherical  sur- 
faces indefinitely  close  to  each  other  from  the  external  particle  as 
centre.  Let  r  be  the  radius  of  one  of  the  surfaces  of  one  of  the 
segments  of  shells  thus  obtained,  and  y  the  radius  of  the  base  of 
the  segment ;  let  ^  (r)  denote  the  law  of  attraction.  Then  by  Art.  7 
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"vre  have  wdr^  (r)^*  for  the  attraction  of  the  B^meot.   Let  c  be  tbe 
distance  of  the  exteiiial  particle  from  the  ce&tre  of  the  sphere; 


—  0  (0  y'f^-     Hence  the  resultant  attraction  of  the  sphere  is 
pjT  j      £^  y*d*t  where  a  is  the  radios  of  the  sphere, 

9.     Newton's  Proposition  81  amounts  to  a  traneformatioa  of 
the  int^ral  ohtaiued  in  Art  8. 

We  liaye  y*  =  a'  —  (c  —  a;)*,  and  also  y*  =  r*  —  a^ ; 
therefore  t'  =  o'  —  t?  +  2cx. 

Put  — s —  =  f>,  and  a>  —  i  =  a;' :  thus 
zc 

1^=20 (as- 4) -Sea/,  t/''^-~2ic  +  2ex~si?  =  2ox'-(a!'+b)\ 

Hence  the  resultant  attraction 

f2(_o-b)x'-x'^-!f 


'  4,(r)eb!, 

the  limits  of  x'  being  c  —  a—h  and  c-\-a  —  h. 

As  soon  as  0  (r)  is  known  we  can  substitute  for  r  in  terms  of 
x',  and  effect  the  integration.     Newton  gires  three  samples : 

m  *w=J.     (2)  *(')-^.     (8)  *w-^.. 

where  p.  in  each  case  Is  a  constant. 

10.  Newton's  Proposition  82  shews  that  the  calculation  of 
the  attraction  of  a  sphere  on  an  internal  particle  may  he  made 
to  depend  on  the  calculation  of  the  attraction  on  an'  external 
particle. 

We  have  found  in  Art.  8  for  the  attraction  of  an  element  of 
the  sphere  ndr  0  (r)  y*,  where  r  is  the  distance  of  the  particle  from 
every  point  of  the  element.  In  the  same  manner  trdr'^  (r*)  ^  will 
express  the  attraction  of  the  corresponding  element  on  another 
particle  which  is  at  the  distance  r'  from  every  point  of  the 
element.    The  two  particles  and  the  centre  of  the  sphere  are 


L.^;,z>.Jbi^jOOgIC 


of  course  <Ht  the  same  strwght  lioe.    Suppose  the  eecond  pattide 
within  the  sphere;  let  «  he  the  distance  of  the  first  partltde  from 
the  centre  (tf  the  sphere,  o'  that  of  the  second,  a  the  radiiu  of 
the  sphere.    Let «  and  o'  be  taken  so  that  ai  •=  a*. 
In  the  diagram  let 

SP  =  c,   8I~e',   EP=r,  £T=r'. 


As  ce' »  a'  the  triangles  i^^aud  ESI  are  similar;  thus  we  have 

r     a' 
In  finding  the  attraction  on  the  internal  particle,  we  may  if 
we  please  suppose  the  matter  to  be  removed  which  forms  a  sphere 
having  its  centre  at  the  internal  particle  and  radius  equal  to  a  —  e'i 
thus  the  limits  of  integration  become  r"  =  o  —  c'  and  j^  =  a  +  c'. 

Suppose  i>(r)  =  ^;  the  attraction  on  the  internal  particle 
the  limits  being  a  —  </  and  a  +  c.    Now  put  —  for  r' ;  thus  we  get 


(§)"P 


,  and  the  limits  of  r  are  -r  —  a  and  -r  +  a,  that 
c  c 

JB,  e  —  a  and  e  +  a. 

Hence  the  attraction  on  the  internal  particle  at  the  distance  c' 
from  the  centre  is  equal  to  the  product  of  (  -  }  into  the  attraction 
on  the  eztemi^  particle  at  the  distance  c  &om  the  centre. 
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litis  is  the  reBult  which  Newtoo  intended  to  give.  He  says 
that  the  attraction  on  the  particle  at  /  is  to  the  attraction  on  the 
particle  at  P,  in  ratione  compoeita  ex  subduplicatft  ratione 
distantianftn  a  centro  18  et  PS,  et  8ubduplicat&  ratione  viriuin 
centripetarum,  in  locis  illis  P  et  /,  ad  centrum  tendentium.  It 
seems  to  me  that  instead  of  P  et  /  we  ought  to  read  /  et  P. 

11.  Newton's  Fropoeitionfi  83  and  84  shew  briefly  that  there 
-would  be  no  difficiiity  in  calculating  the  attraction  of  a  homo- 
geneoni  segment  of  a  sphere  on  a  particle  situated  on  the  axis  of 
the  s^ment. 

12.  Newton's  Propositions  85,  86,  and  87  involve  simple 
general  statemento,  which  need  not  be  repeated  here. 

Propositions  88  and  89  shew  that  if  the  law  of  attraction  is 
that  of  the  direct  distance,  the  resultant  attraction  exerted  by  a 
body  or  a  system  of  bodies  is  the  same  as  if  the  body  or  system 
were  collected  at  its  centre  of  gravity. 

13.  Proposition  90  finds  the  attraction  of  a  circular  lamina  on 
a  particle  which  is  situated  on  the  stnught  line  drawn  through  the 
centre  <^  the  lamina  at  right  uigles  to  its  plane.  Then  Propo- 
sition 91  shews  how  from  this  we  can  deduce  the  atlraction  of  a 
solid  of  revolution  on  a  particle  situated  at  any  point  of  the  axis. 
Newton  makes  this  depend  on  the  problem  of  finding  the  tu-ea  of 
a  certain  curve ;  tiiat  is,  in  modem  language,  he  leaves  only  a 
single  iotogration  to  be  effected.  He  takes  the  case  of  a  right 
cylinder  for  an  example ;  and  he  also  states  the  result  for  the  case 
of  an  ellipsoid  of  revolution,  which  he  calls  a  spheroid.  He  shews 
by  a  special  investigation  that  a  shell  bounded  by  two  concentric 
similar  and  similarly  situated  ellipsoidal  surfaces  of  revolution 
exerts  no  attraction  on  a  particle  placed  at  any  point  within  the 
hollow  part;  the  demonstration  is  very  striking  and  well  known : 
see  Staiica,  Chapter  im.  Of  course  this  result  includes  Newton's 
Proposition  70  as  a  particular  case ;  but  the  demonstrations  differ 
and  should  be  carefully  compared.  -  - 
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Hence  follows  the  importaiit  result  that  along  the  swne  radiuB 
vector  from  the  centre  the  attraction  of  an  ellipsoid  of  revolution 
on  an  internal  particle  varies  bb  the  distance  from  the  centre. 

Newton  contented  himself  with  considering  ellipsoids  of  revo- 
lution; but  the  processes  and  result.s  of  Proposition  91,  as  we 
now  know,  may  be  easily  extended  to  ellipsoids  whij:h  are  not 
solids  of  revolution. 

14.  Proposition  92  shews  how  we  may  find  experimentally  the 
law  of  attraction  of  given  matter.  Form  the  given  matter  into 
Buch  a  shape  that  the  resultant  attraction  can  be  obtained  when 
the  law  of  attraction  in  assumed;  for  example,  the  shape  of  a 
sphere.  Then  ascertain  by  experiment  what  the  resultant  attrac- 
tion really  is  at  various  distanceB ;  and  thus  we  shall  be  guided  in 
assuming  a  law  of  attraction  and  veriiyiiig  the  assumption. 

15.  Proposition  93  treats  of  the  attraction  of  an  infinite  plane 
lamina,  deducing  it  from  Proposition  90.  A.  scholium  to  this 
Propoaition  gives  some  interesting  remarks  relating  to  the  motion 
of  a  particle  acted  on  by  a  force  the  direction  of  which  is  always 
parallel  to  a  fixed  Btrught  lina 

16.  Newton's  Propositions  on  Attractions  are  illustrated  by  a 
good  commentary  in  the  edition  of  the  Friacipia  which  is  known 
as  the  Jesuits'  edition.  They  had  been  previously  discussed  by 
]Uaupertuis,  as  we  shall  see  in  another  Chapter.  Notes  by  Plana 
pn  aome  of  the  Propositions  will  be  found  in  the  Memorie  delta 
Jieale  A£eademia,..d%  I'orino,  second  series,  VoL  xi.,  1851. 

17.  We  pass  now  to  the  investigations  made  by  Newton  with 
respect  to  the  Figure  of  the  £arth ;  they  are  contained  in  Fropo- 
jsitioijs  XVIII.,  XIX,  and  XX.  of  the  third  Book  of  the  iVtwctjjw  ; 
these  FrapositiQus  remain  substantially  the  same  in  the  second 
and  third  editions  as  in  the  first,  but  modifications  occur  arising 
frt>m  additional  information  as  to  the  facts  involved. 

Before  we  eonsider  these  Propositions  we  might  to  advert  to 
Newton's  remarkable  conjecture  which  is  contained  in  Proposition 
X    Newton  here  suggests  that  the  mean  density  of  the  Earth  may 
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-be  fire  or  six  times  that  of  vater :. .  .Terisimile  est  qaod  cofna 
mateiiffi  totiuB  in  Teir^  quasi  quintuplo  vel  seztuplo  major  sit 
qujLm  ^  tota  ez  aqua  constaret.  We  may  noT  coueider  it  certaiu 
that  the  mean  density  is  between  five  and  six  times  that  of  water. 
Xaplace  draws  attention  to  Newton's  remarkable  conjecture  in  the 
Connaigaance  des  Terns  for  18^,  page  328. 

It  will  be  convenient  to  give  the  enunciations  of  Newton's 
Propositions  XVIK.,  XIX.  and  XX. 

XTin.  Axes  I^anetarum  qiua  ad  eoedem  axes  nonnaliter  du- 
muitur  minoresease. 

XIX.  Invenire  proportionem  axis  Planetn  ad  diametros  eidem 
perpendicuUree. 

XX.  Invenire  et  inter  se  comparare  pondera  corporum  in  Term 
hujjiB  ragionibus  diversis. 

18.  FropositioivXYIII.  contains  a  general  statement  that  the 
planets  are  not  accurately  spherical.  In  the  first  edition  Cassini 
aod  Flamsteed  are  quoted  as  authorities  for  this  statement  with 
respect  to  Jupiter ;  in  the  second  edition  instead  of  these  names 
we  are  referred  to  astronomers  in  general. 

19.  Proposition  XIX  midertakes  to  determine  the  ratio  of 
the  axes  of  a  planet.  This  important  process  consists  of  various 
steps.  In  the  first  edition  Newton  begins  by  saying  briefly  he 
finds  from  calculation  that  the  centrifugal  force  at  the  equator  is 
to  the  force  of  attraction  there  as  1  to  290J.  In  the  second 
edition  the  details  of  the  calculation  are  supplied,  and  the  ratio 
obtained  is  that  of  1  to  289 :  this  ratio  is  that  which  is  now 
usually  given  in  our  elementary  books,  and  it  will  be  convenient 
to  adopt  it  as  we  proceed  with  an  account  of  Newton's  investi- 
gation. 

Suppose  two  slender  canals  of  homogeneous  fluiij,  one  aloi^  the 
polar  radius  of  the  earth,  and  the  other  along  an  equatorial 
radius.  The  resultant  attraction  on  the  equatorial  canal  must  be 
greater  than  that  on  the  polar  canal  in  the  ratio  of  289  to  288  in 
order  that  there  may  be  relative  equilibrium.  For  in  proceeding 
along  any  given  radius  inside  the  earth  the  attraction  varies  as 
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the  diBtance,  and  the  (lentrifugal  force  variee  oa  the  diBtanca ; 
hence  the  ratio  d  the  latter  to  the  former  is  constant  aioag  the 
eqviatorial  radius ;  bo  that  the  e£Fect  of  the  centarifagal  force  may 


20.  Newton's  next  step  is  to  compare  the  attraction  of  an 
oblate  ellipsoid  of  revolution  on  a  particle  at  its  pole  with  the 
attraction  of  the  same  body  on  a  particle  at  its  equator,  the  ellip' 
ticity  beiog  supposed  very  small.  He  states  his  results  without 
giving  his  process  at  full  It  will  be  remembered  that  he  bad 
found  an  expression  for  the  attraction  of  an  ellipsoid  of  revolution 
at  any  point  of  its  axis :  see  Art.  13. 

I.  Suppose  an  oblate  ellipsoid  of  revolution  formed  from  an 
ellipse,  such  that  the  major  semi-axis  CA  is  to  the  minor  semi^axis 
CQ  as  101  is  to  100.  The  reader  can  easily  draw  the  diagram 
for  himself.  Newton  says  that  the  attraction  at  Q  would  be  to  the 
attraction  of  a  sphere  having  G  for  centre  and  CQ  for  radius,  as 
126  is  to  125.    If  <  denote  the  ellipticity  we  know  from  our 


Chapter  XUI. ;  this  agrees  closely  with  Newton's  numerical  ex- 
ample. 

II,  Suppose  a  prolate  ellipsoid  of  revolution  formed  from  the 
same  ellipse.  Nowton  says  that  the  attraction  at  A  would  be  to 
the  attraction  of  a  sphere  having  C  for  centre  and  CA  for  radius, 
as  125  is  to  126.     If  e  denote  the  ellipticity  we  know  from  our 

modem  works  that  this  ratio  is  that  of  1  —  —  to  1 ;  see  Statics, 

Chapter  xin. ;  this  agrees  with  Newton's  numerical  example. 

In  the  first  edition  Newton  put  the  fraction  r^  after  126  and 
*^  lo 

125  in  I.  and  11.     The  fraction  was  removed  by  Cotes:  see  the 

Correapondence  of  Newton  and  Cotes,  page  69. 

III.  Now  return  to  the  oblate  ellipsoid  of  revolution.  Suppose 
a  particle  at  A :  Newton  says  that  the  attraction  on  it  will  be  a 
mean  proportional  between  the  attractions  of  the  sphere  and  of  the 
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prolate  ellipsoid  of  revoIuUon  in  II.  We  will  develop  his  ail- 
ment. Begin  wi^  the  sphere  having  CA  for  radius ;  if  we  change 
the  radius  which  lies  along  CQ  into  CQ  we  deduce  the  oblate 
ellipsoid  of  revolution ;  if  in  this  we  change  the  radius  which  is  at 
right  angles  to  CA  and  CQ  into  a  radius  equal  to  CQ,  we  deduce 
the  prolate  ellipsoid  of  rovolution.  Now  each  of  these  changes 
may  be  assumed  to  have  affected  the  attraction  to  the  same 
amount ;  and  so  the  attractioa  of  the  oblate  ellipsoid  of  revolution 
is  approximately  an  arithmetical  mean  between  the  attractions  of 
the  sphere  and  of  the  prolate  ellipsoid  of  revolution.  Moreover 
the  arithmetical  mean  between  two  nearly  equal  quantities  is 
practically  equivalent  to  the  geometric^  mean.  Hence,  finally,  the 
attraction  of  the  sphere  with  centre  O  and  radius  CA  is  to  the 
attraction  of  the  oblate  ellipsoid  of  revolution  on  the  particle  at  A 
as  126  is  to  125i 

IV.    Thus  we  have 

Attraction  of  oblate  ellipsoid  of  revolution  at  the  pole 
_126 

125^ 
attraction  of  sphere  of  radius  101  at  its  sur&ce 

126 

"  125} ' 

attraction  of  sphere  of  radius  100  at  its  sur&ce 

100 
~  ^f^  X  attraction  of  sphere  of  radius  101  at  its  surfoce. 

Hence  we  find  by  multiplication  that  the  ratio  of  the  attraction 

of  the  oblate  spheroid  of  revolution  at  the  pole  to  the  attraction  at 

^.  ^      -  ,  ,      126      126      100    ,,    .   ,     ,      501 

the  equator  w  expressed  by  —>cj^^x^,  that  «.  by  ^ 

newly. 

21.  In  future  I  shall  use  the  single  word  oblatum  instead  of 
oblate  ellipsoid  of  revolution,  and  the  single  word  oUoriffum  instead 
of  ^x>late  ellipsoid  of  revolution. 

22.  I  shall  now  make  some  remarks  on  the  statement  by 
Newton  which  forms  the  paragr^h  III.  of  Art.  20. 
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12  NEWTON. 

If  ve  cut  the  three  solida  by  two  adjacent  planes  at  right 
angles  to  AG  ve  obtain  slices,  two  of  whic^  are  circular  and  the 
other  elliptical  It  is  not  difficult  to  believe  that  in  paasii^  from 
the  lai^r  circular  slice  to  the  elliptical  slice  we  diminish  the 
attraction  by  the  same  amount  as  we  do  in  passing  from  the 
elliptical  slice  to  the  smaller  circular  slice.  In  fact,  the  decrement 
of  mass  is  about  the  same  in  the  two  cases,  and  the  mass  lost  is  at 
about  the  same  situation  with  respect  to  the  attracted  paxticle  in 
the  two  cases. 

It  is  easy  to  test  the  statement  by  the  aid  of  the  modem 
formula ;  see  Statica,  Chapter  xni, 

Fiist  take  an  oblatum  of  density  unity ;  let  r  be  its  greatest 
radius  and  ri/{l—^  its  least  radius.  The  attraction  at  the 
equator 

=  27ir{l-^j  an' 0 (1  - e* ain* ff)-^ d8 
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Next  take  an  oblongum;   let  r  be  its  greatest  radius  and 
r  V(l  ~  ^)  its  least  radiua    The  attraction  at  the  pole 

-  4?n-(l-flf'sin9oos' (1(1 -e"  COB* «)-'.» 

The  attraction  of  a  sphere  of  radius  r  at  ita  surface  =  -^ . 
Suppose  e  so  small  that  we  may  reject  e*  and  higher  powers 
of  e ;  then  the  first  of  these  attractions  reduces  to  -^  ( ^  ~  e  )  > 

and  the  second  to  -=-  fl  — ^J,  so  that  the  first  is  an  arithmetical 

mean  between  the  second  and  the  third.  But  this  statement  does 
not  hold  if  we  carry  our  approximations  as  far  as  e*  inclusive ;  it 
will  be  found  then  that  the  first  of  the  attractions  is  rather  better 
represented  by  the  mean  proportional  between  the  second  and  the 
third  than  by  their  arithmetical  mean. 
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It  will  be  convenient  to  quote  Newton's  own  words,  premising 
that  in  his  diagraqi  PCQ  is  the  polar  diameter  and  AGB  an 
equatorial  diameter. 

Eat  antein  gravitas  in  looo  A  in  Terram,  media  proportionalifi  int«r 
graTitatefi  ia  diotam  Spheeroidem  et  Spberam,  propteres  quod  Spbtera, 
dimiDDtindo  diametrum  PQ  in  mtione  101  ad  100,  vertitur  in  figiiram 
Terra ;  et  hiec  figure  diminuendo  in  eadem  ratiooe  di&metrum  terbium, 
qntt  diametris  duabna  AB,  PQ  perpendicularis  est,  vertitur  in  dictam 
Sphieroidem,  et  gravitaa  in  A,  in  caeu  utroqu^  diminuitnr  ia  eadem 
rations  quam  prozint^ 

The  words  in  eadem  ratione,  which  occur  at  the  end  of  this 
extract,  seem  to  have  been  formerly  misunderstood ;  it  was  sup- 
posed Newton  intended  to  affirm  that  the  attractions  of  the  three 
bodies  were  in  the  same  ratio  as  their  volumes.     But  this  is  not 

3 
volume  of  the  oblongum  is  (1  —  «*) ;   and  the  volume  of  the^ 

sphere  is  —5- :  these  volumes  are  not  in  the  ratio  of  the  attrac- 
tions exactly  nor  approximately  to  the  order  of  e\  Hence  the 
following  passage,  which  occurs  in  a  note  in  the  Jesuits'  edition  of 

the  Principia,  is  erroneous :  " attractiones  sphserte,  sphseroidis 

compresaie,  et  sphteroidis  oblongatte,  sunt  respective  ut  quantitates 
materise  in  lllis  corporibus  contentfe  quam  proxim^" 

The  words  in  eadem  ratione,  which  occur  at  the  end  of  the 
extract  from  Newton,  must  he  understood  to  mean  only  to  the, 
same  anurunt ;  and  must  not  he  taken  in  exactly  the  same  sense 
as  in  the  middle  of  the  passage. 

It  is  obvious,  however,  that  it  would  have  been  simpler  and 
more  natural  to  say,  that  the  attraction  of  the  oblatum  is  an 
aritkmetical  mean  between  those  of  the  sphere  and  the  oblongum, 
than  to  Bay  that  it  is  a  mean  proportional  between  them,  to  the 
order  of  accuracy  which  Newtun  adopts. 

23.  Newton  now  compares  the  resultant  attraction  on  the 
fluid  in  a  slender  canal  havii^  AC  for  ita  axis,  with  that  on  the 
fluid  in  a  slender  canal  having  QC  for  its  axis.     He  finds  that 
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these  rCailltantB  are  in  a  ratio  compoutuled  of  the  ratios  of  the 
lengths  aad  of  the  ratios  of  the  attractions .  at  the  extremitieB 
A  and  Q :  see  Art.  33.  Thus  the  resultant  attraction  oa  the  fluid 
in  the  canal  AC  ia  to  that  on  the  fluid  in  the  canal  QG,  as 
101  X  500  is  to  100  X  501,  that  is,  as  505  is  to  501.  Hence 
Newton  infers,  that  if  the  centrifugal  force  at  any  point  <>{  AGin 
to  the  attraction  at  that  point  as  4  is  to  605,  the  weights  of  the 
fluids  in  the  two  canals  will  be  equal,  and  the  canals  in  relative 
equilihriuuL 

24,  The  last  step  in  the  preceding  Article  is  more  obvious  to 
us,  who  have  the  modem  theory  of  the  equilibrium  of  fluids,  than 
it  would  have  been  before  that  theory  was  constructed.  We  see 
that  in  the  state  of  relative  equilibrium  the  pressure  at  C  must  be 
the  same  in  every  direction  roimd  C:  the  pressure  on  a  given 
area  at  right  angles  to  .^(7  will  be  measured  by  the  weight  of  a 
column  of  fluid  having  that  area  for  its  section ;  and  similarly  for 
ijie  pressure  on  an  area  at  right  aisles  to  QC, 

The  canals  of  fluid  which  Newton  considered  were  rectilinear, 
meeting  at  the  centra  Other  writers,  especially  Clairaut,  con- 
«dered  canals  of  vwious  forms,  curvilinear  as  well  as  rectilinear, 
meeting  at  any  point  of  the  body.  The  more  simple  case  to 
which  Newton  restricted  himself  may  be  conveniently  deecribed 
as  that  of  central  columns;  so  that  the  word  eanai  may  be  in 
future  \LBed  in  Clairaut's  more  general  sense. 

25.  It  is  now  necessary  to  explain  carefully  the  sense  in 
which  the  words  attraction,  gravit}/  and  v/etght  will  be  used  in  this 
history. 

By  the  attractum  of  the  Earth  at  any  point,  I  tmderstand  that 
force  which  the  Earth  would  exert,  supposing  it  did  not  rotate  on 
its  axis.  By  gravity  I  denote  the  force  which  arises  from  the  com- 
bination of  the  attraction  and  the  so-called  centrifugal  jvrce ;  and 
weigH  may  be  conradered  as  an  effect  produced  by  gravity  as  the 
cause.  As  we  may  measure  the  cause  by  the  effect,  it  will  be 
found  that  it  is  often  indifferent  whether  fve  use  the  word  gravity 
or  the  word  weight :  but  it  is  convenient  to  have  both  words  at 
our  sOTvice.    The  word  we^ht  is  thus  left  in  its  ordinary  sense 
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aa  denoting  an  effect  which  is  actually  produced  in  the  existing 
constitution  of  tlitngs,  and  actually  obacrved. 

It  would  be  convenient  if  we  had  a  word  for  the  effect  which 
corresponds  to  attraction  as  a  cause  ;  but  such  a  word  is  not  very 
often  required,  because  practically  we  are  not  concerned  with  an 
Earth  at  rest,  but  with  one  which  rotates.  For  want  of  such  al 
word  I  employ  tiie  phrase  remUant  attraetion  in  Arts.  Id  and  2S. 

The  distinctions  which  we  hare  here  drawn  actually  exist, 
and  various  modes  have  been  adopted  for  preventing  confusion. 
Some  writers,  indeed,  leave  us  to  gather  from  the  context  the 
sense  in  which  they  use  their  terms.  This  is  the  case  with 
Newton  himself.  Thus,  for  instance,  in  the  passage  quoted  in 
Art  22,  he  uses  gramtas  for  what  I  call  attraction.  In  his  Propo- 
sition XX.  he  uses  gramtaa  for  what  I  call  gratsity.  In  his  Fropo- 
sition  XIX.  he  uses  potidm  sometimes  to  express  the  effect  pro- 
duced by  what  I  call  attraction,  and  sometimes  in  the  sense  I  ^ve 
to  vmgkt.  To  secure  accuracy  I  have  used  not  his  words  but 
my  own. 

Haupertuis  used  gravity  for  my  atiraciion,  and  peaantew  for 
my  gravity;  and  CLairaut  f(dlowed  Manpertuis.  See  Mauper- 
tuis's  Figure  de  la  Terre,  page  158,  and  Clairaut's  Figure  de  la 
Terre,  page  xiii.  lu  the  Micanique  Celeste,  Yol.  V.  page  2,  we  have 
the  same  use  of  gravity. 

Maupertuis  had  previously  used  petOMteur  r^uite  for  my 
gravity:   see  the  Paris  MSmoirea  for  1734,  pi^  97. 

Bouguer  used  peaa/nteur  primitive  for  my  attraction,  and  pesa/n- 
teur  actuelie  for  my  gravity:  see  the  Paris  M^ioirea  for  17Si, 
page  22,  and  Bouguer's  Figure  de  la  Terre,  page  169. 

Maclaurin  used  gravitation  as  Maupertuis  used  peaanteur, 
and  gravity  as  Maupertuis  used  graviU:  so  also  did  Thomas 
Simpson.  See  Maclaurin's  Fluxions,  page  551,  and  Simpson's 
MaAematical  Diaseriatuma,  page  ?2.  The  word  gravitation  has 
been  employed  by  some  eminent  modem  writers  in  about  the 
same  sense  as  my  attraction;  as,  for  example,  in  Airy'a  article 
on  Oravitation  in  the  Penny  Cyclop<Bdia,  and  by  Thomson  and 
T«t  in  their  Natural  Phtloaophy,  VoL  I.  page  167. 
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Boscovich  used  gravttaa  primitiva  for  my  attraction,  and 
gravitaa  residua  for  my  gravity :  Bee  bis  De  Litteraria  Ea;pedi- 
tione,  page  403.  But  in  the  Bologna  ComTnentarii,  Vol.  IV.  page 
382,  be  uses  tota  gravitas  for  the  gravitas  residua  of  bis  book. 

In  the  French  translation  of  Boscovicb's  book,  we  bave  graviU 
primitive  for  his  gravitaa  primitiva,  and  gi-av\t4  abaolue  for  bis 
gravitas  reaidwt ;   see  the  pages  8  and  3S4  of  the  translation. 

The  word  peswnieur  ts  used  by  Bailly  in  his  Eistoire  de  VAa- 
tronomie  Modeme,  Vol.  III.  page  4,  as  equivalent  to  my  attraction; 
but  in  general  the  sense  assigned  by  Maupertuis  and  Clairaut  to 
pesanteur  has  been  adopted  by  their  successors.  Jn  French  the 
word  poids  is  almost  equivalent  to  my  we^ht;  see  Maupertuis's 
Fu/ure  de  la  Terre,  page  155. 

26.     We  now  return  to  Art  23.     The  result  there  ohtajned  is, 

that  if  the  ellipticity  be  ^777  •  t^en  for  relative  equilibrium  the 

i 
centrifugal  force  at  the  equator  must  he  -rrp-  of  the  attraction 

there.    Newton  now  forms  a  proportion.     He  says: 

Yemtn  vis  centrifuga  partia  cujusque  est  ad  pondns  ejasdem  ut 

I    et    239,  hoc  eet,    vie  centrifuga,   qiue   deberet   esse   ponderis  pars 

4  1 

_^,  est  tantum  para  aan-     ^^   pntpterea  dico,  eecundnm  B^ulam 

anream,  quod  w  vis  omtrifuga  -^rz  faciat  ut  altitndo  aqnn  in  crure  ACoa 
enperet  altitudinem  aqnte  in  crure  QCeq  parte  ceutesimfi  totius  altitudinis : 
vis  centrifuga  ^^  &ciet  ut  excesBos  altitudinis  in  cmre  ACea  ai  alti- 
tudinis in  orure  altero  QCeq  pars  tantum  ^^ . 

These  are  the  numbers  of  the  second  and  third  editions;  in 


229" 
CA,  and  cq  is  parallel  and  adjacent  to  CQ. 
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27.  If  we  put  Newton's  iavestigation  into  a  modern  fonn  it 
will  stand  thus.  Let  e  be  the  ellipticity,  supposed  very  BmaH ; 
ttien  the  attraction  of  an  oblatum  at  its  pole  is  to  the  attraction 

of  the  oblatum  at  its  equator  as  1  +  ^  is  to  1  j  see  Statics,  Chapter 

xiu.     Hence,  as  in  Art.  23,  Hie  ratio  of  the  resultant  attraction 
on  the  fluid  in  ^6' to  the  resultant  attraction  on  the  fluid  in  Q(7 

is  expressed  by  ■  ■■  — ,  that  is,  by  1  +  -=-  approximately.     There- 

fore  for  relative  equilibrium  we  must  have  the  centrifugal  force 
at  any  point  ia  AC  equal  to  -^  of  the  attraction  at  that  point. 

Newton,  in  fact,  sees  that  the  fraction  which  we  have  found 

4e 
to  be  -=-  must  be  proportional  to  e ;  hence  it  may  be  denoted 

by  ke,  where  k  is  some  constant.     Then,  when  e  =  r^ ,  he  flnds 

that  ke  =  ztth  ,  so  that  «  =  777;^  =  ?  ■ 
50o  oOo     5 

28.  The  result  obtained  by  Newton  then  is  that  if  the  Earth 
is  homc^eneous  and  its  shape  the  same  as  if  it  were  entirely  fluid, 

the  ellipticity  must  be  ^sk  ,  supposing  it  to  be  very  email ;  that  is, 

the  ellipticity  must  be  7  of  the  ratio  of  the  centrifugal  force  to  the 

attraction  at  the  equator.     The  result  is  very  important  in  the 
theoiy  of  the  subject ;  but  we  know  now  that  the  ellipticity  is  about 

aTTTT ,  and  we  are  confldent  that  the  Earth  is  not  homogeneous. 

29.  Newton  proceeds  to  some  remarks  on  the  oblateness  of 
Jupiter. 

Let  j  denote  the  ratio  of  the  centrifugal  force  to  the  attraction 
at  the  equator,  and  e  the  ellipticity ;  then  we  have  shewn  that 
.     4e 


T.  H.  A. 
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Id  his  first  edition  Newton  erroneously  asserts  thaty  is  inde- 
pendent of  the  deuBity.     He  says: 

Si  PlonetA  val  major  sit  vel  densior,  minorve  aut  rarior  qaim  Terra, 
manente  tempore  periodico  rerolntioDia  diunue,  manebit  proportio  via 
oentrifugn  ad  graTitatem,  et  propterea  manebit  etiam  proportio  dia- 
metri  inter  polos  ad  diametrum  secundum  Kqnatorem. 

Accordingly  be  considers  j  to  vary  inversely  as  the  square  of 
the  time  of  rotation ;  so  that  the  value  of  j  for  Jupiter  becomes 

-—  times  its  value  for  the  Earth  :  and  hence  Jupiter's  ellipticity 

is  taken  to  be  -r-  times  that  of  the  Earth,  bo  that  the  ratio  of  the 

difference  of  the  axes  to  the  minor  axis  is  about  =t-jr , 

In  the  second  edition  Newton  corrects  his  error.     He  says : 
8i  Flaneta  major  ait  vel  minor  qu^  Terra  manente  ejus  densitate 

ao  tempore  periodico  revolutionia  diurme,  manebit  proportio  via  centri- 

tttga  ad  giavitatem... 

Accordingly  he  now  rightly  considers  J  to  vary  inversely  as 
the  density  as  weH  as  inversely  as  the  square  of  the  time  of 

rotation ;  so  that,  taking  the  density  of  Jupiter  to  be  =  of  the 

density  of  the  Earth,  the  ratio  of  the  difference  of  the  axes  to  the 

minor  axis  becomes  —  x  =-  x  aan  >    ^^^t  is,  about  ^ . 

In  the  third  edition,  the  density  of  Jupiter  is  taken  as  jr?  of 
the  density  of  the  Earth ;  and  the  ratio  of  the  difference  of  the 
axes  to  the  minor  axis  becomes  about  -j—  . 

SO.  In  the  first  and  second  editions  these  words  occur  at  the 
end  of  Proposition  XIX. : 

Hko  ita  Be  habent  ex  Hjpotbeai  quod  uniformiB  ait  Planetamm 
materia.  Nam  ai  materia  denaiorait  ad  centrum  quJUn  ad  oircumferen- 
tiam,  diameter,  qun  ab  oriente  in  occidentem  ducitur,  erit  adlinc  major. 
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Thus  Newton  considered  that  if  the  Earth,  instead  of  being 
of  uniform  density,  were  denser  towards  the  centre  than  towards 
the  surface,  the  ellipticitj  would  be  increased;  see  also  Art,  37. 
But  Newton  was  wrong.  Afisuming  the  original  fluidity  of  the 
Earth,  the  ellipticity  is  diminished  by  increasing  the  density  of 
the  central  part,  supposed  spherical,  and  making  it  solid.  This 
was  shewn  by  Clairaut,  who  pointed  out  Newton's  error:  see 
Oairant's  Figure  de  la  Terre,  pages  157,  223,  224,  253... 266. 
Clairaut,  however,  ought  to  have  remarked  that  Newton  omitted 
the  pass^e  in  his  third  edition. 

In  his  third  edition,  as  I  have  juat  said,  Newton  omitted  the 
above  passage.    He  says  instead : 

Hoc  Ita  se  habet  ex  bypothaai  quod  corpus  Jovis  sit  unifonnitar 
densQin.  At  ta  corpus  ejus  ait  densiua  versda  planum  nqnatoria  qnim 
vers^  polos,  diametri  ejus  poasuut  efiue  ad  iavicem  ut  12  ad  It,  vel  13 
ad  12,  vel  forte  14  ad  13. 

Then,  after  stating  some  observations  as  to  the  ratio  of  the 
axes  of  Jupiter,  Newton  says ; 

Congntit  igitur  theoria  cum  pluenomenis.  "Sam  plasetse  magis  in- 
calescunt  ad  lucem  Solis  vers^  lequatorea  suos,  «t  propterea  paolo  magis 
ibi  decoquuntur  quiLm  versils  polos. 

It  might  then  appear  that  in  his  third  edition  Newton  had 
recognised  his  error ;  but  we  shall  find,  when  we  discuss  Propo- 
sition XX,  that  a  distinct  trace  of  the  error  still  remains :  see 
Arts.  38  and  41. 

31.  I  do  not  feel  certain  as  to  the  meaning  of  the  sentence 
"coogruit. .  .polos,"  which  I  have  quoted  in  the  preceding  Article. 
Since  heat  expands  bodies  it  would  appear  that  the  equatorial 
parts  ought  by  the  Sun's  action  to  be  rendered  less  dense  than 
the  polar  parts.  The  same  difficulty  presented  itself  to  Bosco- 
vich :  see  page  475  of  his  De  Litteraria  Ejrpeditione,  and  pages 
89  and  380  of  Stay's  Philosophice  BecerUiorM,  VoL  n.  Clairaut 
says  in  his  Figure  de  la  Terre,  pi^es  223,  224 : 

I>e  la  m4me  maniSre,  on  Toit  combien  il  €tait  inutile  ^  M.  Newton, 
loKiqae  sa  thfioric  liu  dounait  ponr  Jupiter,  une  ellipticitj  moindr«  que 

2—2 
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eelle  qm  r&ulte  dea  obeervBtiouB,  d'aller  imaginer  qne  rfquateor  de 
cette  plan^te  ^tant  continuellement  expOB^  aux  ardeurs  du  aoleil,  ^taib 
pluB  dense  qne  le  reste  de  la  plaii?t«.  II  u'avait  qu'i  aapposer  aimple- 
meot  que  le  noTau  ^lait  plus  dense  qne  le  reste  de  la  plaiigt«... 

The  word  moindre  in  this  passage  ia  -wrong;  for  Newton's 
theoretical  ralue  of  Jupiter's  ellipticity  in  the  third  edition  is 
ffrecUer  than  the  value  in  the  observations  he  quote& 

32.  I  will  now  briefly  indicate  the  changes  which  Newton's 
Proposition  XIX.  underwent  in  the  later  editions  with  respect  to 
the  facts  which  it  inTolves. 

In  the  first  edition,  Newton  takes  the  mean  semi-diameter  of 
the  Earth  to  be  IdGloSOOVaria  feet,  jitxta  nuperam  Oallorum  ?nen~ 
miram :  this  alludes  to  Picard's  measurement  of  the  length  of  an 
arc  of  the  meridian  in  France. 

In  the  second  edition,  Newton  refers  to  the  measurements 
made  by  Picard,  by  Norwood,  and  by  Cassini ;  according  to 
Cassini's  measurement,  the  semi-diameter  is  I9695d39  Paris  feet, 
supposing  the  Earth  spherical.  This  Ca&sini  is  the  first  of  the  dis- 
tinguished family ;  his  name  was  Jean  Dominique  Cassini,  but  he 
is  often  called  simply  Dominique  Cassini. 

In  the  third  edition,  Newton  refers  also  to  the  measurement 
made  by  the  son  of  Dominique  Cassini,  who  is  known  as  Jacques 
Cassini.  Picard  had  obtained  67060  toises  for  the  length  of  a 
degree ;  the  arc  measured  by  D.  and  J.  Cassini  gave  57061 
toisea  for  the  mean  length  of  a  degree.  We  shall  see  as  we  pro- 
ceed with  the  history  that  these  measurements  were  subsequently 
re-examined  and  corrected. 

33.  We  now  come  to  Newton's  Proposition  XX.,  the  object  of 
which  is  to  compare  the  weights  of  a  given  body  at  different 
places  on  the  Earth's  surface. 

Newton  begins  with  an  important  result,  which  is  deduced 
&om  his  principle  of  balancing  columns :  see  Art.  23.  At  any 
point  of  the  Earth's  surface,  let  f  denote  the  force  of  gravity, 
resolved  along  ike  radius ;  let  r  be  the  distance  of  this  point  from 
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the  centrcj  let  x  be  the  distance  from  the  centre  of  any  point  on 
the  same  radius :  then  the  force  of  gravity  at  this  point  resolved 


the  Earth  both  the  resolved  attraction  and  the  resolved  centri- 
fugal force  vary  as  the  distance.  Hence  the  resolved  weight 
of  a  column  of  fluid  extending  from  the  surface  to  the  centre,  is 

measured  by /I    -dx,   that  is,  by  -^fi:      And  as  the  resolved 

weight  of  every  column  must  be  the  same,  for  relative  equilibrium, 
we  must  have  J?-  constant,  and  so/must  vary  inversely  as  r. 

This  is  equivalent  to  an  expansion  of  Newton's  brief  outline : 
it  becomes  more  obvious  to  modern  readers  by  the  aid  of  the 
theory  of  the  equilibrium  of  fluids.  It  is  clear  that  the  final 
result  would  be  true  if  the -resolved  force  within  the  Earth  varied 
as  any  direct  power  of  the  distance  instead  of  as  the  Jirat  power. 

Thus  we  may  say  that  the  weight  of  a  given  body  at  any  point 
of  the  Earth's  surface  when  resolved  along  the  radius  varies  inversely 
as  the  radius.  Newton,  however,  omits  the  words  which  I  have 
printed  in  Italics.  Since  the  Earth  is  very  nearly  a  sphere,  the 
omission  will  be  of  no  consequence  practically,  but  theoretically  it 
is  important  to  be  accurate. 

34.    Newton  proceeds  thus : 

Unde  tale  oonfit  Theorema,  quod  incretnentam  ponderis,  per- 
gendo  ab  .^^uatore  ad  Poloa,  sit  qnam  prozimS  nt  Sinus  versus 
latitndinis  duplicatte,  vel  quod  perisde  est  ut  quadratum  Sinus  recti 
L&titudinie. 

The  result  here  stated  may  be  thus  investigated.  Let  g  denote 
the  weight  of  a  given  body  at  any  point  of  the  Earth's  surface ; 
let  r  denote  the  radius  at  that  point,  and  ^  the  angle  which  the 
normal  at  that  point  makes  with  the  radius.  Then,  assuming  that 
the  direction  of  gravity  coincides  with  the  normal,  the  resolved  part 
of  the  weight   along  the  radius  will  be  g  cos  if>.    Therefore,  by 

Art.  33,  we  have  ^co3^  =  -,  where  \  is  some  constant,  so  that 
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g  = T-.    Let  O  denote  the  weight  of  the  given  body  at  the 

equator,  a  the  radius  of  the  equator ;  then 

*  \r<xy%^     a) 

By  neglectii^  powers  of  the  eUipticity  heyond  the  first,  it  is 

ibund  that  ■ varies  as  the  square  of  the  sine  of  the 

rcos^     a  ^ 

latitude. 

The  words  printed  in  Italics  in  the  ahove  investigation  involve 
a  principle  which  is  familiar  to  us  in  the  modem  theory  of  fluids ; 
as  we  shall  see  hereafter,  this  principle  was  used  by  Huygeos. 
Newton,  however,  tacitly  assumes  that  the  direction  of  gravity 
coincides  with  the  radius.  It  is  true,  that  to  the  order  of  approxi- 
mation which  we  adopt  cos  ^  may  be  put  equal  to  unity,  and  so 
there  is  no  practical  error  involved  in  Newton's  assumption :  but 
theoretically  his  investigation  of  the  very  important  proposition 
now  before  us  is  thus  rendered  obscure  and  imperfect. 

35.  In  Newton's  second  and  third  editions,  we  have  after  the 
passage  last  quoted  these  words :  "  Et  in  eadem  circiter  ratione 
augentur  arcus  graduum  Latitudinis  in  Meridiano."  This  is  a  fact 
in  the  theory  of  the  Conic  Sections  with  which  we  are  now 
familiar.  Let  p  denote  the  perpendicular  from  the  centre  of 
an  ellipse  on  the  tangent  at  any  point;  then  the  radius  of  cur- 
1 


in  proceeding  from  the  equator  towards  the  pole  varies  as  — , — | ; 

and  by  n^lecting  powers  of  the  ellipticity  beyond  the  first  it  is 
found  that  this  varies  as  the  square  of  the  sine  of  the  latitude. 

36.  In  the  first  edition  Newton  calculated  the  relative  weights 
of  a  given  body  at  Paris,  Qoree,  Cayenne,  and  the  Equator. 
As  observations  of  the  length  of  a  seconds  pendulum  had  been 
made  at  Paris,  Qoree,  and  Cayenne,  the  relative  weights  of  a  body 
at  those  places  were  known,  and  thus  a  test  of  the  accuracy  of  the 
theory  was  furnished. 
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37.  The  following  sentences  occur  in  the  first  edition ;  they 
are  repeated  substantially  in  the  second  edition,  but  are  omitted 
in  the  third  edition. 

Hteo  omnia  ita  se  babebuut,  ez  Hypothesi  quod  Terra  ex  uoifonni 
toateria  constat.  Nam  si  materia  ad  centrum  paulb  denaior  nit  qu)m 
ad  Buperficiem,  ezcesous  itli  eruut  paulb  majoree ;  propterea  quod,  a 
materia  ad  centrum  redundans,  qua  denaitaa  ibi  major  redditur,  eub- 
ducator  et  seorsim  spectetur,  gnivitas  in  Terram  reliquam  nniibrmiter 
deuRam  erit  reciprooS  nt  diatontia  ponderls  i  centro ;  in  materi&ni  Teift 
rednudantem  reciprocd  ut  quadratnm  distantis  &  materia  ilia  qnam 
proximd.  Graritas  igitur  sub  sequatore  minor  erit  in  materiam  illam 
redundaatem  quikm  pro  computo  auperiore,  et  propterea  Terra  ibi 
propter  defectum  gtavitatis  paulb  altiua  aecendet  quim  in  precedentibus 
definitnm  est. 

The  preceding  sentences  contain  a  portion  of  truth.  Suppose 
that  a  mass  of  rotatory  homogeneous  fluid  has  taken  the  form 
which  Newton  assigns  for  relative  equilibrium.  Then  gravity 
at  the  pole  is  to  gravity  at  the  equator,  inversely  as  the  corre- 
sponding distances  from  the  centre ;  and  if  we  suppose  the  ob- 
latum  to  become  solid,  this  ratio  is  not  changed.  Next  suppose 
that  the  central  part  is  made  denser  than  the  rest,  this  central 
part  being  spherical  in  shape.  Thus  the  gravity  is  increased  both 
at  the  pole  and  at  the  equator ;  but  the  additional  gravity  at  the 
pole  is  to  that  at  the  equator  inversely  as  the  equares  of  the 
corresponding  distances.  Therefore  -the  whole  gravity  at  the 
equator  bears  to  the  whole  gravity  at  the  pole  a  less  ratio  than 
for  the  case  of  the  homogeneous  body. 

But  now  Newton  in  some  way  returns,  as  it  were,  to  the  sup- 
position of  fluidity.  It  is  not  obvious  whether  the  whole  mass 
is  supposed  to  be  fluid,  or  whether  the  central  spherical  part  is 
still  left  solid.  In  either  case  a  new  investigation  would  have  to 
be  supplied,  in  order  to  determine  the  figure  of  the  fluid  part 
for  relative  equilibrium ;  and  no  use  could  be  made  of  a  result 
obtained  from  the  balancing  at  the  centre  of  homogeneous  columns. 
-  As  we  have  said  in  Art.  30,  the  investigations  of  Clairaut  bring 
out  the  ellipticity  less  than  for  the  homogeneous  case,  and  not 
greater  as  Newton  stated. 
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According  to  Cluraut,  Newton's  error  la;  in  thinking  that 
gravity  at  the  ends  of  the  columns  must  be  inverBely  proportional 
to  the  lengths  of  the  columns  for  relative  equilibrium,  whether 
the  fluid  is  homogeneous  or  not.  See  Clairaut's  Figure  de  la 
Terre,  pages  224  and  236,  and  Stay's  Fkilosopkim  RecenHoria, 
Vol  a.  page  370. 

38.  In  the  first  edition,  aa  we  have  stated,  Newton  referred 
to  pendulum  observations  at  osly  three  places,  Paris,  Goree,  and 
Cayenne.  These  observations  indicated  a  rather  greater  varia- 
tion in  the  length  of  the  seconds  pendulum  than  the  theory 
suggested.      So  Newton  says: 

et  propteraa  (si  crassia  hLace  Observation ibus  satis  confidendnm 

sil)    Terra    aliquauto    altior   erit  sub   equatore    qu^   pro  superioi-e 
oalcolo,  et  deosior  ad  centmm  qnikni  in  fodinis  prope  superficiem. 

He  then  points  out  the  advantage  which  would  be  derived 
from  a  set  of  experiments  for  determining  the  relative  weights 
of  a  given  body  at  various  places  on  the  Earth's  surface. 

39.  In  the  second  edition  Newton  gave  a  table  of  the  lengths 
of  a  degree  of  the  meridian  and  of  the  lengths  of  the  seconds 
pendulum  in  different  latitudes.  This  table  was  computed  by 
the  aid  of  his  theory,  taking  from  observation  the  length  of  a 
degree  of  the  meridian  in  the  latitude  of  Paris,  and  also  the 
length  of  the  seconds  pendulum  there.  The  table  is  repeated 
in  the  third  edition ;  but  the  lengths  of  the  degrees  are  not 
the  same  as  in  the  second  edition.  The  lengths  are  expressed 
in  toises ;  at  the  equator,  at  45*,  and  at  the  pole,  the  lengths  are 
respectively  56909,  57283,  and  57657  in  the  second  edition; 
while  in  the  third  edition  they  are  56637,  57010,  and  57382: 
the  difference  is,  of  course,  owing  to  the  adoption  of  a  fresh  result 
from  the  measurement  in  France.  After  the  table  in  the  second 
edition  we  have  these  words : 

Constat  antein  per  banc  Tabnlatn,  qaod  graduam  imequalitaa  tarn 
parva  dt,  ut  in  rebus  Oeographicia  6gara  Teira  pro  Sphserica  haberi 
posait,  quodqne  innquajitas  diametrorum  Terrc  &oiUuB  et  certius  per 
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experimenta  pendulorum  deprehendi  posait  vel  etmm  per  Eclipses  Lunte, 
qiiara  per  arcus  Qeographice  mensnratos  in  Meridiano. 

I  cannot  understand  how  the  ratio  of  the  axes  could  be  found 
by  pendulum  esperiments  or  by  eclipaes  better  than  by  measured 
arcs.  In  the  third  edition  the  words  which  follow  "haberi  possit " 
are  omitted,  and  instead  of  them  we  have  "priesertim  si  Terra 
paulb  densior  sit  vereds  planum  a^quatoria  qu^m  versiie  polos." 

40.  In  the  second  and  third  editions  Newton  referred  to  many 
more  pendulum  obserrations  than  in  the  first  edition.  We  see 
from  pages  69... 89  of  the  Correapondence  of  Neviton  and  Cotes, 
that  the  arrangement  of  this  part  of  the  work  for  the  second 
edition  was  a  matter  of  some  trouble.  The  figures  in  the  final 
draft  of  Newton  were  corrected  by  Cotes :  compare  pages  85  and 
92  of  the  Correspondence  with  the  second  edition  of  the  Prin- 
cipia.  The  facts  are  stated  nearly  in  the  same  terms  in  the 
Becond  and  third  editions. 

41.  The  more  numerous  observations  to  which  Newton  could 
now  appeal,  concurred  with  the  smaller  number  before  used,  in 
giving  a  greater  variation  to  the  length  of  the  seconds  pendulum 
than  theory  suggested.  Accordingly,  the  sentence  which  we 
quoted  in  Art.  38,  appears  in  the  second  and  third  editions, 
omitting  the  words  si  oraeei6...sit.  Newton  adds,  however,  "nisi 
forte  calores  in  Zona  torrida  longitudinem  Pendulorum  aliquan- 
tulum  auxerint." 

The  supposition  that  the  pendulum  observations  required  a 
greater  ellipticity  than  ^k^  was  shewn  to  be  untenable  by  Clairaut; 
see  his  Figure  de  la  Terre,  page  252. 

42.  In  the  second  edition  Newton  seems  to  come  to  the 
conclusion  that  we  should  correct  the  theory  by  observation,  and 
thus  take  31^  miles  as  the  excess  of  the  equatorial  semi-diameter 
over  the  polar  semi-diameter.  In  the  third  edition,  however,  he 
seems  to  consider  that  we  may  hold  to  the  value,  17  miles,  fur- 
nished by  theoiy. 

48.  In  the  second  edition  Proposition  XX.  ends  with  a  para- 
graph in  which  Newton  adverts  to  the  hypothesis,  foimded  on 
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Bome  measuremeDts  by  Cassiiii,  that  the  Earth  is  au  oblongum: 
Newton  deduces  results  from  this  hypothesis  which  are  contrary 
to  observations.  The  paragraph  does  not  appear  ia  the  third 
edition,  although  the  oblong  form  continued  to  find  advocates  for 
some  yean  after  the  death  of  Newton. 

44i.  Newton's  investigations  in  the  theories  of  Attraction  and 
of  the  Figure  of  the  Earth  may  justly  be  considered  worthy  of  his 
great  name.  The  propositions  on  Attraction  are  numerous, 
exact,  and  beautiful ;  they  reveal  his  ample  mathematical  power. 
The  treatment  of  the  Figure  of  the  Earth  is,  however,  still  more 
striking;  inasmuch  ue  the  successful  solution  of  a  difficult  problem 
in  natural  philosophy  is  much  rarer  than  profound  researches  in 
abstract  mathematics.  Newton's  solution  was  not  perfect ;  but  it 
was  a  bold  outlioe,  in  the  main  correct,  which  succeeding  investi- 
gators have  filled  up  but  have  not  cancelled.  Newton  did  not 
demonstrate  that  an  oblatum  is  a  possible  form  of  relative  equi- 
librium; but,  assuming  it  to  be  such,  he  calculated  the  ratio  of 
the  axes.  This  assumption  may  be  called  Newton's  postvlate 
with  respect  to  the  Figure  of  the  Earth ;  the  defect  thus  existing 
in  his  process  was  supplied  about  fifty  years  later  by  Stirling 
and  Clairaut.  The  difficulty  arose  from  the  imperfect  state  of  the 
tbeoiy  of  fiuid  equilibrium,  which  undoubtedly  must  have  pro- 
duced many  obstacles  for  the  earliest  investigators  in  mixed 
mathematics.  Clairaut  subsequently  gave  methods  which  are 
sound  and  satisfactory  to  a  reader  who  can  translate  them  into 
modem  language ;  but  even  these  may  have  appeared  obscure  to 
Clairaut's  contemporaries.  Euler,  in  the  Berlin  M^moirea  for 
1755,  first  rendered  Hydrostatics  easily  intelligible  by  introducing 
a  symbol  p  to  measure  the  pressure  at  any  point  of  a  fluid. 

46.  Besides  the  defect  in  Newton's  theory  which  we  have 
pointed  out,  Laplace  finds  another,  saying  in  the  M4caniqv£ 
Celeste,  VoL  T.  page  5,  "II  suppose  encore,  sans  demonstration, 
que  la  pesanteur  k  la  surface,  augmente  de  TAjuateur  aux  p61es, 
comme  le  carr^_  du  sinus  de  la  latitude."  But  Laplace  ia  not 
light.  Newton  did  not  absolutely  assume  the  proposition ;  he 
gave  a  demonstration   though   it   was   imperfect;    see  Art  34. 
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Laplace's  language  b  inaccurate  moreover ;  it  is  not  gravitj/  that 
increases  as  the  square  of  the  sine  of  the  latitude,  but  the  varia- 
tion in  gravity.  Laplace  proceeds  to  observe  that  Newton  re- 
garded the  Earth  as  homogeneous,  while  observations  prove 
incontestably  that  the  densities  of  the  strata  increase  from  the 
surface  to  the  centre.  Laplace's  language  could  scarcely  be 
stronger  if  borings  had  actually  been  executed  from  the  surfoce 
to  the  centre,  and  had  thus  rendered  the  strata  open  to  inspec- 
tion. He  means,  of  course,  that  by  combining  observations  made 
at  various  places  on  the  surface  of  the  E^arth  with  the  sug^j^estions 
of  theory,  we  are  led  to  infer  that  the  density  increases  from 
the  surface  to  the  centre.  See  the  Mecanique  Celeste,  Vol.  V.  page  1 2. 
Laplace  truly  says  that,  notwithstanding  the  imperfections, 
the  first  step  thus  made  by  Newton  in  the  theory  must  appear 


46.  A  notice  of  the  Principia  was  given  in  the  Pkilcsophioai 
TranaactioJis,  Vol.  xvi.  1687, 1  presume  by  Halley,  who  was  then 
Secretaiy  of  the  Society ;  the  simple  but  expressive  words  we  find 
on  page  2^7  axe  still  as  applicable  as  they  were  then : 

and  it  may  be  justly  ssid,  tHat   bo   many  and   so  Valuable 

FhiloBOphical  Truths,  as  are  beruin  discovered  and  pnt  past  dispute, 
were  never  yet  owing  to  the  Capacity  and  Industry  of  any  one  Man. 
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CHAPTER  II. 

HUYGENS. 

47.  We  have  now  to  examine  an  essay  by  Huygena  eutUied 
Ditcours  de  la  Cause  de  la  Fesanteur. 

A  small  quarto  volume  was  published  at  Leyden,  in  1690, 
entitled  Traits  de  la  Lumiere...Par  C.H.D.Z.  Avec  un  Discours 
de  la  Cause  de  la  Fesanteur.  The  letters  C.H.D.Z.  stand  for 
Cliristiaa  Huygens  de  Zulichem, 

The  volume  consists  of  two  parts.  Pages  1...124  relate  to 
Light ;  they  are  preceded  by  a  Preface,  and  a  Table  of  Contents, 
on  6  pages,  which  belong  to  this  part  of  the  volume.  After  page 
124  is  a  Title-leaf  for  the  part  relating  to  Weight ;  then  a  preface 
on  pages  125. ..128;  then  a  leaf  containing  a  Table  of  Contents; 
and  then  the  text  on  pages  129.. .180. 

48.  We  of  course  pass  over  the  part  relating  to  Light,  merely 
remarking  that  it  is  memorable  as  laying  the  foundation  of  the 
Undulatory  Theory. 

The  part  relating  to  Weight  is  said  to  appear  in  a  Latin  version 
in  the  Opera  Beliqua  of  Huygens :  hence  it  is  sometimes  cited 
hy  a  Latin  title,  De  cansa  gravitatis,  or  De  vi  gravitatig.  My 
references  will  all  be  made  to  the  original  edition  in  French,  pub- 
lished during  the  author's  lifetime 

49.  The  last  paragraph  of  the  PreEace  gives  information  as 
to  the  date  of  composition : 

Xa  plus  gtande  partie  de  ce  Discoura  a  est£  6orite  dn  tempa  que  je 
demeurois  ft  Paris,  et  elle  est  dans  les  Hesistres  de  I'Acndemie  Royale 
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des  Sciences,  jnsquea  &  rendroit  oil  il  est  parl4  de  1'aiteration  des  Pen- 
dulee  par  le  mouvemeitt  de  U  Terre.  Le  reste  a  eatb  odjont^  plusieuni 
uiD^  aprea :  et  en  suite  encore  1' Addition,  k  I'occasioii  qu'on  j  troa- 
Tera  indiqu^  an  commencement. 

The  former  part  of  the  Discourse,  which  we  are  here  told  had 
lieen  written  many  years  since,  is  of  no  value. 

50.  The  theory  of  Huygens  to  account  for  Weight  is  ex- 
pounded on  pages  129. ,,144  of  the  work;  we  may  say  briefly 
that  this  theory  is  utterly  worthless.  Huygens  assumes  the  ex- 
istence of  a  very  rare  medium  moving  ahout  the  £arth  with 
great  velocity,  not  always  in  the  same  direction.  This  rare  matter 
is  surrounded  by  other  bodies,  and  so  prevented  from  escaping ; 
and  it  pushes  towards  the  Earth  any  bodies  which  it  meets.  This 
vortex  has  passed  away,  as  well  as  those  similar  but  more  famous 
delusions  with  which  the  name  of  Des  Cartes  is  connected. 

61.    Two  incidental  matters  of  some  interest  may  be  noticed. 

On  his  page  138,  Huygens  says  that  there  is  an  invisible  pon- 
derable matter  present  even  in  the  space  from  which  air  has  been 
exhausted :  so  that  it  would  appear  he  took  the  partial  exhaus- 
tion produced  by  an  air-pump  for  complete  exhaustion. 

On  his  px^  141,  he  starts  a  difficulty  which  we  now  know  has 
been  removed  by  experiments : 

,..De  plus,  en  portant  nn  corps  peaant  au  fond  d'on  pnits,  ou  dans 
qaelqne  carriere  ou  mine  profonde,  il  y  devroit  perdre  beancoup  de  sa 
peeanteur,  Mais  on  n'a  pas  trouv6,  que  je  scache,  par  experience  qu'il 
eu  perde  quoy  que  ce  eoit. 

52.  The  really  valuable  part  of  the  Discourse  commences  on 
page  145,  Huygens  says  that  at  Cayenne  the  seconds  pendulum 
bad  been  found  to  be  shorter  than  at  Paris.  As  soon  as  he  heard 
this,  he  attributed  it  to  the  rotation  of  the  Earth.  Accordingly 
he  gives  a  very  good  explanation;  assuming  that  there  is  at  the 
surface  of  the  Earth  a  force  of  constant  magnitude  directed  to- 
wards the  centre,  and  that  there  is  also  a  centrifugal  force.  He 
shews  by  calculation,  that  the  centrifugal  force  at  the  equator 
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He  calculates  that  the  seconds 

pendulam  at  Cayenne  should  he  ^  of  a  line  shorter  than  at  Paris ; 

Richer  made  it  1^  lines  shorter  by  observation. 

Huygens  calculates  that  the  plumb-line  at  Paris  deviates 
nearly  6  minutes  from  the  position  it  would  take  if  there  were  no 
centrifugal  force. 

53.  Oq  his  page  152,  Huygens  states  a  principle  which  has 
since  generally  been  called  by  his  name ;  he  says  the  surface  of 
the  sea  is  such  that  at  eveiy  point  the  direction  of  the  pluinb-line 
ia  perpendicular  to  the  aurface.  The  principle  may  be  stated  more 
generally  thus :  the  direction  of  the  resultant  force  at  any  point 
of  the  free  surface  of  a  fluid  in  equilibrium  must  be  normal  to  the 
surface  at  that  point, 

54.  On  p^e  152,  we  arrive  at  the  Addition  to  which 
Huygens  referred  in  his  preface  :  see  Art.  49.  His  attention  was 
turned  to  tbe  subject  again  by  examining  an  account  of  some 
more  pendulum  esperiraente,  and  by  reading  Newton's  Prindpia, 
Huygens  first  calculates  tbe  ratio  of  the  axes  of  the  Earth.  He 
adopts  Newton's  principle  of  the  balancing  of  the  polar  and  equa- 
torial columns;  but  retains  his  own  hypothesis,  that  the  attractive 
force  is  central  and  constant  at  all  distances.  Thus  he  makes  the 
ratio  of  the  axes  to  be  that  of  577  to  578- 

55.  Huygens  next  finds  the  equation  to  the  generating  curve 
of  the  Earth's  surface.  He  considers  it  difficult  to  use  his  own 
principle  of  the  plumb-line,  stated  in  Art.  53 ;  and  so  he  uses  the 
principle  of  balancing  columns.  He  extends  this  principle  beyond 
the  application  which  Newton  made  of  it :  see  Art.  24.  Huygens 
contemplates  canals  of  various  forms,  not  necessarily  passing  through 
the  centre.  He  says  on  his  page  156:  "et  mesme,  cela  doit  arriver 
de  quelque  maniere  qu'on  conceive  que  le  canal  Boit  fait,  pourv6 
qu'il  aboutisse  de  part  et  d'autre  i.  la  surface." 

Let  the  constant  force  be  denoted  by  X,  the  angular  velocity 
by  ta,  and  the  equatorial  radius  by  a ;  take  the  axis  of  x  to  coin- 
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cide  with  the  polar  diameter,  and  the  axis  of  ^  with  an  equatorial 
diameter.  Then,  by  modem  methods,  we  find  for  the  equation 
to  the  curve  which  hy  revolution  generates  the  surface  of  the 
Earth 

xV{^+y^-^-x«-^* (1). 

This  coincides  with  Huygens's  result. 

We  may  deduce  the  ratio  of  the  axes  from  (1) ;  we  shall  thus 
get  the  same  value  as  Huygeoa  obtained  before  he  investigated 
the  equation  to  the  curve. 

Put  y  =  0  in  (1),  thus :  a!  =  o(l  —  ^J;  therefore  the  ratio  of 
the  axes  is  that  of  1  —  -= — ^^  to  1,  that  is,  the  ratio  of  577  to  fi78. 

If  e  and  j  have  the  same  meaning  as  in  Art.  29,  we  see  that 
Huygens's  result  may  be  expressed  thus :  e  —  ^ . 

56.  Huygens  says  on  his  page  139,  that  even  if  we  do  not 
suppose  the  central  force  to  be  constant,  his  result  remains  almost 
unchanged.  It  is  important  to  demonstrate  this :  and  we  BhaU 
accordingly  shew  that  the  result  is  approximately  true,  whatever 
may  be  the  law  of  the  force,  which  is  assumed  to  be  central. 

Let  iff  (r)  denote  the  force  at  the  distance  r  from  the  oeatre. 
Then,  by  modem  methods,  we  find  for  the  equation  to  the  gene- 
rating curve 

I  ifi  (r)  dr  — ^  =  constant 

Let  a  denote  the  equatorial  radius,  and  b  the  polar.  By 
putting  tf  =  0,  we  determine  the  value  of  the  constant,  and  the 
equation  becomes 

Now  put  y  d  ;  thus 
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this  18  an  analytical  eipressioa  of  Newton's  principle  of  tlie 
bajancing  of  central  columns.  We  may  put  the  expreesioa  in  the 
form 

If  o  —  S  is  vety  small  this  gives  approximately 

a  —  b     1  aa* 

thus  =  5  -rT~\ ' 

a        2  9  (a) 


that  is 


2' 


Moreover,  we  can  shew  that  the  diminution  of  the  radius 
in  passing  from  the  equator  to  the  pole  will  vary  approximately 
as  the  square  of  the  sine  of  the  latitude.     For  we  have 

that  is 
therefore 

l^+w*-^' («•-?■)• 

Hence  if  a  —  r  be  small,  we  have  approximately 

Thus  a  —  r  varies  as  1  —  ^,  that  is,  approximately  as  the 
square  of  the  sine  of  the  latitude. 

57.  The  particular  case  in  which  the  central  force  varies 
inversely  as  the  square  of  the  distance  deserves  to  be   noticed 
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specially.     In  this  case  instead  of  equation  (1)  of  Art.  65   we 
obtiun 

7RT?)"*""2--a  +  ^ <^J' 

■where  ^  represents  the  central  force. 
Put  y  =  0,  then  x=       °  ,  l. 


Thns  the  ratio  of  the  axes  is  that  of  1  to  1  +  -^—,  and,  taking 

5g5  for  ata*  -s-  -^ ,  this  ratio  becomes  tliat  of  578  to  579,  which  is 
almost  identical  with  that  obtained  in  Art  54. 

68.  If  i^a  =  \  the  equation  (1)  of  Art.  55  is  equivalent  to 
3f*  —  o' =  ±  2ajr,  giving  two  parabolas,  as  Huygens  observes.  He 
seems  in  consequence  to  accept  without  hesitation,  for  relative 
equilibrium,  a  figure  of  revolution  in  which  the  two  parts  meet  so 
as  to  produce  an  abrupt  change  of  direction :  see  his  page  157. 

59.  In  hie  pages  159. ..168  Huygens  makes  some  interesting 
remarks  on  various  points  in  Newton's  Principia.  Huygene  does 
not  admit  that  all  particles  of  matter  attract  each  other,  but  he 
does  admit  a  resultant  force  exerted  by  the  Sun  or  by  a  Planet, 
and  varying  inversely  as  the  square  of  the  distance  from  the  centre 
of  the  body.  He  states  that  be  himself  had  not  extended  the 
action  of  peaanteur  so  far  as  from  the  Sun  to  the  Planets,  nor  had 
he  thought  of  the  law  of  the  inverse  square :  fae  fully  recognises 
Newton's  merits  as  to  these  points. 

60,  We  must  notice  the  value  he  obtained  for  the  increase  of 
gravity  in  proceeding  from  the  equator  to  the  pole.  He  adopts 
the  ratio  of  the  axes  which  he  had  found  ftn-  the  case  of  a  constant 
force,  and  assumes  that  it  will  hold  when  the  central  force  vanes 
inversely  as  the  square  of  the  distance.     Hence  since  the  polar 
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iocreases  by  -^rrz  part  in  passing  from  the  equator  to  the  pole. 
And  by  reason  of  the  abseace  of  centrifugal  force  at  the  pole  there 
is  another  increase  of  ^^  part     Thus  on  the  irhole  there  is  an 

increase  of  ^^ .  He  thinks  that  obserration  does  not  confirm  this 
large  increase. 

We  kno.w  now  that  the  increase  is  not  so  large  as  Huygeus 
made  it.  His  error  arises  from  his  assuming  that  the  Earth's 
attraction  is  a  single  central  force  varying  inversely  as  the  square 
of  the  distance  from  the  centre,  instead  of  calculating  the  value  of 
it  from  the  form  of  the  Earth. 

61.  Huygens  expresses  himself  as  much  pleased  with  Newton's 
method  of  comparing  the  attraction  at  the  surfstces  of  the  Earth, 
the  Sun,  Jupiter  and  Mars:  see  his  page  167.  Huygens  alludes 
to  the  very  different  estimates  which  had  been  made  of  the  Sun's 
distance  from  the  Earth  ;  Newton  took  this  to  be  5000  times  the 
Earth's  diameter,  CasRini  to  be  10000  times ;  Huygens  himself  had 
taken  it  to  be  12000  times. 

62.  Huygens  also  refers  with  pleasure  to  the  researches  of 
Newton  respecting  the  motion  of  projectiles  in  a  resisting  medium. 
Huygens  says  he  had  himself  formerly  investigated  this  subject, 
assuming  the  resistance  to  vary  as  the  velocity ;  after  he  had 
finished  his  investigations  he  learned  from  the  experiments  made 
by  the  Academy  of  Sciences  at  Paris  that  the  resistance  in  air  and 
ia  water  varied  as  the  square  of  the  velocity. 

He  here  gives  the  results  of  his  original  investigations  without 
the  demonstrations:  see  his  pages  170. ..172.  It  will  furnish  a 
good  exercise  for  students  to  verify  these  results,  which  must  have 
been  obtained  with  some  difficulty  in  the  early  days  of  the 
Integral  Calculus.  The  results  will  be  found  to  be  all  correct, 
except  that  on  the  middle  of  page  171  we  ought  to  read  terminal 
velocity  instead  of  velocity/  with  which  the  grovnd  is  reached.  The 
phrase  terminal  velocity  is  due  to  Huygens;  see  his  page  170. 
Huygeus  makes  a  few  remarks  on  motion  in  a  medium  where  the 
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resistance  varies  as  the  square  of  the  velocity ;  but  he  considers 
only  a  particular  case  of  vertical  motion,  and  a  particular  case  of 
oblique  motion.  The  general  problem,  he  truly  saye,  is  very 
di£Scult  if  not  impossible. 

63.  Huygens  finishes  with  a  statement  of  properties  of  the 
exponential  or  logarithmic  curve ;  he  does  not  give  demonstrations, 
but  they  can  be  easily  supplied. 

64.  On  the  whole  we  may  aay  that  the  chief  contribution  at 
Huygens  to  our  subject  is  the  important  principle  of  fluid  equi- 
librium, which  we  have  noticed  in  Art.  53.  He  also  first  solved  a 
problem  in  which  the  form  of  the  surface  of  a  fluid  in  relative 
equilibrium  under  a  given  force  was  accurately  determined;  see 
Art.  55,  The  result  has  become  permanently  connected  with  our 
history  for  a  reason  which  we  wiU  now  expl^. 

The  assumption  that  the  attraction  of  the  Earth  varies  inversely 
as  the  square  of  the  distance  from  a  fixed  point  is  equivalent  to  the 
hypothesis  that  the  density  of  the  £arth  is  infinite  towards  the 
centre.  This  remark  is  in  fact  due  to  Clairaut ;  see  the  PhilotO' 
phical  Transactions,  Vol  XL.  page  297.  It  is  sometimes  ascribed 
to  Huygens  himself;  as  in  Barlow's  Mathematical  Dictionary, 
article  EarOi.  But,  as  we  have  seen,  Huygens  preferred  to  consider 
the  attractive  force  as  constant ;.  and  this  is  very  different  from  the 
notion  involved  in  Clairaut's  remark.  Laplace  is  not  quite  accurate 
in  the  Mecanique  C^este,  Vol.  v.  page  5,  where  he  omits  all  notice 
of  the  constant  force,  and  says  that  Huygens  supposed  the  force  to 
vary  inversely  as  the  square  of  the  distance  from  a  point. 

65.  An  important  error  has  been  sometimes  made  by  repre- 
seoting  the  researches  of  Huygens  on  the  Figure  of  the  Earth  as 
preceding  those  of  Newton  in  the  order  of  time ;  for  example,  this 
"is  asserted  in  Barlow's  article  just  cited,  Svanbei^  also  has  com- 
pletely misrepresented  the  relative  positions  of  Newton  and  Huy- 
gens: see  his  Ea^osition  dea  operations  faites  en.  Lapponie.-.paLg^ 
iii. ,  .V.  The  truth  is  that  before  the  Addition  to  Huygens's  Discourse 
the  only  remark  on  the  subject  is  the  suggestion  on  page  152,  that 
the  Figure  of  the  Earth  is  that  of  a  sphere  flattened  at  the  poles; 

3—2 
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sod  even  this  occurs  in  tbe  part  wbidi  treats  od  pendulucns, 
writteu,  as  Huygeita  UmBelf  states,  Icwg  after  the  greater  part  of 
the  Discourse.  The  researches  on  the  Fignre  of  tbe  'Eaxih  are 
really  contained  in  the  Addition,  which  as  Huygens  himself  states 
va«  written  after  reading  the  Frinapia. 

There  are  two  causes  which  might  have  led  to  this  error  m 
dates.  In  the  first  place,  as  Huygens  was  senior  to  Newton,  it  was 
natural  in  histories  of  science  to  give  an  account  of  the  life  and 
works  of  Huygens  before  those  of  Newton;  this,  for  example,  is 
the  course  adopted  by  Bailly  in  bis  Histoire  de  rAstronoviie 
Modeme.  Then  a  hasty  glance  at  his  Vol.  lu.  page  9  might  mislead 
an  incautious  reader.  In  the  second  place,  it  was  natur^  to  notice 
the  partial  and  imperfect  attempts  of  Huygens  before  proceeding 
to  Newton's  nearly  complete  solution;  this,  for  example,  is  the 
course  adopted  by  Clairaut  in  the  Zn^roducfion  to  his  Figure  de  la 
Terre. 
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CHAPTER  III. 

MISCELLANEOUS  INTESTIGATIONS  UP  TO  THE 
YEAR  1720. 

66.  The  present  Chapter  will  contain  an  account  of  various 
nuBcellaaeoas  investigatnms  up  to  the  year  1720. 

It  is  my  desigD  to  write  the  history  of  the  Theories  of  At- 
traction and  of  the  Figure  of  the  Earth  ;  and  I  have  endeavoured 
to  include  all  the  memoirs  and  works  which  relate  to  these 
subjects.  I  do  not  profess  to  discuss  the  measurements  of  arcs 
«nd  the  observations  of  pendulums  j  but  I  shall  briefly  notice 
the  more  important  of  these  operations  in  their  proper  places. 

67.  There  are  many  writers  to  whom  the  student  may  be 
referred  for  accounts  of  the  attempts  made  in  ancient  times, 
and  in  the  early  days  of  modem  science,  to  ascertain  the  figure 
and  dimensions  of  the  Earth.  Thus,  for  example,  we  may  mention 
Cassini's  De  la  Orandeur  et  de  la  Figure  de  la  Terre,  and  Stay's 
FhUoaophios  £ecentioria  Vol.  ii.  with  the  notes  by  Boscovich. 
More  recent  works  are  the  article  by  Professor  Airy  on  the  Figure 
of  the  Earth  in  the  EncydopcBdia  Metropolitana,  and  the  article 
by  the  late  T.  Qalloway  on  Trigonometrical  Survey  in  the  Petmy 


68.  Some  interest  attaches  to  the  operations  of  Richard 
Norwood,  which  he  has  recorded  in  his  Seaman's  Practice,  pub- 
lished in  1637.      He  says  on  his  page  4: 

Upon  the  llth  of  June,  1635,  I  made  an  Observation  near  the 
middle  of  the  City  of  Toti,  of  the  Meridian  Altitade  of  the  Son,  by 
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Ui  Arob  of  a  Sextant  of  more  than  6  Foot  Semidiamet«r,  and  foand 
the  apparent  Altitude  of  the  Stm  that  Day  at  Nooa  to  be  69  deg. 
33  miD. 

I  had  slao  formerly  npon  the  IltA  of  Junt,  Anno  1633,  observed 
in  the  Cily  of  London,  near  the  Tower,  the  apparent  Meridian  Alti- 
tude of  iii6  Sun,  and  found  the  same  to  be  62  deg.  1  min. 

And  seeing  the  Sun'a  Declination  npon  the  11(A  day  of  June,  1635, 
and  upon  the  Wth  day  of  June,  1633,  was  one  and  the  eame,  without 
any  seastble  difference ;  and  because  these  Altitudes  differ  but  little, 
we  shall  not  need  to  make  any  alteration  or  allowance,  in  respect  of 
Declination,  Refcaction,  or  Parallax ;  Wherefore  subtracting  the  lesser 
apparent  Altitude,  namely  59  deg.  33  min.  from  the  greater  62  deg. 
1  min.  there  remains  2  deg.  28  min.  which  is  the  difference  of  Latitude 
of  these  two  Cities,  namely,  of  London  and  York. 

It  will  be  seen  that  Norwood  does  not  expressly  say  witli  what 
iostrument  be  observed  the  Sun's  altitude  at  London ;  he  lays 
stress  on  the  fact  that  the  observations  at  London  and  at  York 
were  made  on  the  same  day  of  the  month.  He  determined  the 
distance  between  York  and  London  in  the  manner  which  he 
fixpWns  on  hia  page  6: 

Yet  haviog  made  Observation  at  York,  as  aforesaid,  I  mea- 
sured (for  the  most  part)  the  "Way  from  thence  to  London  ;  and  where 
1  measured  not,  I  paced,  (whereio  through  Custom  I  usiially  come 
very  near  the  Truth)  observing  all  the  way  as  I  came  with  a  Circum- 
'erentor  all  the  principal  Angels  of  Position,  or  Windings  of  the  Way, 
(with  convenient   allowance  for  other  lesser  Windings,  Ascents  and 

Deecente) ;    bo  that  1  may  affirm  the  Experiment  to  be  near  the 

Truth. 

Norwood  made  the  distance  between  York  and  London  9149 
chains,  each  of  99  feet  He  deduced  for  the  length  of  a  degree  of 
the  meridian  367196  feet  This  is  nearer  to  the  truth  than 
might  have  been  expected  from  the  rough  mode  of  measurement: 
the  modem  result  would  be  somewhat  less  than  365000  feet 

It  has  been  supposed  that  Norwood's  work  had  been  foi^tten 
before  Newton's  time ;  but  Rigaud  is  strongly  against  this  sup- 
position: see  his  Sistorioai  Essay... p&ge  4.  Newton  does  not 
reier  in  his  first  edition  to  Norwood's  value  of  a  degree ;  but  he 
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does  in  the  second  edition.  Newton  quotes  the  367196  feet, 
which  be  says  is  57300  Paris  toises.  Tbe  number  of  toises  ob- 
tained will,  of  course,  depend  on  the  proportion  of  the  English 
foot  to  the  French  foot,  Cassini  made  the  Ekigliah  foot  to  be 
U  of  tbe  French  foot ;  see  the  Ve  la  Qrandevr  et  de  la  Figure  d» 
la  Terre,  pages  154,  251,  and  282:  this  would  give  57374  toisee. 
Bailly  in  his  Hiatoire  de  VAetronomie  Modeme,  Vol.  ii.  page  342, 
gives  57442  toises,  and  draws  attention  in  a  note  to  Newton's 
smaller  value.  Tbe  oomparison  of  English  and  French  standards 
of  length  has,  of  course,  been  carried  to  minute  accuracy  in  mo- 
dern times.   Bee,  for  example.  Airy,  Figure  of  the  Earth,  page  217. 

69,  Tticber  made  observations  of  the  length  of  the  seconds 
pendulum  at  Cayenne  in  1672 :  Varin,  Des  Hayes,  and  Du  Glos 
made  similar  observations  at  Qoree  and  at  Quadaloupe  in  1682. 
These  observations  are  given'  in  the  lUcueil  d*  Observations  faitea 
en  Plvsieurs  Voyages.... Fo\io,  Paris,  1693.  Newton  states  the  re- 
sults in  the  third  edition  of  the  Prittctpia,  omitting  the  name  of 
Du  Glos.  It  would  seem  from  Newton's  'words  that  the  same 
length  was  obtained  at  Martinique  as  at  Quadaloupe:  but  the 
original  account  does  not  mention  pendulum  observations  at 
Martinique. 

These  observations  bad,  however,  been  published  before  1693  ; 
see  Lalande's  Bibltographte  Astronamique,  page  327:  thus  they 
were  accessible  to  Newton  for  his  first  edition,  as  we  have  men- 
tioned in  Art  36. 

Bicber'B  observations  are  also  given  in  Yol.  Tli.  of  the  ancient 
M^moirea  of  tbe  Paris  Academy. 

70.  In  Number  112  of  ihe  Pkiloaopkical  TVaTwach'tffW,  which 
is  dated  March  25,  1675,  there  is  an  account  of  Picard  s  survey 
of  an  arc  of  tbe  meridian ;  the  Number  forms  part  of  Volume  X. 
of  the  TransacHofu ;  the  account  occupies  pages  261. ..272  of  tbe 
volume ;   it  begins  thus : 

A  Breviate  of  Monsieur  Hearts  Account  of  the  Meaturc  of  the 
Earth. 

Thu  Aocount  hath  been  printed  about  two  years  since,  in  French  ; 
but  very  few  Copies  of  it  being  come  abroad,  (for  what  reasons  is  hard  to 
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divine;)  it  will  bo  no  wonder,  that  all  tliia  while  we  have  been  dleat  of 
it  Haring  at  length  met  with  an  Extract  thereof,  and  been  often 
desired  to  impart  it  to  the  Curious;  we  ehall  no  longer  reaiat  those 
deairee,  but  faithfully  oommuoicate  in  this  Tract  what  we  have  re- 
ceived upon  thia  Argument  from  a  good  band. 

The  accouQt  notices  an  attempt  made  by  the  Arabiane  to 
measure  an  arc  of  the  meridian : 

a  Station  being  chosen,  and  tiieoce  Troups  of  Honemen  let 

'  onl^  that  went  in  a  sbaight  line,  till  one  of  them  had  raised  a  degree 
of  Zaiibuie,  and  the  other  had  deprent  it ;  at  the  end  of  both  thdr 
marohee,  they  who  laJted  it,  counted  66|  miles,  and  the;  who  depreet  it, 
reckon'd  56  miles  just 

This  is  not  quite  faithful  to  a  description  given  by  Picard, 
from  which  it  may  have  been  derived,  which  can  be  seen  in 
Eailly's  HiaUnre  de  VAatronomie  Modeme,  Vol  I.  page  581. 
Ficard  doen  not  mention  Horsemen ;  and  he  does  not  explicitly 
say  which  of  the  two  parties  obtained  the  longer  measure. 

71.  In  Number  126  of  the  Pkiloaopkical  Transactions,  which 
is  dated  June  20,  1676,  and  forms  part  of  Volume  XL,  we  have 
a  notice  of  what  Norwood  effected.  The  following  is  the  be- 
ginning of  the  notice : 

AdvertiteTnent  eonoeming  the  QuantUy  of  a  D^ree  of  a  Great 
Circle,  in  English  memun*. 

Some  while  eiooe  an  account  was  given  concerning  the  Qvantity 
(ff  a  Degree  qf  a  great  CireU,  according  to  the  tenour  of  a  printed 
French  Discourse,  entituled  De  la  Me*ure  de  la  Terre.  The  Publisher 
not  then  knowing  what  had  been  done  of  that  nature  here  in 
England,  but  having  been  since  directed  to  the  perusal  of  a  Book,  com- 
posed and  published  by  that  known  Mathematician  Richard  Norwood 
in  the  year  1636,  entituled  The  Seaman's  Practice,  wherein,  among 
other  partionlars,  the  compass  of  the  Terraqueoug  Globe,  and  the  Qvtm- 
tit}/  of  a  Degrte  in  Englieh  measures  are  deliver'd,  approaching  very 
near  to  that,  which  bath  been  lately  obaerv'd  in  Fiance  ;  be  thought,  it 
would  much  coiiduce  to  mutuul  coufirmation,  in  a  summary  Narrative  to 
take  publick  notice  here  of  the  method  used  by  the  said  English  Mathe- 
matician, and  of  the  result  of  the  same ;  which,  in  short,  is  as  follows  : 

The  "  Publisher"  here  means  H.  Oldenburg  who  was  Secre- 
tary to  the  Royal  Society. 
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An  English  translation  of  Ficard'e  account  of  his  survey  of  an 
arc  of  the  meridian  was  published  ia  1687.  The  bulk  of  the 
volume  in  which  it  was  included  seems  to  have  consisted  of  a 
translation  of  Memoirs  on  the  Natural  History  of  Animals. 
The  Natural  History  was  translated  by  Alexander  Pitfield,  and 
!Kcard's  account  by  Richard  Waller.  See  Iiiilo9ophic<d  Irana- 
actions,  Number  189,  page  371. 

72.  A  Diacour$e  eonaeming  Gravity,  and  ita  Propertiea,  wherein 
tha  Descent  of  Heavy  Bodies,  and  the  Motion  of  PryecU  ia  briefly, 
but  fvUy  handled:  Togetker  vrith  the  Solvtion  of  a  Problem  of 
great  Use  in  Gunnery.      By  E.  Halley. 

This  memoir  is  published  in  Number  179  of  the  Philoeophical 
Syansactions ;  the  Number  is  for  January  and  Febniary,  1686, 
and  forms  part  of  Volume  XTI. :  the  memoir  occupies  pages  3.. .21 
of  the  number. 

I  notice  this  memoir  for  the  sake  of  a  fact  to  which  Newton 
refers  in  the  second  edition  of  the  Frinctpia,  Book  III.  Prop.  XX. 
Halley  says: 

Tis  true  at  8.  Selena  in  the  Latiludt  of  16  D^raes  South, 

Z  found  that  the  Pendulum  of  my  Clock  which  vibrated  aeeonde,  needed 
to  be  made  shorter  than  it  hnd  been  in  England  by  a  very  sensible 
space,  (but  which  at  that  time  1  neglected  to  observe  accurately)  before 
it  would  keep  time ;  and  sinoe  the  like  Obeervations  has  been  made  by 
the  Frtneh  Obeerven  near  the  Squinoetial ;  Yet  1  dare  not  affirm  that 
in  mine  it  proceeded  from  any  other  Cause,  than  the  great  height  of  my 
place  of  Observation  above  the  Sv^aai  of  the  Sea,  whereby  the  Gramty 
being  diminished,  the  length  of  the  Pendulum  vibrating  second*,  is  pro- 
portdonably  shortned. 

The  "  Problem  of  great  use  in  Gunnery,"  which  Halley  solves, 
ia  one  which  we  now  enunciate  thus:  To  determine  the  direction 
in  which  a  body  must  be  projected  from  a  given  point  with  a 
given  velocity,  so  as  to  hit  a  given  point.  Halley  considers  his 
solution  superior  to  those  which  had  been  previously  g^ven;  he 
says  the  problem  was  "  first  Solved  by  Mr  Anderson,  in  his  Book 
of  the  Genuine  use  and  effects  of  the  Qunn,  Printed  io  the  year 
1674." 
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Halley  observes,  that  for  a  given  horizontal  range  the  velocity 
is  least  when  the  angle  of  projection  is  45*.     He  says: 

This  Rule  may  be  of  good  use  to  all  Bomharditre  and  Gunners,  not 
otJj  that  they  ma,j  use  no  more  Powder  than  is  Decessaty,  to  cast  their 
S&ntbs  into  the  place  assigned,  but  that  thaj  may  shoot  with  much 
more  certEtinty,  for  that  a  small  Error  committed  in  the  Eleoation  of  the 
Piece,  will  produce  no  aensible  difference  in  t'he  fall  of  the  Shot :  For 
which  Reasons  the  Freneh  Eugineers  in  their  late  Sieges  have  used 
Morter-pieces  inclined  coostuitlf  to  the  Elevation  of  45,  proportioning 
their  Charge  of  Powder  according  to  the  distance  of  the  Object  tJiey 
intend  to  strike  on  the  Eorixon, 

According  to  theory  the  horizontal  ranges  should  be  equal 
for  two  diSerent  angles  of  projection,  one  as  much  betow  45* 
as  the  other  is  above  45°;  and  Halley  states  that  ezperioients 
shew  there  is  little  difference  in  the  ranges,  especially  for  lai^ 
shot:   see  hb  page  20. 

73.  Thomas  Burnet,  master  of  the  Charter-house,  published 
towards  the  end  of  the  seventeenth  century  his  Sacred  Theory  ef 
the  Earth,  first  iu  Latin  and  afterwards  in  English.  The  work 
related  to  geology  and  the  Mosaic  cosmogony,  and  ufttnrally  gave 
rise  to  much  controversy.  I  shall,  however,  not  stt«mpt  to  follow 
the  details  of  this  controversy,  as  it  is  hut  slightly  connected  with 
our  subject;  but  content  myself  with  noticing  the  contributions 
of  one  writer,  Reill,  whose  name  is  not  unknown  in  the  histoiy  of 
mathematical  science. 

The  work  of  Keill  now  to  he  considered  is  entitled  An  Exami- 
nation of  Dr  Burnet's  Theory  of  the  Earth.  Together  with  some 
remarks  on  Mr.  Whiaton's  New  Theory  of  the  Earth.  By  Jo,  Keill, 
A.M.  ColL  Baa  Ox.  1698.  The  book  contains  224  pages  in 
octavo,  besides  the  title-page  and  the  dedicatioD  "to  the  Reverend 
Dr  Mander,  the  worthy  master  of  Balliol  College  in  Oxford." 

74.  The  part  of  the  work  which  most  coacems  us  is  Chapter 
TL,  Of  the  Figure  of  the  Earth,  which  occupies  pages  101.  ..143. 

Burnet  maintained  that  the  Earth  was  not  oblate  but  oblong. 
Keill  says  on  his  page  107 : 
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I  oome  now  to  examm  the  Theorists  retwoiiB  by  irhich  be  prorea 
the  Earth  to  be  of  an  Oblong  Spheroidical  figure.  He  tella  lu  that  the 
fold  under  the  nqiutor  being  much  more  agitated  than  that  which  is 
towards  the  Foles  which  deecribes  io  its  diurnal  motions  leaser  arches,  - 
and  because  it  cannot  get  quite  off  and  Sy  awaj  by  reason  of  the  Air 
which  every  way  presses  upon  it,  it  could  no  other  wayea  free  it  self 
than  by  flowing  towards  the  sides,  and  convequently  foim  the  Earth  into 
an  Oval  figure. 

Keill  maintains,  on  the  contrary,  the  oblateness  of  the  Earth ; 
he  givea  substantially  the  two  investigations  of  the  ratios  of  the 
axes  which  were  then  known,  namely,  that  of  Huygens,  which 
assumed  the  resultant  attraction  to  be  constant,  and  that  of 
Newton,  which  assumed  the  attraction  between  particles  to  vaiy 
inversely  as  the  square  of  the  distance.  Keill  also  gives,  after 
Huygens,  a  very  clear  account  of  the  effect  of  centrifugal  force 
on  the  position  of  a  pendulum,  and  on  the  weight  of  a  body. 
Keill  does  not  refer  to  the  work  of  Huygens,  from  which  he 
must  hare  obtained  a  lai^  part  of  his  Chapter  VI.,  namely,  the 
IH3Cour8...de  la  Pesanteur;  hut  other  works  by  Huygens  are 
cited. 

75.  There  is  nothing  new  on  our  subject  in  Keill's  work ; 
he  merely  reproduces  what  had  been  given  by  Newton  and  by 
Huygens,  There  are,  however,  some  incidental  mistakes  which 
we  should  scarcely  have  expected  &om  a  distinguished  member 
of  a  distinguished  college. 

On  his  page  41  he  says,  "  by  calculation  it  will  follow  that  a 
body  would  run  down  four  thousand  miles  in  the  space  of  twenty- 
three  seconds,  abstracting  from  the  resistance  of  the  air."  He 
must  mean  twenty-three  minutes. 

On  his  pi^e  1 50  ha  says,  "  for  the  ninty  nintl)  power  of  8  is  a 
number  which  if  written  at  length  would  consist  of  a  hundred 
Hgures."     We  know  that  2"  consists  of  30  figures. 

On  his  page  156  he  has  an  angle  of  which  the  tangent  is  -^  ; 

he  makes  the  sine  19594,  which  is  ten  times  too  great :  by  cor- 
recting the  error  his  own  ai^;ument  is  much  strengthened. 
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On  hia  pages  160  and  161  he  has  some  calculations,  which  he 
l>egins  hy  stating  that  a  perch  is  10  feet,  aad  which  he  continuea 
on  the  supposition  that  a  perch  is  20  feet 

76.  Keill's  most  serious  mistake  is  one  which  it  is  very 
natural  to  make ;  but,  unfortunately,  he  is  extremely  incautious 
in  drawing  attention  to  it.     He  says  on  his  pages  138  and  139 : 

Now  tho'  I  hare  already  determiued  the  Earths  Figure  from  other 
PiincipleB ;  Yet  to  comply  with  the  Theorist  in  this  fxiint,  I  will  give 
him  an  account  of  a  Book  whose  extract  I  have  seen  in  the  Ada  £r»- 
ditorv/m  Liptias  publicata  for  the  year  1691.  writUn  by  one  Joh.  Ca*p 
Eitenachnwit,  a,  German  who  calls  himself  Doctor  of  Fhiloaophy  and 
FhyMok.  The  Title  of  the  Book  is,  Z)voirt6e  de  Figura  Tellurit  BUipOca- 
Spharoide.     And  it  is  Printed  at  Straslnirg  in  the  year  1691.... 

Keill  then  proceeds  to  give  some  account  of  the  book.  Accord- 
ing to  E^scDSchmidt,  the  measurements  hitherto,  made  of  the 
length  of  a  degree  of  the  meridian  in  various  latitudes  shewed 
that  the  length  decreased  as  the  latitude  increased;  granting 
this  to  be  the  case,  Eisenschmidt  inferred  quite  correctly 
that  the  Earth  was  of  an  oblong  form.  But  Eeill  says  on  his 
pages  140  and  141 : 

Koue  but  a  man  of-  prodigious  stupidity  and  carelesness^  oould 
reason  at  this  rate  I  If  he  had  asserted  that  the  Earth  was  of  an  Oval 
Figure  because  Ortua  grows  or  Houses  stand  upon  it,  it  had  been 
something  excusable ;  for  that  Argument  tho  it  did  not  infer  the  con- 
(dosion,  yet  it  could  never  have  proved  the  contradictory  to  be  true. 
But  to  bring  an  Argument  which  does  evidently  prove  that  the  Earth 
has  a  Figure  directly  contrary  to  that  which  he  would  prove  it  has, 
is  an  intolerable  and  an  unpardonable  blunder... 

Keill's  error  consisted  of  course  in  misunderstanding  what 
was  meant  by  a  degree  of  the  meridian.  Keill  supposed  that 
the  difference  of  latitude  pf  two  places  on  the  same  meridian  is 
the  angle  between  straight  lines  drawn  from  these  points  to  the 
centre  of  the  Earth ;  whereas  in  this  subject,  the  di£Ference  of 
latitude  means  the  angle  between  the  vertical  directions  at  the 
two  placeR. 
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77.  Ketll'a  Chapter  IT.  is  entitled.  Of  the  Perpendicular 
pogitiim  of  the  Axis  of  the  Earth  to  thepla/ne  of  the  Ediptick.  This 
Chapter  contaios  aome  interesting  matter ;  though  it  is  not  con- 
nected with  our  Buhjecb. 

Bumet  held  that  in  the  primitive  Earth,  the  axis  of  the  Earth's 
rotation  was  perpendicular  to  the  plane  of  the  ecliptic.  Keill  is 
thus  led  to  consider  the  advantages  resulting  from  the  inclined 
position  which  we  know  the  axis  actually  has.  He  infers  by 
calculation,  that  places  whose  latitude  exceeds  45°  receive  more 
heat  from  the  Sun  than  they  would  do  if  the  axis  of  the  Earth's 
rotation  were  perpendicular  to  the  ecliptic;  while  other  places 
receive  less  heat.  Keill  derives  bis  method,  and  some  of  bis 
results,  from  a  paper  by  Halley  in  the  PhilosojAioal  Transacttong, 
Number  203. 

On  Eeill's  page  75,  the  first  and  second  entries  with  respect 
to  the  Sun  in  Cancer  ought  to  change  places  ;  Halley  is  correct. 

78.  Keill  on  his  page  70  charges  Dr.  Bentley  with  error  for 
Baying  that  "tho  the  (wis  had  been  perpendicular,  yet  take 
the  whole  year  about  we  should  have  had  the  same  measure  of 
heat  we  have  now."  But  it  is  obvious  that  Bentley  is  right  in 
a  certain  sense ;  namely,  that  th6  whole  heat  received  by  the 
Earth  is  the  same  in  the  two  cases.  I  am  sorry  to  see  that  Keill 
goe^n  -to  shew  that  Bentley  is  to  be  numbered  among  the  advo- 
cates of  an  error  which  has  at  all  times  been  popular  j  accord- 
ing to  Keill,  p^e  70, 

...in  the  same  Lecture,  he  confidently  saies,  that  'Hg  matter  of  fact 
and  experience  that  tha  Moon  ahoaUg  theioi  the  same  Face  to  u$,  not 
once  wheeling  about  her  oum  Centre,  wberess  'tis  evident  to  any  one 
who  thinka,  that  the  Moon  shews  the  same  &ce  to  xa  for  ihiB  very 
reaaon,  because  she  does  turn  once,  ia  the  time  of  her  period,  about  her 
own  Centre. 

The  Lecture  to  which  Keill  alludes  is  the  "  last  Lecture  for  the 
Confutation  of  Atheism." 

79.  Keill  published  another  work  on  the  same  subject  as  the 
former;  it  is  entitled  An  Eaxtmination  of  the  Reflections  on  the 
Theory  of  the  Earth.  Together  with  a  Defence  of  the  Remarks 
on  Mr  Whiaton'a  N&e  Theory.    The  book  contains  208  pages  in 
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octavo,  besides  the  title-page.  It  furnishes  nothing  connected 
with  our  subject  except  another  reference  to  Dr  Eisenschmidt. 
Keill  seems  determined  to  remain  unconvinced  of  his  error;  he 
aaye  on  his  page  100 : 

Onr  Defender  telk  na,  that  Dr.  Eiaentchmidt  supposes  the  Vertical 
LiDM  or  Lines  of  OraTit^,  to  be  drawn  at  right  Angles  to  the  Txngent 
of  each  respective  Horizon.  What  Dr.  Evenackmidt  does  really  suppose 
1  know  not,  bnt  I  am  fmre  he  cannot  suppose  a  thing  more  absurd  than 
what  our  Author  makes  him  suppose  in  this  place.  For  that  the  Line 
of  direction  of  heavy  Bodies  is  at  right  Angles  with  the  Tangent  of 
the  Horizon,  is  to  me  such  an  iuoomprehensible  supposition,  that  I  shall 
excuse  my  self  from  considering  of  it,  till  the  D^ender  (who  I  suppose 
would  have  us  think  he  underatands  it)  is  at  leisure  to  explaja  it. 

Keill  was  subsequently  appointed  Saviliaa  Professor  of  As- 
tronomy at  Oxford :  let  us  hope  that  before  that  time  he  under- 
stood this  simple  matter  which  had  perplexed  him. 

80.  In  the  Paris  Mimoires  for  1700,  published  in  1703,  we 
have  two  articles  bearing  on  our  subject:  both  occur  in  the 
historical  portion  of  tlie  volume. 

On  pt^es  114...116,.there'  is  a  notice  of  some  observations  of 
the  length  of  the  seconds  pendulum  made  by  Couplet  in  1697 
at  Lisbon,  and  in  1698  at  Parayba  in  Brazil.  t 

On  pages  120,. ,124,  there  is  a  brief  account  of  the  operations 
up  to  the  current  date  connected  with  the  French  arc  of  the 
meridian. 

81.  In  the  Paris  M^moires  for  1701,  published  in  1704,  we 
have  on  page  111  of  the  historical  portion  of  the  volume  some 
pendulum  observations  made  by  Des  Hayes  in  1099  and  1700: 
Newton  states  the  results  in  the  third  edition  of  the  Principia. 

In  the  same  volume,  there  is  a  memoir  entitled  Be  la  Me- 
rtdienne  de  V  Observatoire  Royal  prolongee  jusqu'aux  Pyrenees. 
Rir  M.  Caseini.  The  memoir  occupies  pi^es  169. ..182  of  the 
volume. 

After  noticing  what  had  been  done  by  the  ancients  as  to  the 
measurement  of  the  Earth,  the  memoir  gives  an  account  of  the 
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operations  in  France.  The  substance  of  the  memoir  is  reproduced 
in  the  6rst  eighteen  pagea  of  the  work  Be  la  Grandeur  etdela 
Figure  de  la  Terre. 

There  is  an  account  of  the  memoir  in  pages  96  and  97  of  the 
historical  portion  of  the  volume.  Here  we  have  the  error  which 
Keill  adopted,  as  we  saw  in  Art.  76 : 

Mais  en  supposant,  comme  il  est  fort  vraiaemblable,  que  cette 
diminution  de  la  valeur  terrestro  d'nn  degr6,  continue  toGjoura  de  I'Equa- 
teur  vers  le  Pole,  et  en  conserrant  d'ailleuni  lea  hypotbeaes  communes, 
on  Toit  d'abord  qu'nn  Meridieu  doit  Stre  plus  petit  que  I'Equatenr,  et 
par  consequent  que  la  Terre  est  un  Globe  aplati  vera  les  Poles. 

The  passage  was  changed  in  another  edition  :  see  La  Lande's 
Astronomie,  third  edition,  VoL  ill.  page  24. 

82.  In  the  Paris  Mimoires  for  1702,  published  in  1704,  we 
have  a  memoir  entitled  Refiexiona-  sur  la  meaure  de  la  Terre, 
rapportee  par  Sndtiua  daiis  son  Livre  inlituli,  Eratosthenes  Batamia. 
Par  M.  Cassini  le  j3s.  The  memoir  occupies  pages  61. ,.66  of 
the  volume :  see  also  page  82  of  the  historical  portion  of  the 
volume.  Oassini  shews  that  Snell's  result  was  quite  unsatis- 
factory. The  memoir  is  substantially  reproduced  with  additions 
in  pages  287-. .296  of  the  work  De  la  Grandeur  et  dela  Figure 
de  la  Terre. 

83:  In  the  Paris  MSnunrea  for  1703,  published  in  1705,  we  have 
a  memoir  entitled  Bemarquea  sur  les  Inigalitis  du  Mouvement  dee 
Morloges  A  Pendule.  Par  M.  De  La  Hire.  The  memoir  occupies 
pi^es  285. ..299  of  the  volume  :  there  is  an  account  of  it  on  pages 
130... 135  of  the  historical  portion  of  the  volume. 

84.  David  Gregoiy,  Savilian  Professor  of  Astronomy  at 
Oxford,  published  there  in  1702  his  Astronomiw  Phystcce  et 
GeoTnetrictB  Elementa;  it  is  a  folio  volume  containing  494  p^es, 
besides  the  Title,  Dedication,  Preface,  and  Index.  The  work  was 
reprinted  in  two  quarto  volumes  at  Geneva  in  1726,  with  some 
additions  by  an  editor  who  signs  himself  C.  Huart,  M.  and  P.  S. 

A  section  of  the  work  is  devoted  to  the  Figure  of  the  Sun  and 
the  Planets:  this  section  occurs  on  pages  268... 272  of  the  origi- 
nal edition,  and  on  pages  408. ..414  of  the  reprint. 
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David  Gregory  contributes  BOtbing  new  to  our  subject  He 
repeats  two  mistakes  from  Newton,  with  rather  increased  emphasis. 
One  mifitake  is  the  assertion  that  gravity  at  the  surface  varies 
inversely  aa  the  radius,  instead  of  gravity  resolved  along  the  radius : 
see  Art  33.  The  other  mistake  is  the  assertion  that  if  instead  of 
being  homf^neous,  the  central  portion  is  denser  than  the  rest, 
then  the  ellipticity  is  increased :  see  Art  30,  and  Clairaut's  F^re 
de  la  Terre,  page  254. 

On  the  hypotheses  that  the  figure  is  an  oblatutn,  and  that 
gravity  varies  inversely  as  the  radius ;  David  Gregory  gives  a  good 
geometrical  demonstration  of  the  theorem,  that  the  increase  of 
gravity  in  proceeding  from  the  equator  to  the  pole  varies  as  the 
square  of  the  sine  of  the  latitude. 

On  page  37  of  his  own  edition,  David  Gregory  stated  the 
oblateness  of  the  Earth  as  a  fact  This  is  the  only  point  at  which 
the  editor  of  the  reprint  ventures  to  correct  the  original  author ; 
and  on  page  51  of  the  reprint  we  have  this  unfortunate  note : 

Constat  ez  celeberrimonim  Oeometramm  observHtionibns,  ezperi- 
mentis  et  argnmentis,  Terntm  qaidem  Sphceroidem  esse,  >ed  oUongam 
non  verit  depi'easam  versus  Poloa,  contra  qnod  affirmat  Autor  noster. 
Yerilm  circa  hanc  qutestionem  oonsulantur  HistoriK  et  Cummentaiii 
lU^te  Scientiamm  Academin  anni  pnesertim  1730. 

Keill  very  naturally  praised  the  work  of  his  predecessor  in  the 
Savilian  chair ;  though  with  some  extravagance  of  language.  The 
following  words  occur  in  the  Bicerche  aopra  diversi  punfa'... of 
Gregory  Fontana,  Pavia,  1793,  pages  93  and  94 : 

n  £imoBo  David  Ortgori  nelU  sna  elegantissinta  opera  intitolata 
Attromymue  Phynete  et  Qeomeinem  BUmenta,  che  dal  celebre  Qiovanni 
Eeil  nella  Prefiiziooe  della  ena  Introduzione  alia  vera  Fisica  ed  Astro- 
Domia  viene  caratterizzata  col  pompoao  elogio  di  opua  eu«n  aoh  et  Itma 
duratuTvm.... 

85.  A  memoir  by  EeUl  is  given  on  pages  97.. .110  of  Number 
315  of  the  Philosophical  Traneactions.  The  Number  is  for  the 
months  of  May  and  June,  1708 ;  it  forms  part  of  Volume  xxvi. 
whicli  is  for  the  years  1708  and  1709,  and  is  dated  1710. 
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The  memoir  is  entitled  Joannta  Keill  ex  ./Ede  Christi  Oswi. 
A.M.  Epiatola  ad  CI.  virum  Guliehnum  Cockbiim,  Medidnce  DoC' 
torem.  In  qva  Leges  Attractionia  aliaque  Physices  Principia 
traduntur. 

The  memoir  is  reprinted  at  the  end  of  the  edition  of  Eeill'a 
Introductions  ad  veram  i%y*icom. . -published  at  Leyden  in  1739. 

86.  The  memoir  consists  of  thirty  theorems ;  many  of  them 
are  merely  enunciated;  others  are  supported  by  a  short  com- 
mentary. 

They  are  but  little  connected  with  our  subject^  being  experi- 
mental rather  than  mathematical,  and  bearing  on  what  we  should 
call  molecular  attraction. 

87.  Keill  speaks  of  Newton  as 

Yir  ingenio  pene  snpra  bninansm  sortem  admir&bUi,  dignnaqae 
cojas  fkma  per  omnes  terras  perragata,  cceli  quoa  deacripsit  meatibiu 
pflrmaneat  conva. 

The  immensity  of  space  and  of  time  with  which  Astronomy  is 
concerned  may  cause  but  can  scarcely  justify  the  exorbitant 
language  in  which  the  achievements  of  those  who  cultivate  the 
science  are  sometimes  described.  The  expressions  of  KeiU  with 
respect  to  Newton  may  be  compared  with  those  which  An^  uses 
when  noticing  Foiseon's  famous  memoir  on  the  permanence  of  the 
Bolar  system : 

II  aura  ^tabli  qu'&  ce  point  de  vue,  1e  seul  dont  Newton  et  Ealer 
M  iiuBent  prfoocnp^s,  lea  gSomHres,  sea  Bucceasenra,  liroat  aacore  son 
bean  Utimoire  dans  plualeura  inillious  d'aimSea,  (Euvrei  eom^Utea  de 
Fran^oii  Arago,  vol.  ii.  page  Q5i. 

SQ  en  fitait  beaoin,  le  magnifique  Mfaioire  sor  I'invariabilitS  des 
grands  axes,  prouverait  qae  Poiaaon  iCvait  un  int^rfit  peraoanel  k  porter 
tea  regards,  ses  pens6eB,  aar  dee  ai^ea  ai  3oign6s.  The  tame  volttme, 
pegs  696. 

88.  Keill  says  that  he  had  thought  about  applying  a  prin- 
ciple similar  to  Newton's  attraction  for  the  explanation  of  terrea- 
trial  phenomena;  and  had  tested  the  notion  by  experiments. 
He  adds: 

T.  ir.  A.  * 
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Mesque  baa  de  re  cogitato,  abhinc  qainqneimio,  Dommo  Nevtono 
indiosTi ;  ex  eo  autem  intollexi,  eadem  fere,  qiue  ipse  investigaTeram, 
mbi  din  ante  auimadversa  fuisse. 

89.  Almost  tbe  only  passt^  ia  the  memoir  vhich  directly 
concerns  us  presents  a  difficulty.  Eeill's  Theorem  XV.  asserts 
that  the  attractive  forces  of  perfectly  solid  particles  depend  much 
on  their  figures.     He  proceeds  thus : 

Kam  Ed  patra  aliqua  materia  partlcuU  in  Uminam  droDlarem  inde- 
finite  exigtua  craesitudinis  fonoetur,  et  corpnacnlum  in  reot&  per  cen- 
faum  transeunte  et  ad  planum  circuli  Nonnali  locetur;  sitqne  distantia 
oorpujKnli  leqatiJiB  decinua  parti  seinidiametri  circnli  :  vis  qua  urgetnr 
corpusoulnm  tricesies  minor  erit,  quam  si  materia  attrahens  coalesceret 
in  Sphnram,  et  virtuB  totius  particuln  ex  uno  qiiaai  puncto  PUiruco 
diffunderetur. 

Let  Jf  denote  the  mass  of  the  particle,  c  the  distance  &om  tiie 
centre  of  the  lamina  of  the  attracted  corpuscle,  b  the  radius  of  the 
lamina.    Then  by  the  ordinary  formula  we  have  the  attraction 

In  the  case  of  the  sphere  the  attraction  =  -j . 
The  ratio  of  the  former  to  the  latter  is 

Since  J  .  10<k  thi.  nrtio  -  ^  (l  -  ;^|jj) 

I  presume  frtewiM  is  intended  for  ^irty  times,  thoogh  it  is  not 
contained  in  the  dictionaries.   Hence  Keill  has  -^  instead  of—. 

The  fonnuls  for  the  attraction  of  a  circular  lamina  and  of  a 
sphere  are  implicitly  given  by  Newton ;  so  that  there  is'no  reason 
for  the  error. 
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90.  The  Paris  Mhnoirea  for  1708,  published  in  1709,  contain 
obaervations  of  the  length  of  the  seconds  pendulum  made  h; 
Feuill^  in  1704  at  Porto  Bello  and  somewhat  later  at  Martinique : 
see  pages  8  and  16  of  the  volume.  The  anomalous  results  ob> 
twied  were  noticed  by  Newton  in  the  second  and  third  "editiooa 
of  the  Prindpm. 

91.  We  have  next  to  advert  to  a  paper  puhlished  in  pages 
330.. .342  of  Number  331  of  the  Philoaoph^  Transactions,  which 
is  for  the  months  of  July,  August,  and  September,  1711.  The 
number  forms  part  of  Volume  xxvil.  which  is  for  the  years 
1710.. .1712,  and  is  dated  1712. 

The  title  of  the  paper  is  Johannis  Freind,  MM.  Oxon.  Pradee- 
tionvm  Chymicarvm,  Vindtcice,  in  quibus  Objectiones,  in  Actis 
Lipsiensibus  Anno  1710.  Menae  Septembri,  contra  Vim  materia 
Attractricem  aUata,  diluuntur. 

The  paper  is  not  mathematicaL  Freind  had  published  a  work 
on  Chemistry,  and  the  editors  of  the  LeipsJc  A<M  found  fault  with 
the  use  *he  made  of  the  principle  of  Attraction.  In  this  paper 
Freind  maintains  the  truth  and  the  importance  of  the  principla 

92.  In  the  Paris  M4moires  for  1713,  published  in  1716,  there 
is  a  memoir  entitled  De  la  Figure  de  la  Terrs.  Par  M.  Gasaini, 
The  memoir  occupies  pages  188... 200  of  the  volume. 

The  arc  of  the  meridian  measured  from  Paris  to  the  south  of 
France,  compared  with  the  arc  meaeur^  northwards,  seemed  to 
indicate  that  the  length  of  a  degree  of  the  meridian  decreased 
from  the  equator  to  the  pole.  This  result  suggested  that  the 
Earth  is  an  oblongum.  Accordingly  Cassioi  so  considers  it ;  and 
assuming  that  th^  excentricity  of  the  generating  ellipse  is  about 

=y  he  calculates  a  table  of  the  length  of  a  degree  of  the  meridian 

for  every  degree  of  latitude..  The  memoir  is  substantially  repro- 
duced in  pagea  287.. .245  of  the  work  D«  la  QroMdear  et  de  la 
Fiffvre  de  la  Tnre ;  but  the  table  is  there  calcnlated  for  the 

eicentnctty  = . 
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Some  introductory  matter  given  in  the  memoir  is  not  repro- 
duced in  the  work  just  cited.  This  matter  contains  short  accounts 
of  the  opinions  of  Newton  and  of  Huygene  in  favour  of  the  oblate 
form  of  the  earth.  Then  a  contraiy  opinion  is  noticed  at  greater 
length, •  b^inning  thus:  Tout  au  coutraire,  M.  I^nsenschmid 
c^ebre  Matbematicien  de  Straaboui^...  We  have  already  learned 
the  nature  of  this  opinion :  see  Art.  76. 

There  is  an  account  of  the  memoir  on  pages  62. ..66  of  the 
historical  portion  of  the  volume.  It  is  there  remarked  that  sup- 
posing the  length  of  a  degree  of  the  meridian  to  decrease  from  the 
equator  to  the  pole,  it  would  not  follow,  as  bad  been  erroneously 
Bi^ested  in  the  historical  portion  of  the  Mimoirea  for  1701,  that 
the  Earth  is  flattened  at  the  poles:  see  Art.  81. 

93.  James  Hermaan  published  at  Amsterdam  in  1716  a 
quarto  volume,  entitled  Phoronomia,  sive  de  Viribus  et  Motibua 
corporuim  et  fiuidorum  libri  duo. 

We  are  concerned  only  with  pages  361. -.371  of  the  work. 

94.  Hennann  solves  Huygens's  problem  of  the  relative  equi- 
librium of  rotatiiig  fluid  under  the  action  of  a  constant  force 
directed  to  a  point  on  the  axis  of  rotation.  Hermaim  gives  two 
solutions;  one  on  Newtoa'a  principle  of  columns  balancing  at 
the  centre,  the  other  on  Huygens's  principle  <^  the  plumb-line, 

95.  Hennann  also  solves  by  both  principles  the  problem  in 
which  the  central  force,  instead  of  being  constant,  varies  as  the 
distance;  in  this  case  be  shews  that  the  figure  is  an  oblatum. 
-This  is  the  first  appearance  of  the  problem  and  its  solution.  For 
the  case  of  the  Earth  the  ratio  of  the  axes  would  be  nearly  as 
V2S8  is  to  >/2»9,  that  is,  approximately  as  577  is  to  67S. 

Hermann's  investigations  of  both  problems  are  correct  aiid 
satisfactory.  There  is,  however,  a  curious  circumstance  connected 
with  bis  second  problem.  He  notices  that  the  result  differs  very 
much  from  that  which  Newton  had  obtained  for  the  ratio  of 
the  axes  of  the  Earth ;  he  does  not  expressly  say  that  Neifton 
was  wrong,  but  he  secma  to  imply  that  his  own  was  the  correct 
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result.  He  obaerres  that  neither  Newton  nor  David  Qregory  had 
determined  what  the  figure  must  be  for  e<iuilibrium ;  and  this  is 
certainly  true.  See,  however,  Boscovich,  De  Intteraria  Es^osdi- 
tione,  pages  442.. .446. 

96.  In  Newton's  fiuid  mass,  assumed  to  be  an  oblatum,  so 
long  as  ice  keep  to  the  same  radtns  vector,  the  attraction  varies  aa 
the  distance  from  the  centre,  and  so  also  does  the  gravity.  And 
at  the  surface  the  gravity  resolved  along  the  radius  vector  varies  in- 
versely as  the  length  of  the  radius  vector.  Now  Hermann  notices 
these  results;  though  he  seems  to  pay  no  attention  to  the  limiting 
clauses  which  I  have  printed  in  Italics.  Both  results  hold  for 
Hermann's  own  fluid  mass.  Moreover,  Hermann  demonstrates  a 
proposition  which  we  may  enunciate  thus :  Suppose  a  fluid  mass 
in  relative  equilibrium  under  a  centrifugal  force  and  a  central 
force  to  some  point  of  the  axis  of  rotation ;  then  if  at  the  sur- 
face the  gravity  resolved  along  the  radius  vector  varies  inversely 
as  the  length  of  the  radius  vector,  the  attraction  at  the  surface 
varies  as  the  distance  from  the  centre. 

Ferhaps,  &om  seeing  that  his  fluid  mass  and  Newton's  had 
sinular  properties,  Hermann  inferred  that  Newton's  figure  and 
his  own  ought  to  be  identical.  But  it  is  sufficient  to  observe  that 
Newton's  problem  and  Hermann's  are  essentially  difTerenk  New- 
ton does  not  assume  attraction  to  a  fixed  centre  varying  as  the 
distance;  he  assumes  that  every  particle  attracts  every  other 
according  to  the  law  of  the  inverse  square  of  the  distance.  It 
should  have  been  a  caution  to  Hermann  that  his  own  problem 
and  Huygens's  led  to  approximately  the  same  result  for  the  ratio 
of  the  axes,  though  the  laws  of  force  were  very  different ;  thua 
from  partial  agreemeut  he  ought  not  to  have  expected  universal 
agreement. 

97.  Hermann  seems  to  have  been  much  surprised  at  the 
proposition  which,  as  we  have  stud  in  the  preceding  Article,  he 
demonstrates.    He  observes  on  bis  page  369: 

Hao  verb  proprietate  poaita,  qnod  soilicet  solicitationeB  gntvitatis 
ae6el«tatriow...(Iistantiii  i  centro...re)nproce  prt^i-tionales  sunt,  quia 
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credidrait  giavitatea  abaolutas  oorporam  is  iiadem  paiictiB...eorum  dU- 
taiitiis...directe  propoitionales  esse  1 

Boscovich,  nearly  forty  years  later,  expressed  his  surprise  at 
the  same  result:  see  his  De  lAtteraria  Expeditions..... pt^  403, 
where  he  says : 

gravitstea  residuie  erant  aocnratS  in  superficie  ejus  Bolldi  in 

i-atione  reciproca  distantiarum  a  oentro,  qnod  eane  mirum  videri  poeait, 
cum  gravitates  primittvaa  ibidem  aint  in  rations  directs  diatantiarum 
earundem. 

It  will  be  observed  that  what  I  call  attraction  Hermann  calls 
gravitaa  ahsolvta,  and  Boscovich  gravitas  primitiva ;  what  I  call 
gravity  Hermann  calls  solidtatio  gravitatis  acceleratrix,  and  Bosco- 
vich gravitas  residua.     See  Art.  25. 

98.  On  his  page  372,  Hermann  discusses  a  problem  about 
Totaling  fluid,  which  does  not  concern  out  subject  Here  he 
falls  into  an  error,  which  was  pointed  out  by  Clairaut  in  page  55 
of  his  Figure  de  la  Terre. 

99.  In  the  Paris  M^oires  for  1718,  published  in  1719,  we 
have  a  memoir  entitled  J)e  la  Grattdeur  de  la  Terre  et  de  aa 
Figure.  -Par  M.  Castiiii.  It  occupies  pages  189. ..196  of  the 
volume;  there  ia  an  account  of  it  on  pages  64.. .66  of  the  historicat 
portion  of  the  volume. 

The  memoir  contains  a  notice  of  the  labours  of  the  ancients  on 
the  subject,  and  of  the  recent  operations  in  Fiance.  It  is  sub- 
stantially reptoduced  in  the  work  De  la  Onrndeur  et  de  la  Figttre 
de  la  Terre,  pi^es  12.. .18  and  189.. .196. 

100.  We  have  now  to  consider  the  account  of  the  measure- 
ment of  an  are  of  the  meridian  through  France,  which  is  con- 
t^tined  in  the  work  De  la  Grandeur  et  de  la  Figure  de  la  Terre; 
the  work  has  also  the  title  Suite  dea  Mdmoirea  de  lAcademie 
Hoyale  dea  Sdencea,  Annfy  1718.  The  date  of  publication  is 
1720. 

The  volume  is  in  quarto.  It  contains  Title,  Half-title  and 
Table  of  Contents  on  6  pages,  and  306  pages  of  text.     There  jb 
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a  small  map  of  France,  and  4  large  maps  shewing  the  meridian 
line  of  Paris  traced  through  the  kingdom;  there  are  also  15 
plates.  A  list  of  the  misprints  in  the  work  is  given  in  the  Paris 
Memmrea  for  1732,  pages  512  and  513. 

101.  The  volume  is  divided  into  two  parte ;  in  the  first  part 
the  operations  are  described  Which  relate  to  the  arc  extending 
from  Paris  southwards  to  the  Pyrenees,  and  in  the  second  part 
the  operations  are  described  which  relate  to  the  arc  extending 
from  Paris  northwards  to  Dunkirk.  The  author's  name  is  not 
given  explicitly ;  but  we  learn  incidentally  that  it  was  J.  Cassini : 
see  pages  5,  10,  193,  302,  303,  304,  305. 

The  operations  which  the  volume  records  are  the  most  accu- 
rate and  important  which  had  as  yet  been  performed  in  connection 
with  the  Figure  of  the  E^arth ;  and  the  account  given  of  them 
is  interesting  and  satisfactory.  The  instruments  and  the  methods 
of  using  them  are  fully  and  clearly  described,  and  the  calculations 
exhibited  in  such  a  manner  that  they  can  be  easily  tested, 

102.  The  determination  of  an  arc  of  the  meridian  we  are  now 
considering  is  a  continuation  of  the  work  commenced  by  Picard  in 
1669.  Picard  measured  a  base  of  5663  toises  near  Paris ;  then 
by  a  series  of  triangles  he  found  the  distance  between  the  paral- 
lels of  Malvoisine  and  Amiens  to  be  78850  toises,  correepondhig  to 
a  difference  of  1*  22'  65"  in  latitude:  hence  he  adopted  57060  as 
the  number  of  toiaes  in  a  degree.     See  pages  273,  256,  281. 

It  was  afterwards  proposed  to  extend  Picard'a  arc  through 
France ;  and  the  work  was  committed  to  D.  Cassini  and  others : 
but  it  was  interrupted  in  1683.  The  work  was  resumed  by 
H.  Cassini,  J.  Cassini,  and  others  in  1700,  and  the  arc  was  ex- 
tended southwards  to  the  Pyrenees.  In  1718  the  extension  of 
the  arc  northwards  to  Dunkirk  was  commenced.  See  pages  i, 
5,  191.  In  this  extension  many  of  Ficard's  triangles  were  em- 
ployed :  see  pages  191,  255. 

103.  All  the  triangles  were  calculated  in  succession  firom 
Ficard's  origiita]  base,  which  was  not  re-measured.  Two  bases  of 
verification  were  measured,  one  near  the  Pyrenees,  and  the  other 
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Dear  Dunkirk.  The  difference  between  the  meafiured  and  the 
calculated  length  was  three  toises  in  the  former  case;  but  this  waa 
reduced  by  some  necessary  corrections  of  the  angles  :  the  difference 
in  the  latter  case  was  about  a  toise.  See  p^es  104  and  221. 
Both  bases  of  verification  were  measured  bj  wooden  rods'  In  the 
former  case  four  rods  each  of  two  toises  in  length  were  joined 
together,  two  and  two,  so  as  to  make  two  rods  each  of  four  toises 
in  length ;  in  the  latter  case  three  rods  each  of  three  toises  in 
length  were  used :  the  lengths  of  the  wooden  rods  were  determined 
in  both  cases  by  the  aid  of  the  same  iron  rule,  four  feet  long.  See 
pages  99  and  219. 

Ficard's  original  base  had  been  measured  by  four  rods  each  of 
two  toises  in  length,  which  were  joined  together  two  and  two,  so 
as  to  make  two  rods  each  of  four  toises  in  length.     See  page  255. 

104.  The  general  result  obtained  is  the  following :  from  the 
southern  arc  which  extended  over  nearly  6*  19',  the  length  of  a 
degree  was  found  to  be  57097  toises  ;  from  the  northern  arc  which 
extended  over  rather  more  than  2*12',  the  length  of  a  degree  was 
found  to  be  56960  toises.  This  was  considered  to  make  it  sufBci- 
ently  evident  that  the  length  of  a  degree  of  the  meridian  must 
diminish  from  the  equator  to  the  pole.     Assuming  then  that  the 

earth   is  an  obloogum,  the  elliptlcity  is  found  to  be  ^ .     See 

pages  148,  237,  243.  A  table  is  given  of  the  length  of  a  degree 
of  the  meridian  in  different  latitudes  on  the  Cassinian  hypothesis : 
see  Arts.  39  and  92. 

It  is  now  well  known  that  the  length  of  a  degree  of  the 
meridian  increases  from  the  equator  to  the  pole ;  the  contrary 
opinion  however,  maintained  by  J.  Caasini,  found  advocates  for 
some  years  after  the  publication  of  the  work  we  are  now  con- 
sidering. As  we  shall  see,  the  erroneous  determination  deduced 
from  the  French  arc  was  finally  corrected  by  fresh  operations. 

105.  Pages  255. ..287  of  the  volume  are  devoted  to  the 
subject  of  Picard's  measure  of  the  Earth.  As  Picard's  book  was 
scarce,  large  extracts  are  given  &om  it ;  a  few  remarks  are  made 
which  do  not  substantially  affect  Picard's  accuracy. 
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Pages  287. -.306  of  the  voluiae  are  devoted  to  the  measure 
by  Snell  and  the  measture  by  Riccioli ;  the  value  of  both  is  quite 
demoUohed :  see  Art,  82. 

106.  *A  few  remarks  may  he  made  oa  some  incidental  points. 

I  offer  with  hesitation  an  opinioD  as  to  inBtraments ;  but  from 
the  descriptions  given  it  seems  to  me  very  unlikely  that  either  the 
geodetical  or  the  astronomical  angles  could  have  been  observed 
accurately  to  seconds  as  is  professed.  The  astronomical  instruments 
used  at  the  north  and  south  extremities  of  the  arc  were  different ; 
the  former  had  an  error  of  3  seconds  in  a  degree  from  false 
centering.     See  pages  142,  223,  233. 

Oa  pages  22S...230  we  have  an  account  and  an  explanation  of 
a  fact  stated  to  be  then  observed  for  the  first  time,  which  gave 
much  trouble  until  it  was  understood.  The  fact  is  this  in  modem 
language:  any  star  which  is  not  an  equatorial  star  does  not 
strictly  run  along  the  horizontal  wire  of  a  transit  instrument  as  it 
crosses  the  meridian  of  the  observer ;  thus  in  determining  the 
zenith  distance  from  observations  of  the  star  when  it  is  not  accu- 
rately on  the  meridian,  it  is  necessary  to  allow  for  the  curvature  of 
the  path. 

Speaking  of  the  distinction  of  the  regions  of  the  Earth  into 
East,  West,  North  and  South,  our  author  gives  a  paragraph  which 
I  quote  for  the  sake  of  its  last  example ;  see  hia  pages  20,  21. 

Cett«  m£me  distinction  des  r^oas  fut  obserT6e  dans  la  construction 
dn  Temple  Js  J6ri]Balem.  Nora  voyons  aumi  qu'elle  a  €t6  imit^  dans 
la  construction  des  premiers  Temples  Chr6tiens,  quand  on  I'a  pll  faire 
oommod^inent,  et  m^roe  dans  la  situation  de  la  Maison  de  Kotre-Dame 
da  Lorette,  comme  nous  raTooa  observe  noDB-m^mea  aprte  plnsiears 
antres  Matb^matdoiens. 

Much  importance  was  attached  to  the  precaution  of  taking  the 
observations  of  stars  at  the  same  season  of  the  year :  see  pages 
144  and  231.  It  seems  to  have  been  made  out  even  then  that 
the  altitudes  of  the  stars  varied  at  different  seasons.  We  know 
now  that  the  Aberration  of  Light  would  certtunly  cause  such 
variations. 
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Speaking  of  the  largest  Egyptian  pyramid  oar  author  says  on 
his  page  154: 

n  y  a  lien  de  a'Stonner,  que  M.  Q  raves  Math£matioien  Angloie^ 
danB  Ba  Pframidograpliie,  ait  tronv^  la  base  de  cette  Fyramide,  mesur^ 
par  lee  Tmnglee,  da  693  piede  de  Londrea.... 

The  error  is  certaioly  large;  for  according  to  trustworthy 
statements  the  base  was  originally  764  feet,  and  is  now  746  feet : 
see  Hecachel'a  Familiar  Lectures  on  Scientific  subjects,  page  427. 
The  inaccurate  measurer  was  John  Qreares,  Savilian  Professor  of 
Astronomy  at  Oxford. 

107.  We  may  state  here,  though  a  httle  out  of  chronological 
order,  that  a  Qerman  translation  of  the  De  la  Grandeur  etdela 
Figure  de  la  Terre  was  published  in  1741  at  Amatadt  and  Leipzig. 
This  is  entitled  Maihematische  wnd  genaue  Abhandlung  von  der 
Figur  vnd  Orosse  der  Frden.  There  is  a  preface  by  J.  A.  Klimmen, 
from  vhich  ve  leam  that  the  translator,  whose  name  is  not  stated, 
did  not  Hve  beyond  the  commencement  of  the  printing. 

The  translation  is  in  a  small  octavo  form;  there  are  no  maps, 
but  the  other  plates  of  the  original  are  copied,  on  a  diminished 
scale.  The  misprints  pointed  out  in  the  Paris  Mhnoirea  for  1732 
are  corrected. 

It  seems  strange  that  a  translation  should  have  been  published 
vhen  the  or^^al  work  was  just  about  to  be  superseded.  In  1739 
astronomical  observations  had  been  made  by  Maupertuis,  Chtiraut, 
Camus  and  Le  Monnier,  in  order  to  determine  anew  the  length  of  a 
degree  between  Paris  and  Amiens ;  and  in  1740  Picard's  base  was 
remeasured :  in  1744  the  work  entitled  La  Meridimne  de  Fta-ia 
verifUe  appeared. 

108.  An  account  of  the  work  De  la  Grandeur  et  de  la  Figure 
de  la  Terre  is  given  in  the  Paris  MSmoirea  for  1721,  published  in 
1723.  The  account  is  on  pages  66.. .77  of  the  historical  portion  of 
the  volume :  it  furnishes  references  to  preceding  volumes  of  the 
Memoirea  in  which  the  subject  had  been  noticed.  There  ia  nothing 
of  importance  in  the  account 
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The  following  sentence,  so  far  as  it  is  intelligible,  suggests  a 
proceeding  which  may  very  naturally  have  been  adopted ;  bat  I 
do  not  know  what  authority  there  is  for  the  statement. 

En  tintDt  d'un  Lieii  une  pei^endiouTaire  anr  la  MSridienne,  ponr 
avoir  la  dietADce  de  oe  Lieu  par  rapport  ik  eile,  on  a  oongid^rg  a'il  en  6toit 
proohe,  on  b'iI  ne  I'^toit  pu.  Dans  le  premier  oas  la  perpendiculaire 
€Unt  la  diatance  aases  jiute,  maia  dana  le  second,  oette  perpendiculaire 
repreaeutoit  nn  petit  arc  de  Cercle,  et  I'on  avoit  £gard  \  la  diSiErence  de 
Tare  et  de  la  Cords,  qui  ^it  la  distance  ohercb^. 

Page  116  of  the  work  seems  to  approach  nearest  to  the  latter 
part  of  the  above  statement. 

109.  We  have  now  to  consider  a  memoir  by  Mairan,  entitled 
Secherches  OAmietriguee  sur  la  diminuHondea  Degree  terreatrea,  en 
aUant  de  HEquttieur  vers  lea  Fdea :  OU  Con  examine  lea  amaiquencea 
qui  en  reauUent,  taiU  h  Vigard  de  la  figure  de  la  Terre,  que  de  la 
peaanleur  dea  corps,  et  de  Vaccou/rdsaemffnt  du  fendule. 

This  is  contained  in  the  Paris  MSmoCrea  for  1720,  published 
in  1722.     The  memoir  occupies  pages  231..  .277  of  the  volume. 

The  memoir  may  be  described  generally  as  consisting  of  mis- 
apfJied  mathematics.  Mairan  was  a  Cartesian  and  a  Cassiuian ; 
so  that  he  upheld  the  system  of  vortices,  and  the  oblong  form  of 
the  Earth.  There  is  an  account  of  the  memoir  in  pages  65.. .79 
of  the  historical  portion  of  the  volume ;  this  is  I  presume  by 
Fontenelle,  who  was  then  Secretary  of  the  Paris  Academy  of 
Sciences :  Mairan's  opinions  seem  here  to  be  accepted  without 
hesitation. 

110.  Muian  shews  that  if  the  length  of  a  d^ree  of  the 
meridian  decieaaea  from  the  equator  to  the  pole,  the  polar  dia- 
meter must  be  the  longest  He  compares  the  effect  produced  by 
centrifugal  force  at  a  place  in  the  same  latitude  on  the  sur&ce 
of  a  sphere,  an  oblong  body,  and  an  oblate  body ;  the  latitude  being 
determined  in  each  case  by  the  angle  between  the  normal  to  the 
snriace  and  the  plane  of  the  equator.  Part  of  bis  page  244  is 
unsatisfactory,  bat  it  can  be  easily  corrected. 
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111.  Mairan  supposes  that  the  Earth  was  origioally  of  lui 
elongated  form,  and  that  the  amount  of  elongation  was  diminished 
by  the  centrifugal  force,  but  not  entirely  destroyed.  See  Bailly's 
Mistoire  de  rjttronomie  Modema,  Vol.  il.,  page  641. 

Mairan's  Proposition  YIII.  on  page  253  is  a  etrikii^  example 
of  the  vagueness  of  the  mechanical  language  of  the  period.  He 
speaks  about  the  centre  of  the  Earth  snstaining  a  part  of  the  effort 
of  gravity:  it  is  difficult  to  attach  any  meaning  to  such  an  ex- 
pression. 

112.  Mairan  has  a  long  discusision  on  the  direction  of  gravity 
at  different  points  of  the  interior  of  the  Earth.  Suppose  that 
through  any  point  of  the  interior  a  surface  is  drawn,  similar, 
similarly  situated,  and  concentric  with  the  external  suiface ;  Mai- 
ran takes  the  normal  to  this  surface  at  the  point  for  the  direction 
of  gravity.  Then,  to  determine  the  lines  of  direction  of  gravity, 
he  solves  what  we  call  a  problem  of  orthogonal  trajectories  \  the 
curves  which  are  cut  at  right  angles  being  ellipses,  similar, 
similarly  situated,  and  concentric.  Thus  his  result  coincides 
with  what  we  should  obtain  in  seeking  the  lines  of  force  inside  a 
homogeneous  mass  of  rotating  fluid,  supposing  it  in  relative  equi- 
librium. Mairan  seems  to  attach  great  importance  to  the  matter ; 
he  thinks  his  lines  of  direction  may  extend  beyond  the  Earth  to 
the  boundary  of  the  terrestrial  vortex ;  he  admits  however  that 
there  is  little  prospect  of  verifying  his  result  by  observation :  see 
his  page  263. 

113.  But  the  most  extraordinary  part-  of  the  memoir  is  that 
which  treats  of  the  variation  of  gravity  at  the  surface  of  the  Earth. 
Newtonians  and  Oaesinians  agreed  in  admitting,  as  a  result  of  ob- 
servation, the  diminution  of  gravity  in  passing  from  the  pole  to  the 
equator.  Huygens's  notion  that  the  resultant  attraction  is  constant 
at  all  distances  from  the  Earth's  centre  would  not  reconcile  this  fact 
with  an  oblong  form  of  the  Earth.  Newton's  law  of  attraction 
according  to  the  inverse  square  of  the  distance  directly  contra- 
dicted the  oblong  form.  Accordingly,  Muran  had  to  invent  a 
law ;  he  su^ests  and  rejects  various  other  absurdities  before  he 
produces  that  which  he  adopts :  we  will  describe  this  in  modern 
language. 
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Mairan  holds  that  at  every  point  of  the  surface  of  a  body 
of  revolution  the  force  of  attraction  would  vary  inversely  as  the 
product  of  the  two  principal  radii  of  curvature  at  the  point 
His  reaeou  for  this  assumption  depends  on  the  fact  that  adjacent 
normals  to  the  surface,  taken  in  the  plane  of  the  meridian,  inter- 
sect at  one  centre  of  curvature,  while  adjacent  normals  to  the 
surface,  taken  in  the  plane  at  right  angles  to  the  meridian,  intersect 
at  tlie  other  centre  of  curvature. 

With  this  arbitrary  law,  Mairan  triumphantly  shews  that  the 
oblong  form  makes  gravity  decrease  from  the  pole  to  the  equator, 
which  agrees  with  observation ;  while  the  oblate  form  makes 
gravity  increase  &om  the  pole  to  the  equator.  He  prudently 
abstains  from  numerical  calculation  which  would  test  the  extent 
of  bis  a^eement  with  observation.  If  we  take  an  oblongum,  we 
find  that  Mairan's  law  makes  the  attraction  at  the  pole  bear  to  the 
attraction  at  the  equator  the  ratio  of  the  fourth  power  of  the  polar 
diameter  to  the  fourth  power, of  the  equatorial  diameter;  thus, 
assuming  with  J.  Cassini  and  Mairan,  the  ellipticity  to  be  about 

^ ,  the  diminution  of  gravity  in  pacing  from  the  pole  to  the 

eqtiator  would  be  about  -^  of  the  gravity   at  the  pole,  besides 

that  caused  by  the  centrifugal  force:  this  is  extravagantly  greater 
than  observation  suggested. 

It  would  be  difficult  to  find  a  more  striking  example  of  mis- 
placed ingenuity  than  the  pages  261... 276  of  the  memoir,  which 
are  devoted  to  Hairan's  arbitrary  law. 

114.  With  respect  to  the  equation  which  Huygens  obtuned, 
as  we  stated  in  Art  65,  Muran  says  on  bis  page  25S : 

H.  ffugnent  a  donn€  I'Bqna^on  alg^rique  da  la  courbe  g^n^ratrioa 
da  8pl)€toide  appUti,  par  rapport  i  la  Terrs  auppos£e  primitivement 
Bphirique ;  et  M.  Mermarm,  qui  avoit  trouv£  la  mfime  oourbe  par  le 
calcnl  lateral,  dans  sa  rfpotue  il  M.  Nieutoenliit,  I'a  encore  donn£e 
par  Bjuthlae,  et  avec  la  constrDctioii,  dans  sa  J'horonomU. 

I  have  not  seen  the  first  production  of  Hermann,  to  which 
Mairan  refers:  I  have  noticed  the  second  in  Arts.  93... 98. 
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115.  The  writers  who  have  appeared  before  us  in  the  present 
Chapter  added  Dothing  to  Newtoo's  investigatioDs  od  Attraction 
and  on  the  Figure  of  the  Earth ;  while  under  the  powerful  in- 
fluence of  D.  Cassini  and  J.  Cassini  doubts  had  arisen  as  to  the 
real  shape  of  the  Earth.  But  the  true  theory  ultimately  gained 
the  support  of  decisive  researches  and  measurements. 

The  next  three  Chapters  will  be  devoted  to  three  eminent 
matbematioiana  who  all  contributed  essentially  to  the  advance- 
ment of  our  subject  Maupertuis  adopted  and  explained  Newton's 
propositions  on  Attraction  and  on  the  Figure  of  the  Earth ; 
and  he  conducted  an  expedition  to  Lapland,  for  the  measurement 
of  an  arc  of  the  meridian,  the  result  of  which  was  fatal  to  the 
Cassinian  hypothesis.  Jamea  Stirling  enunciated  without  demon- 
stration approximate  propositions  respecting  the  magnitude  and 
the  direction  of  the  attraction  of  a  homogeneous  oblatum  at  its 
surface;  and  he  implicitly  eatablished  Newton's  postulate:  see 
Art.  a,  Clairaut  produced  several  valuable  memoirs ;  in  particular, 
during  his  stay  in  Lapland,  he  found  leisure  to  compose  one  on  the 
same  subject  as  Starling's :  another  memoir  led  the  way  to  the 
investigations  of  the  Figure  of  the  Earth,  supposed  hetero- 
geneousL  These  two  memoirs  were  subsequently  embodied  by 
Cluraut  in  a  work  of  enduring  interest  and  importance. 
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CHAPTER  IV. 

MAUPERTUIS.     . 


116.  We  shall  notice  in  this  Chapter  the  various  memoirs 
which  Maupertuis  contributed  to  our  subject 

117.  A  memoir  ib  given  on  pages  24>0...256  of  Number  422 
of  the  Philoaopkical  TraruaOtone.  The  Number  is  for  the  months 
of  Jimuary,  February,  and  March,  1 732 ;  it"  forms  part  of  Volume 
xxxvn.  which  ia  for  the  years  1731  and  1732,  and  is  dated  1733. 

The  memoir  is  entitled  De  Figuria  quae  Fluida  rotaia  induere 
poasiait,  ProbUmaia  duo ;  cum  amjectura  de  SteUia  quoe  aliquando 
prodeimt  vd  defidunt;  et  de  Annuto  ScUumi.  Autkore  Petro 
I/adovico  De  Maupertuis,  Regice  BocietaHs  Londinetisia,  et  Aca- 
d«mi<8  Sdentiarwn  Fitrisienaia  Socio. 

118.  In  the  first  problem,  fluid  is  supposed  to  rotate  with 
uniform  angular  velocity  round  a  fixed  axis,  and  to  be  attracted 
to  a  fixed  point  in  the  axis  by  a  force  which  varies  as  any  power 
of  the  distance.  Maupertuis  uses  Newton's  principle  of  balancing 
colnnms,  and  investigates  the  equation  which  determineB  the 
tana  of  t^  surface  for  relative  equilibrium.  He  restricts  himself, 
as  we  should  say,  to  apace  of  two  dimenawma;  bat  a  modem  readw 
win  have  no  difficulty  in  solving  the  problem  generally,  and  the 
result  will  coincide  with  that  of  Maapertuis. 

119.  The  Becond  problem  is  enunciated  thus : 

Fosito  qaod  materia  fnena  drca  axem  extra  fluentmn  ■amtum, 
attrahatur  versni  c«ntnim  in   hoc  axe  poatnm  vi  aliotti  dirtantue  % 
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centro  dignitati  proportionali ;  dum  interea  propter  flnenti  partiom 
attractionem  mutuam,  ait  altera  attractio  Tereoa  alind  ceotmni  intra 
fluentum  antntum,  qnn  in  qaavia  sectioDe  fluenti  revolutionia  perpen- 
dicnlariter  per  centrum  ezterius  iacta,  ait  alioui  diatantue  a  centro 
iuteiioii  digaitati  proportion  alb  :  invenire  fignram  quam  flnentum 
indaet 

la  tbe  solution  of  this  problem  also,  Maupertuis  restricts 
bimself  to  space  of  two  dimensions ;  but  it  may  be  shewn  by  a 
more  general  process  that  his  result  is  correct 

Take  the  axis  of  «  fur  that  of  rotation;  let  a  be  the  angular 
velocity ;  and  {x,  y,  z)  any  point  of  the  fluid.  Then  in  the  usual 
way,  we  may  suppose  the  system  reduced  to  rest,  if  we  impress 
forces  u'lr  and  (u*^  parallel  to  the  axes  of  x  and  y  respectively. 

Let  there  be  a  force  directed  to  the  origin,  denoted  by  Xr", 
where  r  =  VC'"'  +  s"  +  «0*  Besides  this  there  is  to  be  a  force  of 
a  certain  kind,  arising  from  tbe  attraction  of  the  mass  itself. 
This  mass  is  supposed  to  form  a  symmetrical  ring-shaped  body. 
Hence  it  is  obvious  that  its  actiou  at  any  point  (pe,  y,  e)  will  lie 
in  the  plane  which  passes  through  this  point  and  the  axis  of  e. 
It  is  assumed  that  while  we  keep  1o  the  same  plane,  this  action 
will  pass  through  a  fixed  point ;  so  that,  denoting  the  co-ordinates 
<rf  this  point  by  f,  ij,  0,  we  have 

where  e  is  a  constant  quantity,  and  equal  to  -ji^-^if),  and  r, 
stands  for  1/(0? +J^. 

Put  «  for  V{(a!-f)*+(y-'?)*  +  '^l.  and  denote  the  action  (rf 
the  mass  by  /u^. 

Then,  with  the  uspal  notation, 

Jl  =  aj\c \t^ luT  : 

r  a      '^  ' 

and  YuaA  Zeaa  be  similarly  expressed. 
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No*  ^fia''  =  fL(x )«"' 

and  fa!' \dx  +  fy-'^jdy  +  tds  =  rdr  —  c^^. 

Thus,  finally,  the  equation  to  the  suriace  of  relatiye  equi- 
librium is 

that  is,  Q-  (a!*  +  y*) vi  ~  ^^  ""  constant. 

120.  Maupertuis  himself  g^res  two  investigations,  one  for 
the  part  of  the  mass  which  is  between  the  axis  of  rotation 
and  the  point  (f ,  rr,  0),  and  the  other  for  the  part  which  is  beyond 
this  point ;  but  this  is  unnecessary :  a  single  investigation  with 
proper  generality  in  the  symbols  applies  to  the  whole  mass. 

The  second  problem  includes  the  first  as  a  particular  case; 
we  have  only  to  suppose  /*  =*  0.  Maupertuis  himself  makes  this 
remark :  see  his  page  253. 

Maupertuis  suj^;e8ta,  that  the  constants  may  happen  to  he 
80  adjusted,  that  what  we  may  call  the  generating  curve  of,  the 
ring  will  consist  of  two  ovals ;  so  that,  in  fact,  there  will  be  two 
rings.  This  is  conceivable,  but  he  is  wrong  in  implying  that 
it  is  possible  when  m  —  1,  and  n  =  1 ;  for  then  the  generating 
curve  must  consist  of  only  a  single  ellipse. 

121.  The  solutions  here  given  by  Maupertuis  are  reproduced 
by  him  in  bis  F^ure  dea  Astrea;  and  also,  though  with  less 
detail,  in  his  memoir,  which  is  published  in  the  Paris  M^moiret 
for  1734.  The  problems,  though  rather  theoretical  than  practical, 
were  doubtless  a  valuable  contribution  to  the  science  of  Hydro- 
statics of  the  period. 

As  to  the  popular  part  of  the  memoir,  we  shall  say  a  word 
hereafter:  see  Art  127. 

T.  M.  A.  B 

Digi-izedbyGoOglC 


tif;  MACPERTUIS. 

122.  We  have  next  to  consider  the  work  published  by 
Maupertuis,  under  the  title  otDiacoura  snrlesdiff^rentes  figures  des 
jlrfres... Paris,-  1732.  I  have  seen  only  the  copy  in  the  library 
of  the  RoyaJ  Society,  which  is  marked  Ex  ^no  Auctoris.  The 
volume  is  in  octavo,  and  contains  83  pages,  beeidefi  the  Title  and 
Table  of  Contents,  on  four  pages. 

The  mathematical  part  of  the  volume  consists  of  the  same 
problems  in  French  as  were  given  in  Latin  in  the  Philosophical 
TransacHons,  and  which  we  have  already  noticed.  Besides  this, 
we  have  Chapters  of  a  popular  character,  which  contain  general 
reflexions  on  the  figure  of  the  Earth,  a  metaphysical  discussion  on 
attraction,  and  explanations  of  the  motions  of  the  planeta  on  the 
system  of  vortices,  and  on  the  system  of  gravitation. 

123.  In  his  first  Chapter,  Maupeiiuis  adverts  to  the  re- 
searches of  Huygens  on  the  figure  of  the  Earth,  and  afterwards 
to  those  of  Newton.  By  taking  this  order,  a  reader  might  be  led 
to  suppose  that  Huygens  preceded  Newton  in  this  subject ;  but,  as 
we  have  already  pointed  out,  Newton  was  the  first :  see  Art.  65. 

124.  There  is  a  note  on  page  ii  which  presents  a  difficulty. 
Suppose  a  sphere,  the  radius  of  which  is  one  foot,  and  its  density 
the  mean  density  of  the  Earth.  The  attraction  which  this  sphere 
would  exert  on  a  particle  at  its  surface,  is  a  veiy  small  fraction 
of  the  attraction  which  the  Earth  would  exert  on  a  particle  at  the 
surface  of  the  Earth ;  the  numerator  of  the  fraction  would  be 
imity,  and  the  denominator  the  number  of  feet  in  the  Earth's 
radius.  This  substantially  agrees  with  Maupertuis,  Then  he 
proceeds  thus :  "  Deux  Spheres  semblables,  plac^  k  la  distance  dW 
quart  de  pouoe  dans  le  vuide,  employeroient  un  mois  k  se  joindre," 
I  suppose  the  spheres  to  be  such  as  have  been  just  mentioned, 
n&mely,  each  of  a  foot  radius  and  of  the  mean  density  of  the 
Earth  ;  and  Hiat  they  are  to  be  placed  so  that  their  sur&ces  may 
be  a  quarter  of  an  inch  apart.  But  then  instead  of  a  month  the 
spheres  would  require  only  a  few  minutes  to  arrive  at  contact. 
Thus  I  am  quite  at  a  loss  as  to  his  meaning. 

125.  A  second  edition  of  the  Figure  des  Astres  was  published, 
which  I  have  not  seen.     Clairaut  refers  to  it  on  pages  19  and  69 
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of  his  F^ttre  de  la  Terre ;  see  aleo  D'Alembert's  (^mscuhg  Mathd- 
matiquea,  Vol.  vi.  page  358.  The  work  seems  to  have  teen 
translated  into  Englifth. 

126.  There  is  an  account  of  ^aupertuis's  Figwre  des  Aatrts 
on  pages  85, ..93  of  the  historical  portion  of  the  volume  of  the 
Fariij  Mimoirea  for  1732.  Centrifugal  Force  has  puoled  the 
writer  of  the  account;  he  says  on  page  86,  "  ...les  directions  de 
la  Force  centrifuge  sent  i.  cheque  instant  les  Tangentes  de  chaque 
point...."    Of  course  instead  oitangmis  we  ought  to  read  normals. 

127.  The  popular  part  of  the  Figure  dea  Aatreg  is  rejwoduced 
in  the  collected  edition  of  the  works  of  Maupertuis,  published  in 
four  volumes  at  Lyons  in  1756 ;  it  occupieB  pages  81.  ..170  of  the 
first  volume.  The  mathematical  investigations  are  not  reproduced. 

Maupertuis  suggests  that  the  variable  brightness  of  certain 
Btars  may  be  explained  by  supposing  that  these  stars  are  very 
much  flattened,  and  that,  owing  to  different  positions  assumed 
by  their  axes  of  rotation,  we  Bometimes  have  a  much  larger 
disc  turned  towards  us  than  at  other  times..  He  considers  that 
the  nebulie  are  really  suns  or  planets,  of  figures  more  or  less 
deviating  from  spheres. 

He  suggests  that  the  ring  of  Saturn  may  have  been  formed 
out  of  the  tail  of  a  comet  which  Saturn  by  the  aid  of  his  at- 
traction has  appropriated. 

128.  A  memoir  by  Maupertuis,  entitled  jStir  lea  louc  de 
r Attraction,  is  contained  in  the  volume  for  1732  of  the  Paris 
MSinoires,  published  in  1735.  The  memoir  occupies  pages  343 ...  362 
of  the  volume.  There  is  an  account  of  the  memoir  on  pages 
112. -.117  of  the  historical  portion  of  the  volume;  this  account, 
like  many  other  attempts  to  give  a  translation  of  mathematical 
processes  into  ordinary  language,  is  scarcely  intelligible. 

The  memoir,  according  to  Bailly,  is  the  first  example  of  the 
adoption  of  the  principle  of  attraction  by  French  mathematicians: 
see  Biattrire  de  rAstronome  Modeme,  Vol.  in.  page  7. 

The  memoir  may  be  described  a^  an  analytical  investigation 
of  most  of  the  results  contained  in  Newton's  two  sections  on 
Attraction;  adding,  however,  nothing  of  importaaoe  to  them. 
The  methods  employed  are  simple  and  interesting. 
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129.  We  will  notice  tbe  method  by  wbich  Maiipertuis  finds 
the  attraction  of  a  spherical  ehell.  Suppose  the  law  of  attraction 
that  of  the  inverse  n'*'  power  of  the  distance.  Proceeding  as  in 
Art.  4   we  obtain  for  the  attraction  of  an  element  of  the  shell 

^—  cos  ft     Now   it  will    be    found    that     ,-  = — -. — s,  and 

r"  or      e  Bin  fl 

y  =  rsai6.     Thus  tbe  expression   becomes   — --^ —  cos  0 ;  and 


,  so  that  finally  wo  have  \7^  Sj" 


wbich  is  immediately  integrable. 

Tbis  is  Bubstaotially  tbe  method  of  Maupertuis ;  the  chief 
part  of  it  consists  in  making  r  tbe  independent  variable.  The 
method  is,  in  fact,  'that  wbicb  Laplace  adopted  for  finding  the 
attraction  of  a  spherical  shell ;  and  it  has  passed  into  the  ele- 
mentary text-books  on  the  subject :  see  Statics,  Chapter  xm. 

It  will  be  noticed  that  in  this  process  Maupertuis  made  the 
easy  extension  which  ainses  from  taking  the  inverse  n"'  power  of 
.the  distance  ;  while  Newton,  in  the  corresponding  place,  used  only 
the  inverse  square  of  tbe  distance. 

130.  Some  incidental  statements  made  in  tbe  memoir  may 
be  noticed. 

Maupertuis  says  on  page  343,  that  a  homogeneous  fluid  mass 
which  has  no  motion  of  rotation,  but  is  left  to  the  influence  of  its 
own  attraction,  will  necessarily  assume  a  spherical  form :  "  car  i1 
eat  facile  de  voir  qu'il  n'y  a  que  cette  figure  dans  laquelle  toutes 
les  pfulies  puissent  demeurer  en  ^uilibre."  The  belief  here  ex- 
pressed was  doubtless  held  by  many  of  tbe  earlier  writers  on  the 
eabject ;  but  tbe  belief  was  not  founded  on  evidence.  It  is  ob- 
served by  FoisBon  that  it  has  not  been  demonstrated  that  tbe 
sphere  is  tbe  only  figure  wbich  can  be  taken  by  a  fluid  at  rest 
under  tbe  mutual  attractions  of  its  peirticles,  however  natural 
that  may  appear.  Traits  de  M&xmique,  Vol.  ll.  page  543.  See 
also  B^sal,  TraiU  ^ISmentaire  de  Mecanique  Cdeste,  page  198. 

Maupertuis  says  on-  page  346,  that  if  a  homogeneous  fluid 
rotates  round  an  axis,  and  its  particles  are  attracted  towards  a 
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centre  by  a  force  which  varies  as  the  distODce,  the  fonn  assumed 
is  such  that  the  meridians  are  ellipses :  this  we  know  to  be  true, 
with  the  condition,  however,  that  the  centre  of  force  must  be  at 
some  point  of  the  axis  of  rotation.  He  adds  with  respect  to  the 
fluid  mass:  "Et  si  elle  circule  autour  d'un  axe  pris  au  dehors 
d'elle,  elle  forme  un  anneau  dont  les  sections  sont  encore  des 
ellipses."  This  passage  taken  alone  would  not  be  intelligible, 
but  &om  another  memoir  we  know  all  that  Maupertuis  can  have 
intended  to  say ;  namely,  that  relative  equilibrium  will  subsii>t 
under  a  certain  peculiar  assumption :   see  Art.  119. 

Maupertuis  offers  some  remarks  on  his  pi^es  347  and  348, 
commencing  with  the  following  sentence :  "  Suppose  que  Dieu  etA 
voulu  ^tablir  dans  la  mati^re  quelque  loi  d' Attraction,  toutes  ces 
loix  ne  devoieut  pas  lui  parottre  ^gales."  Maupertuis  holds  that 
the  ordinary  law  has,  as  it  were,  a  reason  for  preference,  because 
it  leads  to  the  result  that  a  sphere  will  attract  as  if  it  were  a 
particle  collected  in  its  own  centre.  To  this  Stay  alludes  in  his 
PhilosopkicB  ReeenHoris,  Lib.  IV.  v.  1582 ...1584: 

Scrutantes  quidam ;    quid  Mundi  lUezerit  ipsiim 
Artificem,  legem  ut  Toluioaet  msteriai 
Fonere,  quam  doceo;  ... 

Boscovich  in  his  note  dissents  from  Maupertuis.  See  also 
Bailly,  HiMaire  de  rAstnmomie  Modeme,  Vol.  ill.  p^e  7. 

Maupertuis  refers  on  pc^  361  to  thirty  propositions  relating 
to  attractions,  given  at  the  end  of  Keill's  works ;  and  on  page  362 
fae  says  that  Keill  and  many  English  philosophers  beheved  preci- 
pitations, coagulations,  crystallizations,  and  a  multitude  of  other 
phenomena  to  arise  from  an  attraction  very  powerful  at  contact, 
bat  insensible  at  great  distances.  He  adds :  "  Enfin  M.  Friend  a 
donn^  une  Chimie,  toute  d^uite  de  ce  principe." 

131.  In  the  Paris  M^moires  for  1733,  published  in  1735,  we 
have  a  memoir  by  Maupertuis,  entitled  Sur  la  Figure  de  la  Terre, 
et  tur  Us  moyetu  qae  VAstrotuymie  et  la  Q4ograpkxe  fourtoMent  pour 
la  determiner.  The  memoir  occupies  pi^es  153...164of  the  volume. 

Maupertuis  gives  analytical  investigations  of  the  length  of 
a  d^ree  of  longitude  and  of  a  degree  of  meridian  on  the  Earth, 
supposed  to  be  an  ellipsoid  of  revolution ;  and  he  shews  how  the 
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axee  of  the  ellipeoid  may  be  deduced  &om  lengths  of  degreea 
determined  by  measurement. 

Maupertub  refers  to  Huygens,  Newton,  Cassini,  Mairou,  and 
M.  des  Aiguiliera ;  the  last  is  usually  written  Desaguliers. 

Maupertuis  also  quotes  a  passage  from  a  letter  written  by 
Foleni :  we  shall  notice  the  letter  in  Chapter  VIII. 

132.  In  the  Paris  M^moires  for  1734,  published  in  1736,  we 
have  a  memoir  by  Maupertuis,  entitled  iSur  Ub  Figures  des  Corps 
Creates.  The  memoir  occupies  pages  55. ..109  of  the  volume; 
there  is  an  account  of  it  on  pages  88... 94  of  the  hbtorical  portioa 
of  the  volume. 

The  memoir  may  be  regarded  as  a  development  of  the  Figure 
des  Astres;  for  Maupertuis  says  on  page  56 : 

Je  reviens  i  exatniuer  lea  %ures  que  les  lolx  de  la  Statique  et  de 
I'Hydroatatique  duivent  danner  aox  Corps  c^lestee,  et  j'entrerai  Bur 
cette  maU6re  dans  un  plus  grand  d£t«il  que  je  n'ai  ikit  dans  le  Diecours 
BUT  la  figure  des  Aatres. 

The  memoir  is  divided  into  four  parts. 

133.  The  first  part  of  the  memoir  treats  on  a  subject  which 
Bouguer  discussed  in  the  same  volume  ;  aad  adds  nothing  fresh. 
Maupertuis  shews,  as  Bouguer  did,  that  if  the  force  on  a  fluid  is 
always  directed  to  a  fixed  point,  the  principles  of  Newton  and 
of  Huygens  lead  to  th©  same  form  for  equilibrium,  provided  the 
force  be  a  function  of  the  distance  from  the  fixed  point ;  but  they 
do  not  lead  to  the  same  form  if  the  expression  for  the  force  be 
the  product  of  a  function  of  the  distance  into  a  function  of  the 
angle  which  determines  the  position  of  the  distance. 

134.  Maupertuis  gives  an  extract  of  a  letter  sent  to  Fermat 
by  Pascal  and  Boberval,  in  order  to  shew  that  the  idea  of  attrac- 
tion had  occurred  to  the  writers  before  Newton  proposed  it.  But 
we  have  here  only  a  vague  idea,  not  any  suggestion  of  the  law  of 
the  inverse  square ;  and  of  course  no  pretence  at  demonstration. 

185.  In  the  second  part  of  the  memoir  we  have  the  problems 
already  given  in  the  PhUoeopkieal  Transactions;  though  they  are 
here  tj«ated  with  less  detail :  see  Art.  121. 
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For  a  particular  case  of  the  second  problem,  Maupertuis  sup* 
posea  that  the  force  which  is  directed' to  a  fixed  point  in  the  aiia 
of  rotation  varies  inversely  as  the  square  of  the  distance,  and  that 
the  other  force  vanishes.     His  result  then,  expressed  in  modern 

notation,  becomes  -  + -irr'cos'6  =  constant. 

r       2 

lliis  is  in  fact  the  equation  which  is  now  obtained  in  investi- 
gating the  form  of  the  atmosphere.  Maupertuis  does  not  discuss 
the  equation ;  but  be  implies  that  it  would  give  him  an  oval  curve 
about  some  point  not  coinciding  with  the  pole  from  which  r  ia 
measured.  This,  however,  is  not  the  case;  that  is  to  say,  the 
equation  does  not  correspond  to  the  diagram  he  supplies,  and  has 
no  application  to  such  an  object  as  Saturn's  ring,  which  he  has  in 
view, 

136.  In  the  third  part  of  the  memoir,  Maupertuis  refers  to 
certain  celestial  phsenomena  which  he  considers  support  his  theory; 
such  as  nebulae  and  variable  stars. 

137.  The  fourth  part  of  the  memoir  relates  to  the  figure  of  the 
Earth  supposed  fluid,  and  taking  the  ordinary  law  of  attraction. 

This  may  he  described  as  a  commentary  on  Newton's  theory 
of  the  Figure  of  the  Earth.  Newton's  process  is  developed  clearly 
and  correctly;  with  the  exception  of  one  slight  mistake.  In 
Art  20,  we  have  stated  that  the  attraction  of  a  certain  ob- 
latum  is  approximately  a  mean  proportional  between  the  attrac- 
tions of  a  certain  sphere  and  a  certain  oblongum.  Maupertuis 
incautiously  says  that  the  attractions  of  these  bodies  are  as 
their  massea,  aad  therefore  the  result  which  Newton  affirms  is  true. 
We  have  ahready  drawn  attention  to  this  mistake;  see  Art.  22. 

138.  Maupertuis  obtains,  as  Newton  did,  the  value  =-  for  the 

ratio  of  the  diGference  of  the  axes  to  the  minor  axis  in  the  case 
of  Jupiter ;  see  Art.  29.     Then  Maupertuis  says  on  his  page  96 : 

Comme  cette  difiSrence  eat  beauooup  plus  graude  que  celle  qui 
r^mlte  des  otiaervatioDB  do  M.  Casuni,  el  que  oelle  qui  rfsulte  des 
obecoratlDna  de  M.  Pound,  M.  Newton  conjecture  qua  Jupiter  eat  plus 
dense  vei%  le  plan  de  ton  6quiiteur  que  ven  les  polea     Cet  excds  de 
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denBitS  fenut  qne  la  colomne  qui  est  dans  le  plan  de  l'6quateur,  ponr 
etre  en  |&{nilibre  aveo  oelle  qui  repond  au  pole,  doit  6tre  plus  oonrte 
que  oetta  Th^cnie  ne  la  determine,  et  par  coIU^nent  le  diametre  de 
I'^luatew  difiSreroit  meant  de  I'axe,  et  eon  rapport  i  I'aze  approcberoit 
pins  da  nq^MMTt  obeervfi. 

Tbis  extract  shews  in  what  Beose  Haupertuis  understood  a 
rather  obscure  paasa^  in  Newton ;  hut  of  course  the  explanation 
18  not  very  satis&ctory.  If  the  fluid  is  not  bomogeneouB,  the 
whole  inveat^tJon  must  be  revised ;  and  it  will  not  be  sufficient 
to  consider  merely  the  equilibrium  of  the  polar  and  the  equatorial 
columns. 

This  passage  in  Newton  seems  to  have  been  considered  rather 
important  by  Maupertuis,  for  he  had  previously  noticed  it,  namely, 
on  his  page  73.  But  this  reference  was  not  very  appropriate ; 
because  Maupertuis  is  there  using,  not  the  law  of  attraction  of 
nature,  but  the  hypothesis  of  a  force  directed  to  a  fixed  point. 

139.  On  the  whole,  it  does  not  seem  to  me  that  this  long 
memoir  by  Maupertuis  added  anything  to  the  current  knowledge 
gf  the  subject ;  the  commentary  on  Newton  was  perhaps  the  most 
valuable  part 

140.  In  the  Fans  M^moire$  for  1735,  published  in  1738,  we 
have  a  memoir  by  Maupertuis,  entitled  Sw  la  Figure  de  la  Terre. 
The  memoir  occupies  pages  98. ..105  of  the  volume, 

Maupertuis  investigates  the  expression  for  the  radius  of  cur- 
vature of  an  ellipse  in  terms  of  the  inclination  to  the  major  axis ; 

namely,   in    modern   notation,   ^^ — ■      -..     This  furnishes  a 

(l-e'sin'X)' 
very  approximate  expression  for  the  length  of  a  degree  of  the 
meridian :  see  his  page  99. 

Maupertoia  also  solves  a  problem  which  we  may  thus  enun- 
ciate :  find  at  what  point  the  change  in  the  length  of  a  decree  of 
the  meridiaa  is  most  rapid. 

Let  a  be  the  measuied  length  of  a  d^[ree  in  the  latitude  if>, 

and  let  />  be  the  radius  of  curvature ;  then  we  take  -  =  ^-^ ,  so 
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thatff.^p.    Therefore  ^  =  j|^^.     HeDce  ^  measurea 

the  rate  of  increase  of  the  length  of  a  degree ;  and  bo  we  have 

to  make  ^  a  maximum.    This  is  substantially  the  process  of 

Haupeitnis;  see  bis  page  105.     The  result  is  that  <f»  mnst  be 
found  from  the  equation  3e'  sin*  ^  —  (4^  —  2)  sin*  ^—1=0. 

If  e  is  very  small,  we  have  approximately  4'  —  l- 

Maupertuis  makes  some  simple  remarks  on  the  important 
subject  of  comparing  the  measured  lengths  of  degrees  of  the 
meridian  iu  the  most  advantageous  maoQer,  so  as  to  render  the 
gradual  change  in  the  length  decidedly  obvious  in  spite  of  the 
unavoidable  errors  of  observations.     See  his  pages  101..  .104. 

141.  In  the  Pajis  M^moirea  for  1V36,  published  in  1739,  we 
have  a  memoir  by  Maupertuis,  entitled  8ur  la  Figure  de  la  Terre  ; 
the  memoir  occupies  pages  302.  ..312  of  the  volume. 

Maupertuis  suggests  the  following  operation.  Take  two  stars 
which  have  about  the  same  right  ascension  and  a  difference  of  one 
degree  in  declination.  Find  two  places  A  and  B  on  the  Earth's 
surface,  such  that  one  of  these  stars  passes  over  the  zenith  at  A, 
and  the  other  over  the  zenith  at  B.  Then  determine  by  measure- 
ment the  place  C  on  the  Earth's  sur&ce,  which  Ls  on  the  arc  AB, 
and  equally  distant  &om  A  and  B;  and  observe  at  Cthe  zenith 
distances  of  the  two  stars.  If  the  Earth  is  a  sphere  these  zenith 
distances  ought  to  be  equal;  if  the  zenith  distances  are  not  found 
to  be  equal,  we  have  evidence  that  the  form  is  not  spherical,  and 
we  have  information  as  to  whether  it  is  oblate  or  oblong. 

Maupertuis  also  considers  an  important  point  in  connexion 
with  a  trigonometrical  survey ;  namely,  the  ultimate  effect  of  a 
constant  cause  of  error  by  which  each  side  of  the  triangles  em- 
ployed in  succession  to  produce  the  required  result  is  rendered 
greater  than  it  should  be.  Then,  combining  this  with  the  error 
which  may  be  e^>ected  to  arise  from  the  astronomical  observations 
for  finding  the  amplitude  of  the  arc,  he  determines  what  he 
considers  to  be  the  most  advantageous  number  of  biangles  to  be 
employed. 


izedbyGoOglC 


74  HAUPKBTUIS. 

Manpertuis  refers  to  tluB  memoir  in  his  account  of  the  opera- 
tionB  in  Lapland ;  for  there  the  conditions  which,  according  to  the 
memoir,  are  most  advantageous  were  reasonably  satiafied.  See 
his  work  La  Fiffure  de  la  Terra  d^termin4e,  p^e  35. 

142.  The  Paris  Mimotres  for  1737,  puhlished  in  1740, 
contain  on  pages  3Sd...466  a  memoir  by  Maupertuis,  entitled 
La  Figure  de  la  Tern  d^terminde...;  the  memoir  describes  the 
operations  in  liapland  which  established  the  oblate  form.  There 
is  an  account  of  the  memoir  on  pages  90. ..96  of  the  historical 
portion  of  the  volume. 

The  memoir  is  embodied  in  the  book  which  Maupertuie  published 
in  1738  under  the  same  title :  we  shall  notice  this  hereafter, 

143.  A  book  was  published  in  1738,  entitled  Examen  dia- 
inHresai  dea  diffirena  ouwac/es  qui  ont  ^  /aits  pour  dMerminer  la 
figure  de  la  terre.  See  I^a  Lande's  Bibliographie  Astronoanique, 
page  406. 

La  liaode  says  that  this  book  is  marked  Oldenhtmrg,  but  was 
printed  at  Paria:  he  adds,  that  owing  to  the  censorship  of  the 
press  a  book  wax  often  marked  with  the  name  of  some  supposed 
place  where  the  press  wae  free,  as  London  or  Amsterdam. 

I  have  not  seen  this  edition. 

La  IdJide  on  his  next  page  gives  the  title  of  another  work  pub- 
lished in  1738  and  also  marked  Oldenbour^,  namely,  Examen  dea 
trois  diaaertatione  qae  M.  Detagvliera  a  public  aur  la  figure  de  la 
terre,  dona  lea  Tranaactimia  Fhiloaophiques,  Noa.  386,  387  et  388. 

I  have  not  seen  this  edition. 

144.  The  two  works  appear  together  in  one  volume  which  is 
dated  1741,  and  marked  Amsterdam;  this  volume  I  will  now 
describe. 

The  volume  is  in  octavo ;  there  are  forty-six  unnumbered  pages, 
followed  by  160  which  are  numbered.  The  Examen  dAirU^esa^ 
extends  to  page  104,  and  the  rest  of  the  volume  is  devoted  to  the 
Examen  dea  troie  diasmiaiiona. 

14d.    I  begin  with  the  Examea  d^rU&eaai.    The  title-page  ' 
says  that  it  ia  the  second  edition,  augmented  by  the  history  of 
the  bodL.    The  title-page  has  the  motto,  "  Et  mundum  tradidit 
disputation!  eorum.     E>3cles.  cap.  III.  v.  11." 
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146.  The  work  is  aQonymous  ;  but  La  Laade  says  that  it  was 
written  by  Maupertuiit.  Tbia  is  also  clear  from  other  sources. 
See  Boiiguet's  Figure  da  la  Terre,  pages  174  and  175,  and  his 
Ijettre...Astronomijue  Pratique,  pages  6,  7,  9,  and  10;  also  Ia 
Condamine's  £^pon86...page  5.  It  affects  to  be  very  impartial, 
and  is  certainly  very  clever  and  amusing;  but  it  contributes 
nothing  new  to  the  knowledge  of  the  subject.  The  work  seems 
to  have  attracted  great  attention  at  the  time ;  and,  as  we  learn 
from  the  Introduction,  it  was  attributed  to  Muran  and  to  Fontenelle, 
although  they  were  opposed  to  the  opinion  of  Maupertuis.  In 
fact,  as  La  Lande  remarks,  the  smart  bantering  tone  of  the  work 
might  easily  deceive  a  reader  and  leave  him  doubtful  whether 
the  author  was  in  favour  of  the  oblate  or  oblong  form. 

147.  Thirty-six  of  the  unnumbered  pages  are  devoted  to  the 
Histoire  du  Livre;  these  pages  constitute  an  outline  of  the  con- 
tents of  the  work.  But  one  matter  here  considered  is  not  in- 
cluded in  the  work ;  it  had,  I  presume,  happened  since  the  publi- 
cation of  the  first  edition.  A  distinguished  Danish  astronomer, 
named  P.  Horrebow,  had  written  a  work  on  the  Theory  of  the 
Earth,  and  well-feigned  surprise  is  expressed  at  his  rashness  in 
declaring  for  the  oblate  form.  See  Petri  Horrebowii  Opera,  1740, 
VoL  I.  page  381. 

148.  Li  the  first  part  of  the  work  the  writer  speaks  of  the 
important  measurements  which  had  been  made,  namely,  that  at 
the  polar  circle  which  favoured  the  oblate  form,  and  five  opera- 
tions by  Cassini  which  favoured  the  oblong  form.  The  measure- 
ment at  the  polar  circle  will  be  discussed  in  Chapter  TIL 

In  noticing  the  operations  at  the  polar  circle  the  writer  puta 
the  unplitudd  of  the  arc  at  6T  26",  omitting  the  correction  for 
Aberration  which  he  says  is  not  yet  allowed  by  all  tbe  world.  By 
omitting  the  Aberration  the  two  determinations  of  the  amplitude, 
by  two  different  stais,  agree  to  a  second.  The  length  of  the 
degree  is  first  stated  aa  57437  toises ;  but  this  is  the  length  which 
Haup^uis  really  obtiuned  by  allowing  for  Aberration,  and  is,  I 
presume,  a  misprint.  Afterwards,  the  number  is  given  as  57497 ; 
and  this  is  what  it  should  be  if  we  neglect  Aberration. 
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The  five  operations  by  Cassioi  are  those  which  are  described 
in  the  Paris  MMoirea  for  1701,  1713,  1718, 1733  nod  1734.  The 
vriter  says  in  his  osual  jesting  manner  that  since  all  these  opera- 
tions  irere  in  favour  of  the  oblong  form  be  is  astonished  that  any 
more  should  be  sought;  and  be  often  recalled  the  saying  of  an 
ancient,  that  if  ignorance  is  the  punishment  of  too  little  study, 
uncertainty  is  often  the  reward  of  too  much. 

149.  In  the  second  part  of  the  work,  we  have  notices  of  the 
authors  who  had  discussed  the  theory  of  the  Figure  of  the  Earth. 
For  the  oblate  form  Huygens,  Newton,  David  Gr^ory,  and 
Hermann  are  brought  forward.  For  the  oblong  form  tbe  far  leas 
eminent  names  of  Cbildrey,  Burnet,  Eisenscbmidt  and  Mairan  are 
brought  forward.  Cbildrey  seems  to  have  been  the  author  of  a 
description  of  England ;  the  others  we  have  already  mentioned. 

150.  Let  us  now  turn  to  that  part  of  the  volume  which  is 
devoted  to  the  consideration  of  the  dissertations  published  by 
Desaguliers. 

The  title-page  has  the  motto : 

Magnus  wne  viribns  ignis 
iDoasBura  furit. 

ViEO.  Georg.  Lib.  III.  v.  99,  100. 
There  is  no  statement  Uiat  this  is  a  second  edition ;  it  is  dated 
1741. 

After  the  title,  we  have  a  notice  by  the  bookseller ;  he  ascribes 
the  work  to  a  learned  friend  to  whom  he  bad  shewn  the  former 
work.  La  Lande  does  not  say  by  whom  it  was  written,  but  I 
presume  that  the  whole  volume  is  really  by  the  same  author,  that 
is,  by  Maupertuis. 

The  woik  shews  that  some  of  tbe  objections  which  Desaguliers 
bad  brought  against  Caseini  were  really  unfounded;  especially 
those  in  the  first  of  the  three  dissertations.  It  will  be  made  clear 
hereafter,  that  Desaguliers  was  not  judicious  in  his  criticisms: 
Bee  Cbi^ter  VIIL 
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STIRLINa. 

151.  Stibldio  -waa  the  first  person  who  tnmed  bis  attention 
to  the  important  point  vhich  had  been  assumed  by  Newton  in  his 
theory  of  the  Figure  of  the  Earth ;  see  Art.  44.  The  memoir 
which  we  shall  now  notice  is  entitled,  0/  the  Figure  of  the  Earth, 
and  the  VaricOion  of  Qramty  on  the  Surface.  By  Mr.  Jmnea 
SHrling,  F.B.3. 

The  memoir  occupies  pages  98. ..105  of  Number  438  of  the 
I^Uoaophical  Transactiims,  which  is  for  the  months  July,  August 
and  September,  1735.  The  Number  forms  part  of  Vol  XXXIX. 
which  is  for  the  years  173S,  1736,  and  ia  dated  173& 

152.  Stirling  begins  thus  : 

The  Centrirngal  Force,  ariaiiig  from  the  Dinnud  Rotation  of  the 
Earth,  depresseUi  it  at  IJie  Poles,  and  renders  it  protnberant  at  the 
Equator;  aa  has  been  lately  adranoed  by  Sir  Iiaae  Neioton,  and  long 
ago  by  Polybiut,  aocordiug  to  Strabo  in  the  Second  Book  of  his  Geo- 
graphy. But  although  it  be  of  an  oblate  BphAriodical  Shape,  yet  tlie 
kind  of  that  Spheroid  is  not  yet  diBcOTered ;  and  therefore  I  shajl 
aappoaa  it  to  be  tb«  oommon  Spheroid  generated  by  the  Rotation 
of  an  Ellipais  about  its  leeser  Axis ;  although  I  find  by  Computation, 
that  it  is  only  nearly,  and  not  accurately  Kuch.  1  shall  also  suppose  the 
Density  to  be  every  where  the  same,  from  the  Center  to  the  Surfitce^ 
and  tlie  mutual  Qravitation  of  the  Particles  towards  one  another  to 
decrease  in  the  duplicate  Ratio  of  their  Distances. 

The  late  Sir  J.  W.  Lubbock  says  in  the  PrefJace  to  his  Account  of 
the  "  TraU4  swr  le  Flux  et  S^fiux  de  la  Mer "  of  DanM  Bernoulli : 

I  have  searched  in  Strabo  in  vain  for  the  remarkable  paeange  alluded 
to  by  Stirling ;  but  at  all  events  the  glory  of  the  discovery  of  the  true 
figure  of  the  Earth  belongs  to  Newton, 
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Perhaps  Sir  J.  W.  Lubbock  expected  too  much.  Strabo 
certainly  says  that  Poljbiue  supposed  the  equatorial  regions  to 
be  elevated.  See  page  97,  near  the  bottom,  of  Casaubou's  edition 
of  Strabo,  the  paging  of  which  ia  given  in  the  matins  of  other 
editions.  See  also  a  note  on  page  254  of  Vol.  L  of  the  French 
translation  of  Strabo  by  De  la  Porte  du  Theil  and  Corny. 

153.  Stirling  states  without  demooBtration  approximate  re- 
sults respecting  a  homogeneous  oblatum.  He  gives  the  direction 
and  the  magnitude  of  the  action  which  the  oblatum  exerts  on  a 
particle  at  ite  surface,  both  when  the  oblatum  does  not  revolve, 
and  when  it  does.  The  approximations  are  true  to  the  order  of 
the  square  of  the  excentricity  of  the  generating  ellipse. 

Let  P  denote  any  point  on  the  generating  ellipse ;  let  CA  and 
CB  be  the  semi-axes.     Let  PO  be  the  normal  at  P,  meeting  the 

greater  axis  at  a.     Taie  CH  =  l  CO. 


Then  Stirling  aays,  when  there  is  no  rotation  PH  is  the 
direction  of  gravity  uid  proportional  to  the  value  of  it. 

Dravsr  PM  perpendicular  to  CA;  let  CM=x,  and  PM=y;  let 
X  and  r  denote  the  attractions  at  P  parallel  to  CA  and  CB 
respectively.  Then  if  p  denote  the  density;  and  e  the  excentricity, 
we  have  by  the  modem  theory 
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Y=  ^py  I*  COB*  ^  sin  ^  (1  -  (^  bid'  ffy^  d$; 
see  Statics,  Chapter  xiii. 

If  we  neglect  e*  Euid  higher  powers  of  e  we  shall  obtun 

approximntely. 

But  by  the  nature  of  the  ellipse  GO  =  ^x,  so  that 
aff=^-,  and  fflW-^  (l -^V 

Thus  the  componeDt  attractions  may  be  represented  by  PM 
and  MB  in  magnitude  and  direction ;  and  therefore  the  resultant 
may  be  represented  by  PH  in  magnitude  and  direction. 

When  there  is  rotation  and  relative  equilibrium  PG  represents 
the  resultant  action  in  magnitude  and  direction.  Stirling  does 
not  make  any  distinction  in  language  corresponding  to  the  fact 
that  this  statement  is  exact  while  the  former  is  approximate.  We 
know  that  for  the  equilibrium  of  a  fluid,  the  resultant  action  must 
be  normal  to  the  surface,  so  that  PO  is  exactly  the  direction  of 
this  action.  Mow  take  the  expressions  given  for  X  and  Y,  and 
introduce  the  centrifugal  force ;  then  the  actions  at  P  parallel 
to  the  axis  of  y  and  x  respectively  will  be  fi-y  and  \x,  where  ft 
and  X  are  constants :  so  that  these  actions  are  proportional  to  y 

and  -  X  respectively.  But  as  we  know  that  PG  is  the  direction 
of  the  resultant,  the  components  must  be  proportionid  to  PJf  and 
MG,  respectively  j  hence  MG  must  be  equal  to  -  a;,  and  P6  will 
represent  the  resultant  in  magnitude  and  direction. 

This  simple  process  does  not  occur  very  often  in  works  on  the 
subject:  it  is  given  on  page  113  of  Laplace's  Thiorie...de  la 
Figure  eUiptique  des  PltmOes,  at  least  substantially. 


izedbyGoOglC 


154.  Let  X  denote  the  latitude  of  P,  that  is,  the  angle  POM: 
this  will  of  course  be  very  nearly  equal  to  the  angle  PCM.  We 
can  express  PS  and  P6  in  terms  of  \  and  the  eiemente  of  the 
ellipse ;  thas  we  obtain  the  following  approximate  results  which 
in  effect  Stirling  gires :  Jirst  suppose  no  rotation,  then  if  F  denote 

the  attraction  at  the  pole,  the  attraction  at  P  ia  J"  f  1  —  ^^  cos'X j ; 

next  suppose  rotation,  then  if  0  denote  the  gravity  at  Uie  pole, 

the  gravity  at  P  is  6(l  —  -^  cos'X  j  . 

In  the  diagram  of  Art.  153,  the  attraction  at  P  is  denoted  hy 
PH,  and  the  gravity  at  P  by  PCf :  thus,  as  Stirling  remarks,  HO 
represents  the  centrifugal  force  at  P. 

It  is  easy  to  give  exact  statements  of  the  nature  of  Stirling's 
approximaiiont ;  this,  as  we  shall  see  hereafter,  was  done  by 
Thomas  Simpson. 

155.  Stirling  applies  the  expression  for  the  value  of  gravity 
at  any  point  of  the  surface  to  some  observations  respecting  the 
relative  number  of  vibrations  of  the  seconds  pendulum  at  London 

and  at  Jamaica ;  he  deduces  from  these  observations  Yqt  as  the 

ellipticity  :  but  he  goes  on  to  shew  that  this  value  is  inadmissible. 

Stiriing  makes  the  following  remark  respecting  pendulum 
observations : 

From  all  the  Experiments  made  with  Pesdulume,  it  appears  that  the 
Tbsarj  makes  them  longer  in  Islands,  than  they  are  found  in  fact. .  .This 
Defect  of  Gravity  in  IslaudB  is  ver;  probably  occasioned  by  the  Vicinity 
of  a  great  Quantity  of  Water,  which  being  specificaUy  lighter  than  lAnd, 
attracts  less  in  Fropoiidon  to  its  Bulk. 

Modem  writers  however  appear  to  surest  that  gravity  may 
be  greater  on  islands  than  on  continents :  see  Airy's  Figure  of 
the  Earth  in  the  Encyclopcedia  M^ropolitana,  page  230,  and 
Stokes's  VaritUion  of  Gravity  at  the  Surface  of  the  Earth  in  the 
Cambridge  Philosophical  Traruactions,  Vol  Till. 

156.  We  have  seen  in  Art.  44,  that  Newton  assumed  without 
demonstration  an  oblatum  as  a  possible  form  of  relative  equili- 
brium for  a  mass  of  revolving  fluid.     Laplace  asserts  that  the 
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defect  was  first  supplied  by  Clairaut  in  the  Philosophical  Trans- 
actions  for  1737 ;  see  the  Micanique  Oeleste,  Vol.  v.  page  6.  But 
perhaps  we  may  consider  that  Stiriing  had  already  obtained  this 
result.  The  main  thing  to  be  proved  was  that  the  resultant 
action  at  any  point  of  the  surface  would  be  normal  to  the  surface, 
when  a  proper  relation  was  established  between  the  ellipticity 
and  the  ratio  of  the  centrifugal  force  to  the  attraction.  The  re- 
lation, in  the  notation  we  have  used,  ia  that  -  =  -77^-, :  that  is, 
fi      CM' 

-  =  1  —  e*.     I  do  not  aay  that  Stirling  gives  this  relation  expUcMi/; 

but  it  seems  to  me  implied  in  his  remarks.  Such  too  appears  to 
have  been  the  opinion  formed  at  the  time ;  as  we  may  infer  from 
a  passage  in  the  Philosophical  Transactions,  VoL  XL.  page  278, 
which  will  be  quoted  in  Art.  168.  See  also  Lubbodc,  Account  of 
the  Traits..., page  vi.  However,  Stirling's  results  were  given  with- 
out demonstration ;  moreover,  we  find  from  the  passage  in  the 
Philosophical  Tramactiong,  to  which  reference  has  just  been  made, 
that  they  could  not  have  been  known  to  Clairaut  when  he  wrote 
his  first  paper  on  the  subject;  so  that  Clairaut's  merits  remain 
nndiminished. 

157.  I  find  it  difficult  to  ascertain  what'  opinion  Stirliog  held 
as  to  the  agreement  of  the  theory  with  facts.  He  says,  as  we 
have  seen,  in  his  commencement  referring  to  the  Earth's  elliptic 
figure,  "that  it  is  only  nearly,  and  not  accurately  such,''  But 
further  on  he  says  very  positively : 

And  whereas  the  Earth  oould  not  be  of  an  obUt«  spheroidical  Figure, 
unless  it  tarued  round  its  Axis;  nor  could  it  t-«va  ropnd  its  Axis, 
without  putting  on  that  Figure... 

Moreover  he  compares  his  theory  with  observation  in  the 
case  of  Jupiter,  and  finds  them  to  agree  nicely ;  then  he  says : 

And  if  this  Theory  agrees  bo  well  with  ObeervatioDB  in  Jvpiter, 
there  is  no  doubt  but  it  will  be  more  exact  in  the  Earth,  whose  Dia- 
meters are  much  nearer  to  Equality. 

After  he  has  made  the  suggestions  respecting  pendulum  ob- 
servations on  islands,  which  we  have  quoted,  he  gives  the  following 
statements: 

And  I  find  by  Computation,  tikat  the  Odds  in  the  Pendulunw  be- 
T.M.A.  6 
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twixt  Theory  and  Practice  is  not  greater  than  what  maj  be  accounted 
for  on  that  Supposition.  I  ehall  also  observe,  that  although  the  Hatter 
of  the  Earth  were  entirely  uniform,  yet  the  Hypothesie  of  its  being  a 
true  Spheroid  is  not  near  enough  the  Truth  to  give  the  dumber  of  Vi- 
brations which  a  Feudalnm  makes  iu  twentj-fuur  Hours. 

He  concludes  thus : 

But  after  the  Frerich  Gentlemen  wlio  are  now  about  measuring 
&  Degree,  and  making  Experiments  with  FeudnlumB  in  the  North  and 
South,  shall  have  finished  th<^ir  Design,  we  may  expect  new  Light  in 
this  Matter.  * 

158.  Stirling's  mathematical  powers  were  liighly  esteemed 
by  his  coDtemporariea.  Clairaut  calls  him  "one  of  the  greatest 
Qeometricians  I  know  in  Europe."  Philosophical  TratisacHom, 
Vol.  SL.  page  278.  See  also  Maclaurin'n  Fluxions,  page  691 ; 
Todhunter's  Htatory  of  the  Theory  o/  Probahility,  pages  188,  190. 

Stirling's  name  seems  to  be  omitted  in  the  ordioarj  biogra* 
phical  dictionaries.  The  Abridgement  of  the  Philosophical  Trans- 
actione  by  Hutton,  Shaw,  and  Pearson,  contains  some  notices 
entitled  Biography;  or.  Account  of  Authors.  All  that  is  there 
recorded  of  Stirling  is  in  Vol.  vi.  page  428,  where  we  read  :  "  This 
very  respectable  mathematician  was  agent  for  the  Scotch  Mine 
Company,  Leadhills.  He  died  the  5th  of  December,  1770."  Sir 
John  Leslie  gives  an  interesting  notice  of  Stirling  in  the  DiBser- 
tation  on  the  Progress  of  Mathematical  and  Physical  Science,  which 
forms  part  of  the  Encydopcedia  Britannica :  see  page  711  in  the 
eighth  edition  of  the  Encyclopcedia. 
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159.  In  this  Chapter  we  shall  give  an  account  of  certain 
memoii-s  by  Clairaut ;  these  exhibit  the  high  mathematical  power 
of  their  author,  and  form  the  origin  oi  the  researches  afterwards 
embodied  by  him  in  his  great  work  entitled  Th4orie  de  la  Fiffure 

.  de  la  Terre. 

160.  In  the  Paris  M4nunrea  for  1733,  published  in  173fi,  wa 
have  a  memoir  by  Clairaut,  entitled  Determination  g^omitrique  de 
la  Perpendicidaire  i  la  Mdridienne  trade  par  M.  Cassitii;  avec 
plusieurs  MSthodes  d'en  tirer  la  grandeur  et  la  figure  de  la  Terre. 
The  memoir  occupies  pages  406,  .,416  of  the  volume. 

Clairaut  shews  that  by  such  a  process  as  Cassini  adopted,  the 
curve  of  minimum  length  between  its  extreme  points  on  the 
snrface  of  the  Earth  is  obt.ained ;  and  this  curve  is  not  in  general 
a  plane  curve,  unless  the  Earth  is  a  sphere- 

Clairaut  then  proceeds  to  investigations  respecting  curves  of 
minimum  length.  For  a  surface  of  revolution  he  obtains  the 
property,  now  well  known,  that  the  sine  of  the  angle  made  by  the 
curve  at  any  point  with  the  meridian  varies  inversely  as  the 
length  of  the  perpendicular  from  the  point  on  the  axis  of  revolu- 
tion. He  gives  special  attention  to  the  case  in  which  the  surface 
is  an  ellipsoid  of  revolution. 

A  mistake  occurs  on  page  414,  which  also  influences  page  416.    - 
Clairaut  says  that  if  m  is  greater  than  unity  it*  —  1  +  -^  is  obviously 

6— a 
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greater  than  — -,-   +  -, ;  but  m*  —  1  ia  a  negative  quantity,  and  bo 
his  statement  is  wrong. 

161.  In  the  Paris  Memoires  for  1735,  published  in  1738,  we 
have  a  memoir  by  Clairaut  entitled  Sur  la  nouvdle  MAkode  de 
M.  Cassini,  pour  conruAtre  la  Figure  de  la  Terre.  The  memoir 
occupies  pages  117.. 122  of  the  volume. 

This  memoir  consists  of  simple  and  interesting  investigations 
of  the  geometrical  theorems  involved  in  the  application  of  Cassini's 
method. 

An  important  proposition  in  solid  geometry  occurs  here,  per- 
haps ior  the  first  time.  At  any  point,  M,  of  a  sur&ce  of  revo- 
lution, let  a  normal  section  be  made  at  right  angles  to  the  plane 
of  the  meridian ;  then  the  radius  of  curvature  of  this  section  at  M 
is  the  length  of  the  normal  between  M  and  the  axis  of  revolution. 
Clairaut's  demonstration  is  sound ;  but  he  leaves  to  his  readers 
the  trouble  of  constructing  a  digram  without  any  directions. 

162.  In  the  Paris  Memoires  for  1736,  published  in  1739,  we 
have  a  memoir  by  Clwraut,  entitled  Sur  la  Meavre  de  la  Terre  par 
plvmeurs  Arcs  de  M^ridien  pris  d  diffirentes  Latitudes.  The 
memoir  occupies  pages  111. ..120  of  the  volume. 

Let  a  be  the  abscissa  and  t/  the  ordinate  of  any  point  on  a 

curve ;  and   suppose   that  the  radius   of  curvature  is  equal   to 

dx 
a  +  bA  +  cA*  + . . . ,  where  A  is  the  angle  whose  tangent  is  -r- ,  and 

a,  ft,  c,...  are  constants.    Then  Clairaut  shews  how  we  may  express 
X  and  y  in  terms  of  z,  which  denotes  the  sine  of  A. 

He  practically  confines  himself  to  the  case  in  which  the  above 
series  contains  only  the  three  terms  explicitly  given ;  and  for  this 
case  he  calculates  some  numerical  results  which  might  be  useful 
for  application  to  the  arcs  about  to  be  measured  in  Lapland  and 
Peru,  compared  with  that  measured  in  Franca 

Let  m  denote  the  excess  of  the  radius  of  curvature  at  the 
equator  above  that  at  latitude  -15',  and  let  p  denote  the  excess  of 
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the  radius  of  curvature  at  latitude  45°  above  that  at  67* ;  then 

Clairaut  finds  a  — SSftV —     ^°^  '^^  equatorial  semi-diameter, 

and  a  +  ■— -^-^ — "  for  the  polar  semi-diameter.  I  have  cor- 
rected a  sign  in  the  former  value.  On  the  Casainian  hypothesis 
m  and  p  will  both  be  positive,  on  the  Newtonian  hypothesis  they 
will  both  be  negative. 

163.  We  have  next  to  consider  a  memoir  by  Clairaut  entitled 
Investigationes  aliquot,  ex  quifms  prob^ur  Terrce  Jiguram  secundum 
Leges  attractionis  in  ratione  inversd  quadrati  diatantiantm  masimi 
ad  EUipsin  accedere  debere,  per  Dn.  Alexin  Clainatt,  Reg.  Sodet, 
Lond.  et  Reg.  Scient.  Acad.  Paris,  Soc. 

This  memoir  occupies  pages  ld...2o  of  Number  445  of  the 
Pkiloeopkical  Transactions;  which  is  for  the  months  January... 
June,  1737.  The  Number  forms  part  of  Vol.  xL.  which  is  for  the 
years  1737,  1738,  and  is  dated  1741. 

The  object  of  the  memoir  is  to  demonstrate  Newton's  postulate ; 
see  Art.  44.  Clairaut  obtains  an  approximate  expression  for  the 
attraction  of  an  oblatum  at  any  point  of  its  surface ;  and  thus 
shews,  that  with  a  suitable  value  of  the  eUipticity  the  resultant  of 
the  attraction  and  centrifugal  force  at  any  point  of  the  surface 
will  be  normal  to  the  surface  at  that  point. 

164.  In  Churaut's  work  on  tiie'Figure  o/the  Earth  he  did  not 
reproduce  this  approximate  solution  of  the  problem  of  the  homo- 
geneouB  oblatum  i  for  Maclaurin  had  in  the  meantime  given  an 
exact  determination  of  the  attraction  of  such  a  body,  and  so 
Clairaut  followed  him  and  exhibited  an  exact  solution :  see 
Clairaut's  Figure  de  la  Terre,  pt^e  157.  But  the  method  used 
in  this  memoir  for  the  homogeneous  oblatum  is  used  in  the 
work  for  the  heterogeneous  oblatum:  pages  233. ..243  of  the 
work  reproduce  the  esseace  of  this  veiy  ingenious  method. 

165.  In  this  memoir  we  have  for  the  first  time  the  approxi- 
mate method  of  determining  the  attraction  of  an  oblatum  on  a 
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particle  at  its  pole,  which  still  retains  a  place  in  elementary  works : 
see  Staties,  Art.  217.  The  method  occurs  in  the  Fiffure  de  la 
Terre,  pages  23i)... 243,  where  it  is  used  for  a  particle  situated  at 
any  point  of  the  polar  axis  produced. 

166.  We  may  observe  that  (!lairaut's  memoir  begins  rather 
in  auspiciously  by  apparently  adopting  the  error  we  have  noticed 
in  Newton  and  David  Gregory :  see  Arts.  33  and  84.  However,  as 
we  proceed  we  find  that  Clairaut  really  understood  the  theorem 
correctly :  see  especially  page  24  of  the  memoir,  and  also  pages 
188. ..190  of  the  Figure  de  la  Terre. 

167.  The  next  memoir  is  entitled.  An  Inquiry  concerning  tke 
Figure  of  such  Planets  as  revolve  about  an  Axis,  supposing  the 
Denaity  continually  to  vary,  from  the  Centre  towards  tke  Surface  ; 
hy  Mr.  Alexis  Clairaut,  F.B.9.  and  Member  of  the  Royal  Academy 
of  Bdences  at  Paris.  Translated  from,  the  French  by  the  Eev. 
John  Colson,  Lucas.  Prof  Math.  Cantab,  and  F.R.8. 

This  memoir  occupies  pages  277.. .306  of  Number  449  of  the 
Philosophical  Transactions,  which  is  for  the  months  August  and 
September,  1738.     The  Number  forms  part  of  Vol  XL. 

168.  Clairaut  begins  by  adverting  to  Newton's  researches  on 
the  Figure  of  the  Earth,  and  especially  to  his  important  postulate; 
see  Art.  44.     Clairaut  says : 

Wkat  at  Erst  seem'd  to  me  worth  examining,  when  I  apply'd  my- 
self to  thiA  Subject,  was  to  know  why  Sir  Itaac  aesumed  the  Conical 
Ellipais  for  the  Figure  of  the  Earth,  when  he  wae  to  determine  its 
Axis 

1  began  then  with  convincing  myself  by  Calculation,  that  the  Meri- 
dian Of  the  Ekrth,  and  of  tLe  other  Planets,  is  a  Curve  very  nearly 
approaching  to  an  Ellipsis ;  bo  that  no  sennible  Error  could  ensue  by 
Bupposiug  it  really  muh.  I  had  the  Honour  of  communicating  my 
DemonHtntiun  of  this  to  the  Boyai.  Socierr,  at  the  Banning  of  the 
last  Year ;  and  1  have  itince  been  infbrm'd,  that  Mr  Stirling,  one  of  the 
greatest  Qeometricians  1  know  in  Europe,  bad  inserted  a  Discourse  in 
the  Philosophical  TransaelUms,  Ko.  438.  wherein  he  had  found  the  same 
thing  before  me,  but  without  giving  hia  Demonstration.     When  I  sent 
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that  Paper  to  London,  I  was  in  Lapland,  within  the  frigid  ^one,  -when 
I  could  have  no  Recourse  to  Mr  Stirtin^a  Discourse,  so  that  I  could  not 
take  any  2Totic«  of  it. 

Of  course  Clairaut  did  not  demonstrate,  as  he  says,  that  the 
meridian  i3  nearly  an  ellipse,  but  only  that  an  ellipse  is  an  ap- 
proximate solution.  As  we  have  stated  in  Art.  ISO,  the  earlier 
writers  often  assumed  that  a  fluid  mass,  if  acted  on  by  no  external 
force,  would  necessai-ily  assume  a  spherical  form.  Id  like  manner, 
when  Newton's  postulate  had  been  established,  it  was  often  aa- 
Bumed,  as  here  implicitly  by  Clfuraut,  that  a  fluid  mass  rotating 
with  imiform  angular  velocity,  and  in  relative  equilibrium,  would 
i^ceasarily  assume  the  form  of  an  oblatum. 

169.  The  first  part  of  the  present  memoir  determines  the 
attraction  at  any  point  of  an  ellipsoid  of  revolution,  supposing  it 
to  be  composed  of  similar  strata  vaiying  in  density.  The  inves- 
tigations are  only  approximate,  extending  to  the  first  power  of 
the  ellipticity. 

All  that  this  part  of  the  memoir  contains  is  included  in 
Cloiraut's  Figure  de  la  Tel-re^  but  in  the  work  there  is  a  gain  both 
aa  to  simplicity  and  to  generality.  Problem  I.  of  the  memoir  cor- 
responds to  Section  45  on  pages  239. ..213  of  the  work.  Pro- 
blem II.  and  Problem  III.  of  the  memoir  are  included  in  Section 
46  on  pages  243. ..247  of  the  work.  The  Theorem  on  page  282 
of  the  memoir  corresponds  to  Section  44  on  pages  236. -.239  of 
the  wSrk.  Problem  IV.  of  the  memoir  corresponds  to  Sections 
24  and  25  on  pages  200.. .202  of  the  work.  Problem  Y.  of  the 
memoir  corresponds  to  Section  26  on  pages  203.. .208  of  the 
work ;  the  investigation  is  given  at  full  in  the  work,  but  only  the 
result  in  the  memoir.  Problem  VI.  and  Problem  VII.  of  the  me- 
moir are  included  in  Section  29  on  pages  209... 218  of  the  work. 

The  work  is  more  general  than  the  memoir.  In  the  memoir 
it  is  assumed  that  the  strata  are  similar,  so  that  the  ellipticity  ia 
the  same  for  alt  the  strata ;  in  the  work  this  is  not  assumed.  In 
the  work  the  formulae  contain  a  general  symbol  to  represent  the 
density;  in  the  memoir  a  law  of  density  is  assumed,  the  density 
being  denoted  hyfi^  +  gi^,  where/  g,p,  j  are  constants,  and  r  is 
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the  variable  polar  semi-axia  of  the  strata:  the  iategrationa  are 
effected  in  the  memoir,  but  the  formulee  are  thus  rendered  lesa 
simple  in  appearance  than  the;  are  in  the  work. 

170.  The  second  part  of  the  memoir  contains  the  application 
of  the  first  part,  to  find  the  figure  of  a  nearly  spherical  fluid  mass 
which  rotates  about  an  axis. 

This  part  is  unsatisfactory,  because  the  only  condition  of  equi- 
librium which  Clairaut  regards  is,  that  the  resultant  action  at 
every  point  of  the  free  surface  shall  be  normal  to  the  surface  at 
the  point.  This  is  not  sufficient  for  the  equilibrium  of  a  hetero- 
geneous fluid  mass.  Clairaut  discovered  his  error,  and  acknow- 
ledged it ;  see  page  155  of  his  Figure  de  la  Terre :  here  he  allows 
that  his  investigations  in  the  memoir  are  untenable,  except  on  the 
supposition  that  the  interior  parts  of  the  Earth  had  been  originally 
solid.  In  the  Sections  37  and  39,  on  pi^es  225,  226,  228,  and 
229  of  the  work,  we  have  an  equivalent  for  pages  28S.,,29i  of  the 
memoir,  but  expressed  more  accurately. 

171.  On  page  294  of  the  menloh-,  we  have  the  first  appear- 
ance of  the  theorem  which  is  now  known  as  Ctairaufs  Theorem: 
see  Section  49,  on  pages  249,  250  of  the  Figure  de  la  Terre.  We 
will  state  the  theorem.  From  the  value  of  gravity  at  the  pole 
subtract  the  value  of  gravity  at  the  equator,  and  divide  the  re- 
mainder by  the  value  of  gravity  at  the  equator ;  this  fraction  we 
shall  call  Clairavt's  fraction.  Then,  Claii-a'ut's  Theorem  asserts 
that  the  »um  of  the  eUipticity  of  tiie  surface  and  Clairavt's  Jraction 

,  is  equal  to  twice  the  eUipticity  of  the  Earth  considered  as  a  homo- 
geneous fluid.  We  shall  defer  the  demonstration  of  the  theorem 
until  we  give  an  account  of  Clturaut's  Figure  de  la  Terre. 

172.  Clairaut  deduces  from  his  theorem  a  result  contrary  to  a 
statement  made  by  Newton ;  see  Art.  30. 

Clairaut,  speaking  of  Newton,  says : 

He  aflirmB,  thut  the  Eurth  is  denser  towards  the  Centre  than  at  the 
Superficies,  dud  more  depress'd  tban  his  Spheroid  requires.  But  by  the 
foregoing  Theory  we  may  easily  perceive,  that  if  the  Density  of  tha 
Earth  diminishes  from  the  Centre  towurda  the  Superficies,  the  Dimina- 
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ti<ni  of  Qrftvitf  from  the  Pule  tDTarda  the  Equator  will  be  greater  than 
ftcocffdiog  to  Sir  Itaatfa  Table ;  bat  at  the  same  time  the  Earth  will  not 
be  BO  mnch  depreaa'd  as  hie  Spheroid  requires,  instead  of  being  more  so, 
as  he  affirms. 

The  two  BtatemeDts  made  by  Clairaut  are  connected  by  bis 
Theorem,  so  that  one  will  follow  from  the  other.  In  the  Section 
38,  on  pages  226,  227  of  his  work,  he  shews  that  if  the  density  di- 
minishes from  the  centre  to  the  surface,  the  ellipticity  is  in  ffeneral 
less  than  for>the  bomc^neoua  body:  the  condition  which  preventa 
the  statement  from  being  universally  true  is  there  given. 

Clairaut  proceeds  to  say : 

Yet  I  would  not  by  any  means  be  onderstood  to  decide  against  Sir 
Itaae'a  Detenu Jnatiou,  becanxe  I  cannot  be  assured  of  his  Meaning, 
wtiEu  he  tells  ns,  th«t  the  Density  of  the  Earth  dimimshes  from  the 
Centre  towards  the  Circumference.  He  does  not  explain  this,  and 
perhapB  inatead  of  the  Earth's  being  compoa'd  of  parallel  Beds  or  Strata, 
its  Farts  may  be  canoeived  to  be  otherwise  arranged  and  disposed,  so  as 
that  the  Propoution  of  Sir  I»aac  shall  be  agreeable  to  the  Truth. 

In  his  Figure  de  la  Terre,  however,  Claiittut  does  not  hesitate 
to  decide  against  Newton :  see  Art  30. 

173.    As  an  esample,  Clfuraut  takes  the  following  case: 

Setting  aside  all  Attraction  ot  the  Parts  of  Matter,  if  the  Action  of 

Gravity  is  directed  towards  a  Centre,  and  is  in  the  reciprocal  Batio  of 

the  Squares  of  the  Distances,  the  Ratio  of  the  Axes  of  the  Spheroid  will 

then  be  that  of  d7G  to  577  :  And  the  Gravity  at  the  Pole  is  greater 

tha^  at  the  Equator  by  jjj  th  Part,  or  thereabouts.     Which  may  be  a 

Confirmation  of  what  is  hare  adiranced,  especially  to  such  as  will  not  be 
at  the  Fains  of  going  through  the  foregoing  Calculations.  Por  we  may 
consider  the  Spheroid  now  mentioned,  in  which  Gravity  acta  in  a 
reciprocal  Ratio  of  the  Squares  of  the  Distanoe^  as  composed  of  Matter 
of  such  Rari^,  in  respect  of  that  at  the  Centre,  that  the  Gravity  is 
produced  only  by  the  Attraction  of  the  Centre  or  Nucleus. 

This  is  the  first  appearance  of  a  problem  which  may  be  de- 
scribed as  a  companion  to  that  discussed  by  Huygens ;  and  which 
has  sometimes  been  erroneously  ascribed  to  Huygens:  see  Art  f>4. 
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174.  Clairaut  makes  some  remarks  oa  the  two  priDciples  which 
were  then  in  use  for  determining  the  form  of  a  fluid  in  equili- 
brium, namely,  Newton's  principle  of  balancing  columns  and 
Huygens's  principle  of  the  plumb-line:  he  states  the  reasons  which 
induced  him  to  adopt  the  latter  principle.  He  proceeds  to  exar 
mine  whether  the  solution  which  he  has  obtained  does  make  the 
polar  and  equatorial  columns  balance ;  he  finds  that,  in  order  to 
secure  this,  a  certain  relation  must  hold  among  the  constants 
which  enter  into  the  expression  for  the  density.  In  fact,  as  we 
have  already  stated,  Clairaut's  solution  in  the  memoir  did  not 
satisfy  all  the  necessary  conditions :   see  Art.  170. 

17((>  Clairaut  demonstrates  a  result  on  pages  302. ..304  of 
the  memoir,  which  though  quite  obvious  on  the  modem  theory 
of  fluid  equilibrium  must  have  appeared  remarkable  at  the  time. 
We  will  state  the  general  proposition  of  which  his  result  is  a 
particular  case.  Suppose  a  solid,  not  necessarily  homogeneous, 
covered  with  a  stratum  of  homogeneous  fluid  which  is  in  equili- 
brium ;  then  if  a  fine  channel  be  made  in  the  body  from  one 
point  of  the  fluid  t<i  another,  and  be  filled  with  the  fluid,  the 
fluid  in  the  channel  will  remain  in  equilibrium.  In  fact,  the 
pressure  p  at  any  point  of  the  channel  of  fluid  can  theoretically 
be  found  so  as  to  satisfy  the  necessary  conditions. 

176.  The  memoir  closes  with  some  reference  to  the  results 
obt^ned  by  observations.  Clairaut  admits  that  those  furnished 
by  the  expedition  to  Lapland  do  not  agree  well  with  the  theory ; 
for,  according  to  these,  each  of  the  two  fractions  which  occurs  in 

Clairaut's  Theorem  is  greater  than  ^- .     However  he  will  wait 

for  the  observations  made  in  Peru. 

177.  In  the  Paris  Mimoirea  for  1739,  published  in  1741, 
there  is  a  memoir  by  Clairaut,  entitled  Suite  tf  un  Memoire  donn{ 
en  1733,  qai  a  pour  titre :  Determination  Q4om4trique  d«  la  Per- 
pendiculaire  a  la  M4ndienne,  &c.  The  memoir  occupies  pages 
83... 96  of  the  volume. 

In  modem  language  we  should  say  that  this  memoir  relates 
to  geodesic  curves  on  the  surface  of  an  ellipsoid  of  revolution. 
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The  investJgatioDS  are  approxinutte,  extending  to  the  first  power 
of  the  ellipticity. 

It  may  be  interesting  to  give  a  epecimen  of  CUiraut's  inves- 
tigations. 

Let  the  polar  aemi-diameter  be  taken  for  unity,  and  let  — 

denote  the  equatorial  seroi-diameter.  Let  x  denote  the  longitude 
of  any  point  in  a  geodesic  curve,  measured  from  the  meridian 
which  the  geodesic  curve  crosses  at  right  angles;  let  t  denote 
the  cotangent  of  the  latitude  of  this  point ;  let  p  denote  the 
value  of  t  when  x  =  0',   then 

riairaut  established  this  formula  in  his  memoir  of  1733 ;  and  it 
may  be  easily  obtained  from  weU-kuowa  works  on  solid  geometry. 

Now  put  m=l  —  a,  and  suppose  a  so  smiJl  that  its  square 
may  be  neglected ;  thus  we  get 

dx  p        _  ____  apt 

henoe       «  -  sm  ' -^-^  -  ;^-^-^  sm    ^^^ (1). 

Clairaut  does  not  use  the  symbol  sin"' ;  but  he  proposes  the 
symbol  As  to  denote  what  we  denote  by  sin"'  s. 

The  equation  (1)  determines  x  when  t  is  known.  Now 
Clairaut  proceeds  to  determine  t  from  it  wlien  x  is  known ;  and 
for  this  he  employs  a  special  process,  which  we  will  now  explain. 

Suppose  that  (=t+At,  where  t  is  the  value  of  t  which 
would  correspond  to  the  known  value  of  x  when  a  ia  zero,  and  so 
At  is  very  small.     Hence  from  (1)  we  get 

.    ..VCt'-p')  Pa  op  .   -,V(t'-p') 

'f"^^  jjj 
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But  by  supposition      as  =  Bin"*  —^ ~ . 

Hence,  neglecting  the  term  which  iDTolves  the  product  of 
a  and  At,  we  have  from  (2) 

P  A^  _       °P       „:„-.  V(-^-P^ 

This  fumiebes  the  correction  At,  which  will  be  required  in  the 
cotangent  of  the  latitude  when  calculated  for  a  sphere,  in  order 
to  obtain  the  value  for  the  ellipsoid  of  revolution. 

Clairaut  himself  uses  t  for  our  t,  and  dt  for  our  At. 

Clairaut's  memoir  consists  of  the  Bolution  of  four  problems ; 
the  other  three  resemble  that  which  we  have  taken  as  a  specimen. 
They  are  illustrated  by  numerical  application  to  an  oblatum  in 

which  «=T7wi;    this  value  Clairaut  says  does  not  differ  much 

from  that  obtained  by  means  of  the  degree  of  the  meridian  mea- 
sured at  the  polar  circle. 

This  memoir  is  the  last  of  the  series  of  Clairaut's  contributions 
to  our  subject  before  the  publication  of  his  work  entitled  TMorie 
de  la  Figure  de  la  Terre,  which  we  shall  examine  in  Chapter  XL: 
we  now  proceed  to  give  an  account  of  the  measurement  in  Lap- 
land, to  which  allusion  has  just  been  made. 
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CHAPTER  VII. 

ARC  OF  THE  MERIDIAN  MEASITRED  IN  LAPLAND. 

178-  The  Academy  of  Sciences  at  Paris  seems  to  have  nelected 
the  problem  of  the  Figure  of  the  Earth  as  peculiarly  its  own. 
But  the  success  hitherto  attained  scarcely  corresponded  to  the 
labour  which  had  been  expended;  partly  perhaps  owing  to  the 
fact  that  the  able  observers,  tnuned  by  the  astronomers  who  bore 
the  justly  celebrated  name  of  Cassini,  bad  adopted  the  oblong 
form  and  maintained  it  firmly. 

In  order  to  settle  the  question  in  dispute  between  the  Cassinians 
and  the  Newtonians,  the  scheme  was  seriously  proposed  in  1733  of 
measuring  an  arc  of  the  meridian  near  the  equator,  in  order  to 
compare  the  corresponding  length  of  a  degree  with  that  which  bad 
been  obtained  from  the  French  arc  by  Ficard  and  by  J.  Cassini 
The  task  was  entrusted  to  tbree  members  of  the  Academy, 
Bouguer,  La  Condamine,  and  Oodin,  who  started  in  Hay,  1735. 
Two  Spanish  naval  officers,  Juan  and  Ulloa,  assisted  in  the  work. 

179.  After  this  expedition  had  started  for  Peru  it  was  re- 
solved to  measure  also  an  arc  as  near  as  possible  to  the  pole:  see 
Ia  Condamine,  Journal  du  Voyage...  page  1.  This  task  was 
entrusted  to  four  members  of  the  Academy,  Maupertuis,  Clairaut, 
Camus,  and  Le  Monnier;  moreover  I'Abb^  Outbier,  who  was  a 
correspondent  of  the  Academy,  and  Celsius,  who  was  professor  of 
Astronomy  at  Upsal,  were  associated  with  the  Academicians. 

180,  The  Arctic  expedition  seems  to  me  to  have  been  stronger 
than  the  Equatorial     llie  genius  of  Clairaut  outshone  that  of  the 
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whole  Academy,  which  was  Dot  yet  adorned  by  the  rising  epleii- 
dour  of  D'Alembert.  But  even  if  we  leave  out  of  consideration 
this  tranBcendant  name  the  Giiperiority  remains,  I  think,  still 
with  the  Arctic  party.  I  should  place  Maupertuis,  Camus,  and 
Le  Monnier,  above  Bouguer,  La  Coudamine,  and  Godin;  while 
the  priest  and  the  professor  who  accompaDied  the  former  are 
at  least  equal  to  the  two  sailors  who  assisted  the  latter. 

The  two  operations  were  conducted  on  different  principles. 
The  members  of  the  Arctic  expedition  worked  in  harmony  under 
the  general  direction  of  Maupertuis.  Ln  Oondamine  calls 
Maupertuis,  the  senior  (faJioten)  of  the  party.  Journal  du  Voyage. . . 
page  iii. ;  and  Maupertuis  is  called  Chef  de  VentTeprise  du  Nord 
in  the  Histoire  de  tAcad^mie... for  1737,  page  96.  There  was  but 
little  cordiality  in  the  Equatorial  party;  and  the  three  Acade- 
micians perfonned  much  of  their  work  separately.  Thus  in  the 
former  case  we  find  friendship  and  subordination;  tad  in  the 
latter  case  isolation  and  independence.  On  a  purely  scientific 
estimate  it  may  be  maintained  that  there  are  advanti^es  in  each 
course  which  the  other  does  not  secure. 

We  are  here  concerned  only  with  the  Arctic  party  which  left 
Paris  on  the  20th  of  April,  1736.  Two  narratives  of  the  proceed- 
ings were  printed ;  we  will  now  describe  these  works. 

181.  Maupertuis  published  La  Figure  de  la  Terre  d^^rminSt 
par  lea  obeerv<UiQns...au  cercle  polaire.  Paris,  1738.  This  is  an 
octavo  volume;  the  Title,  Preface,  and  Table  of  Contents,  occupy 
xsviii.  pages;  the  text  occupies  184  pages;  there  are  9  plates 
besides  s  map. 

In  the  historical  portion  of  the  Paris  Mimoirea  for  1737,  pages 
90.. .96  relate  to  the  Arctic  expedition:  the  date  of  publication  is 
1740.  Moreover,  in  this  volume,  page*  1...130  of  Maupertuis's 
work  are  reprinted;  they  occupy  pages  389. ..165  of  the  volume. 
Maupertuis  here  says  there  have  been  too  many  editions  of  his 
book  in  various  languages  to  render  it  necessary  to  repeat  the 
other  observations  made  in  the  North :  he  contents  himself  with 
referring  to  the  observations  on  the  force  of  gravity,  and  repro- 
duces tiie  Table  which  occurs  on  page  181  of  his  book. 
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It  is  stated  by  La  Condamine  that  Maupeituie's  vork  vns 
translated  into  all  the  languages  of  Europe :  Journal  du  Voyage. . . 
page  iii.  I  have  seen  a  German  translation  and  a  Latin  tranela- 
tioD.  The  German  translation  was  published  at  Zurich  in  1741; 
it  contains  also  a  dedication  to  Frederic  III,  of  Prussia,  by  Samuel 
Eduig,  an  introduction  by  the  translator,  and  a  memoir  by  Celsius 
on  Cassini's  work  Se  la  Grandeur  tide  la  Figure  de  la  Terre.  The 
Latin  translation  was  published  at  Leipsic  in  1742;  it  contains 
^30  an  introduction  by  the  translator,  Alaricus  Zeller :  he  saya 
on  the  third  pa^  of  his  introduction  that  he  has  preserved  the 
paging  of  the  Amsterdam  edition  in  his  margin.  This  translator's 
introduction  contains  some  criticisms  which  are  not  devoid  of 
interest;  they  do  not  however  practically  affect  the  determination 
of  the  length  of  the  degree  of  the  .meridian,  but  relate  to  inci- 
dental matters,  such  as  refraction.  There  are  also  a  few  notes  to 
the  translation,  which  supply  corrections  of  alight  misprints  or 
mistakes. 

There  is  an  English  translation  which  I  have  not  seen. 

182.  Outhier  published  Journal  d'un  Voyage  au  Nord. ..,  Paris, 
1744  This  is  a  quarto  volume;  the  Half-title,  Title,  Dedication, 
and  Preface,  are  on  eight  pages;  the  text  occupies  238  pages, 
followed  by  two  pages  which  contain  an  Extrait  des  Eegistres  de 
VAcadhnK...,  and  the  Privilege  du  JBoi.  According  to  the  Table 
dee  figures  on  page  238,  there  ought  to  be  18  plates.  But  in  the 
single  copy  which  I  have  seen  there  are  only  16  plates.  The  plate 
which  is  marked  15  in  the  list  does  not  occur;  there  is  only  one 
plate  corresponding  to  the  two  which  are  marked  9,  10  on  the 
list;  and  there  are  only  two  plates  corresponding  to  the  three 
which  are  marked  €,  7,  8  on  the  list.  On  the  other  hand,  there  is 
a  Veile  de  la  Montagne  de  Niemi,  du  cdU  du  Midy,  which  is  not 
named  in  the  list. 

Outhier's  work  seems  never  to  have  attracted  much  attention 
and  to  be  now  scarce. 

18S.  The  calculations  and  the  theoretical  deductioDs  are  given 
most  fully  by  Haupertuis;  the  details  of  tlie  daily  occupatioDs  of 
the  party,  and  the  peculiarities  of  the  conotiy  and  of  the  inbabit- 
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ants,  are  given  most  fully  by  Outhier.  I  shall  refer  to  the  pages 
of  Maupertuis  in  the  origioal  French  edition,  and  distinguish  them 
by  the  letter  M.     I  shall  refer  to  Outhier's  work  by  the  letter  O. 

184.  Maupertuis  was  for  a  long  time  in  doubt  whether  he 
should  go  to  Iceland,  to  Norway,  or  lo  the  Gulf  of  Bothnia ;  he 
decided  for  the  last,  intending  to  carry  on  his  operations  among 
the  islands  along  the  shores  of  the  Oulf  O.  3.  But  on  examina- 
tion these  islands  were  found  to  be  too  low,  and  too  near  the  shore, 
to  form  advantageous  stations ;  and  after  some  consideration 
Maupertuis  resolved  to  proceed  to  the  mountains  north  of  Tornea, 
which  is  at  the  head  of  the  Gulf.     M.  11 ;  O.  52. 

Finally  Tornea  was  taken  as  the  most  Southern  station,  and 
Kittis  as  the  most  Northern  ;  both  are  on  the  river  Tornea,  and 
nearly  on  the  same  meridian.  The  other  stations  were  mountains 
not  far  from  the  river.  The  base  which  was  to  be  measured  was 
chosen  about  midway  between  Tornea  and  Kittis,  and  the  estremi- 
tiea  denoted  by  signals.     M.  3d;  0.  86. 

All  the  geodetical  angles  were  observed  in  the  space  of  about 
two  months,  between  the  banning  of  July  and  the  beginning  of 
September,  1736.  The  observations  were  made  with  a  quadrant 
of  two  feet  radius.    M.  33,  79;  0.  20*.. .219. 

185.  The  next  step  was  to  determine  the  difference  of  latitude 
of  the  extreme  points  of  the  arc.  The  star  S  Draconis  was  selected 
which  passed  the  meridian  very  near  to  tlie  zenith  ;  observations 
of  this  star  were  made  at  Kittis  on  the  4th,  5th,  6th,  8th,  and  lOtb 
of  October ;  and  at  Tornea  on  the  first  five  days  of  November. 
The  difference  of  zenith-distance  was  found  to  be  57'  25".  55. 
M.  104. 

The  instrument  used  for  determining  this  difference  of  zenith- 
distance  was  a  zenith-sector  made  by  Graham  at  London;  the 
instrument  resembled  that  nsed  by  Bradley  in  the  observations 
which  established  the  aberration  of  light.  M.  38.  A  copper 
telescope-tube  of  nine  feet  long  formed  one  radius  of  the  sector ; 
the  extent  of  the  arc  of  the  sector  was  5"^,  graduated  at  every  7'J. 
At  the  focus  of  the  telescope  were  fixed  two  wires  at  right  angles 
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The  telescope  and  the  arc  formed  one  iiistrumeDt.  A  large 
pyramid  of  wood  12  feet  higb  served  as  the  support  of  the  instru- 
ment. M.  38,  94.  The  inBtrument  could  turn  freely  round  a  hori- 
zontal axis ;  it  was  moved  by  a  micrometer  screw  acting  in  oppo- 
sition to  a  weight.  A  plumb-line  was  suspended  from  the  centre 
of  motion,  and  marked  on  the  graduated  arc  the  angle  through 
which  the  instrument  had  been  turned.  The  absolute  zenith- 
distance  of  a  star  at  a  given  place  was  not  determined  by  the 
French  observers,  but  only  the  difference  of  zenith-distance  at 
two  given  places. 

186.  The  base  was  measured  on  the  frozen  surface  of  the  river 
Tomea,  very  nearly  in  the  direction  of  the  stream ;  the  extremities 
of  the  base  were  on  the  land.  The  measurement  was  begun  on 
December  21st,  and  occupied  a  week.  Eight  rods  of  fir  were 
employed,  each  five  toises  long;  the  correct  length  of  these  rods 
was  determined  by  the  aid  of  an  iron  toise  which  had  been  care- 
fully adjusted  to  the  length  of  the  standard  toi9e  at  Paris.  0. 137. 
This  iron  toise  is  known  henceforth  in  the  history  of  the  subject  as 
the  Toiae  du  Nord.  A  similar  iron  toise  had  been  taken  by  the 
Equatorial  expedition,  which  is  known  as  the  Toiae  du  Piroa, 
Neither  Maupertuts  nor  Outhier  records  the  fact  that  these  two 
toises  were  made  at  the  same  time  and  by  the  same  artist, 
Langlois ;  this  we  learn  from  La  Condamine :  see  the  Paris 
Memoirea  for  1772,  Part  u.  pages  482.. .501. 

187.  The  measurers  of  the  base  divided  themselves  into  two 
bands ;  each  band  had  four  of  the  fir  rods,  and  measured  independ- 
ently :  the  length  of  the  base  was  found  to  be  7406  toises  6  feet 
4  inches  by  one  band,  and  7406  toises  5  feet  1^  the  other  band. 
After  the  measurement  was  finished  three  of  the  party  verified 
that  no  error  could  have  arisen  in  counting  the  hundreds,  by  using 
a  cord  50  toises  long  over  the  whole  base.     0. 144. 

The  sun  scarcely  rose  above  the  horizon,  but  the  twiUght,  the 
white  snow,  and  the  Aurora  Borealis  supplied  enough  light  for 
four  or  five  hours  work  daily.     M.  51. 

188.  It  followed  from  the  length  of  the  base  that  the  length 
of  the  arc  of  the  meridian  intercepted  between  the  parallels  of 

T.  M.A.  7 
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Tomea  and  Eittis  was  65023}  toises;  and  that  iLe  length  of  a 
d^ree  of  the  meridian  at  the  Arctic  circle  was  nearly  IMO  toises 
greater  than  the  length  calculated  according  to  the  Caseinian  theoiy 
in  the  book  De  la  Grandeur  et  de  la  Figure  de  la  Terre.     M.  68. 

The  party  then  went  to  Tomea  and  remained  shut  up  in  their 
chamhera  in  a  kind  of  inaction  until  March.  The  difference 
between  their  result  and  that  of  the  Cassinian  theory  waa  bo  great 
that  it  astonished  them ;  and  although  they  considered  their 
operations  to  be  incontestable,  yet  they  resolved  to  execute  some 
rigorous  verifications.  M.  63.  We  read  in  the  Paris  M^moires  for 
1737,  pi^e  94  of  the  historical  portion : 

On  la  tint  fort  aeorette,  tant  pour  se  donner  le  loisir  de  la  reflexion 
mr  nne  chose  pen  attendae,  que  pour  avoir  le  plaitiir  d'en  apporter  it 
Paris  la  premiere  nouvelle. 

189.  The  angles  of  the  triangles  were  supposed  to  admit  of 
no. doubt;  these  angles  had  been  observed  many  times  by  various 
persons ;  and  the  three  angles  of  every  triangle  had  been  observed. 
The  calculations  were  verified  by  combining  the  triangles  in  a 
diSerent  series;  and  also  by  assuming  that  errors  had  arisen  in 
measuring  the  angles,  which  all  tended  to  make  the  length  greater 
than  it  should  have  been.  But  the  length  of  the  arc  of  the 
meridian  still  remuned  without  any  very  decided  diminution. 
M.63...65. 

The  measurement  of  the  base  was  considered  to  be  also  above 
suspicion ;  thus  there  remained  only  the  very  important  point  of 
the  difference  in  latitude  of  the  extreme  stations  ;  and  accordingly 
this  was  redetermined.  The  star  a  Draconis  was  now  selected ; 
observations  of  this  star  on  the  meridian  were  made  with  the 
zenith-sector  at  Tomea  on  the  17th,  18th,  and  I9th  of  March, 
1737,  and  at  Eittis  on  the  4th,  6tb,  and  Gth  of  April :  the  differ- 
ence of  zenith-distance  was  found  to  be  57'  25".  86,    M.  115, 

The  reason  given  in  the  Paris  Mhnoirea  for  1737,  on  page  95 
of  the  historical  portion,  for  going  over  the  astronomical  part  of 
the  work  again  is  that  it  could  be  done  much  more  easily  than  the 
other  parts. 

190.  The  obeervations  for  determining  the  difference  of  lati- 
tude required  corrections  for  aberration,  for  precession,  and  for 
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a  third  inequality  which  had  been  recently  discovered  by  Bradley, 
and  'vrhi(di  is  called  nutation.  No  correction  was  applied  for 
refraction.    M.  125.     See  Bouguer'e  Figure  de  la  Terre,  page  290. 

Thus,  finally,  the  amplitude  of  the  arc  of  the  meridian  -was 
57'  26".  93  by  the  star  £  Draconis,  and  57'  30".  42  by  the  stM- 
a  Draconis ;  the  diSerent^  is  S".  49.  Maupeituis  considered  that 
O''.9o  of  this  difference  was  owing  to  an  inequality  in  the  gradu- 
ation of  the  sector,  which  was  discovered  by  careful  scrutiny. 
M.  124. 

Maupertuis  took  the  mean  of  the  two  results,  57'  28".  67  for 
the  amplitude ;  and  from  this  he  deduced  that  the  length  of  the 
d^ree  of  the  meridian  which  is  bisected  by  the  Arctic  circle  is 
57437.9  toises. 

191.  Important  pendulum  experiments  were  made  at  Fello, 
which  is  close  to  Kittia.  The  result  is  that  a  pendulum  which 
oscillates  in  a  second  at  Paris  will  make  59  more  oscillations  in 
24  hours  at  Pello  than  at  Paris.     M.  172. 

192.  Tbe  Academicians  endured  great  hardships  during  their 
operations.  The  severe  cold  of  the  winter  mtrnths  mnst  have  beeii 
anticipated ;  and  the  precautions  which  the  natives  had  learned 
from  experience  would  afford  some  mitigation  of  this  evii  But 
the  most  painiul  period  of  the  survey  seems  to  have  been  that 
which  was  spent  among  the  mountains  in  observing  the  geodetical 
angles :  in  one  instance  they  remained  for  teu  days  on  a  mountain. 
M.  21.  The  exposure  to  extremes  of  heat  and  of  cold,  the  ex- 
cessive rains,  and  the  want  of  proper  food,  aU  contributed  to  the 
sufferings  of  the  party.  But  the  worst  torment  seems  to  have 
been  that  inflicted  by  insects.  Maupertuis  calls  them  flies,  and 
says  they  were  of  different  kinds.  M.  14, 16,  22.  Outhier  calls 
them  by  various  names ;  flies,  gnats,  midges :  thus  coutfitw  55,  57, 
58,  59,  63,  64,  74,  82 ;  moucherona  64,  66,  75,  79,  82 ;  mowhe* 
57,  58,  64.  Le  Monnier  fell  veiy  ill  M.  24 ;  O.  75,  79,  81.  Ac- 
cording to  Button's  MaAemaikal  IHctionary  the  health  of  Mau- 
pertuis was  permanently  impaired  by  the  hardships  he  underwent. 

The  Academicians  left  Tocnea  in  June,  1737,  and  reached  Parip  . 
in  August  - 
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193.  The  measarement  of  the  arc  of  the  meridian  by  the 
French  in  Lapland  is  historioaUy  the  most  important  of  all  such 
operations.  The  queation  as  to  the  oblate  or  oblong  form  of  the 
Earth  was  decisively  settled. 

Two  generatioDB  of  the  best  astronomical  observers  formed  in 
the  school  of  the  Cassinis  had  struggled  in  vain  against  the 
authority  and  the  reasoning  of  Newton. 

194.  Some  incidental  matters  may  now  be  noticed  which 
present  themselves  in  studying  the  narratives. 

Maupertuifl  says  on  bis  page  xii. : 

Bar  dea  routes  de  100  degtis  en  Longitude,  on  commettroit  des 
errems  d«  pins  de  3  d^^r^s,  si  oavigaaut  snr  le  8ph£roIde  de  M.  Newton, 
on  se  croyolt  sur  oelui  du  Livre  de  la  Oiandeur  et  Figure  de  la  Terre. 

I  cannot  understand  this.  Nothing  is  said  about  the  latitude  ; 
but  the  amount  of  error  in  a  course  of  100  degrees  of  longitude 
will  depend  mainly  on  the  latitude. 

Jn  the  life  of  Maupertuis  in  the  BiograpAie  Universelle,  which 
is  partly  by  Delambre,  reference  is  made  to  the  exaggerations  of 
Maupertuis  on  this  point. 

Clairaut  is  the  mode  of  spelling  which  the  bearer  of  this  dis- 
tinguished name  himself  adopted:  Outbier,  however,  generally 
uses  Clfuraux ;  once  he  has  Clairault.    0.  25. 

Maupertuis,  in  returning  to  France,  was  shipwrecked  in  the 
Gulf  of  Bothnia;  he  merely  alludes  to  this  misfortune  himself: 
but  we  find  from  Outhier  that  the  instruments  were  immersed, 
and  were  cleaned  rather  more  than  a  month  after  the  accident, 
M.  78;  0.169,189. 

195.  The  success  of  the  Arctic  expedition  may  bo  fairly 
ascribed  in  great  measure  to  the  skill  and  energy  of  Maupertuis : 
and  his  &me  was  widely  celebrated.  The  engravings  of  the  period 
represent  him  in  the  costume  of  a  Lapland  Hercules,  having  a 
fur  cap  over  bis  eyes ;  with  one  hand  he  holds  a  club,  and  with 
the  other  he  compresses  a  terrestrial  globe.  Voltaire,  then  his  friend, 

.  cpi^^tulated  him  warmly  for  having  "^lati  les  p6les  et   les 
';'  •  dassini."    See  articles  entitled  Hiatoire  det  Sciences  in  the  Bevw 
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dea  deux  Mondea,  Jan.  ftnd  Nov.,  1869.  Beaden  of  Carlyle's 
Siatory  of  Frederick  the  Cheat  will  remember  the  aUusiouB  to 
the  Earth-flatteaer. 

196.  Although  the  measurement  of  the  Lapland  arc  Bettled 
the  question  as  to  the  oblate  or  oblong  form  of  the  Earth,  jet  it 
introduced  a  great  difBcult; ;  for  by  comparing  the  result  with 
that  obtained  from  the  French  arc  the  ellipticity  of  the  Earth 

appeared  to  be  about  y== .  This  was  greater  than  had  been .  ex- 
pected, and  greater  than  subsequent  operations,  such  as  that  in 
Peru,  furnished.  From  our  present  knowledge  it  is  certain  that 
this  value  of  the  ellipticity  is  iar  too  large. 

We  have  seen  indeed,  in  Art.  177,  that  Clairaut  assigned  r^r^ 

as  the  ellipticity  furnished  by  the  Lapland  arc ;  this  must  have 
been  obtained  by  using  for  the  French  arc  a  certain  value  obt^ned 
by  Maupertuis  in  his  Figure  de  la  Terre,  page  126 ;  but  this  value 
of  the  French  arc  was  soon  afterwards  found  to  be  too  smalL 

197.  According  to  La  Lande,  Maupertuis  himself  was  not 
satisfied  with  his  operations.  We  read  in  the  BiUiographie 
Astronomique : 

....  je  Bais  qae  Maupsrtois  a'en  ^tait  pas  lui-mSme  trd&Kxmtent. 
Page  407. 

...  An  reste,  on  m'6crit  de  SaMe  que  Maupertuis  s'^tait  proposS  de 
reoommencer  la  meatire  k  sea  dfpeas ;  ce  qui  prouve  qu'il  n'eu  £tait  pas 
tris-oontent.  Pt^Sll, 

It  is  well  known  ^at  the  Lapland  arc  was  remeasured  at  the 
b^inning  of  the  present  century  by  Svanberg  and  othera  under 
the  direction  of  the  Stockholm  Academy  of  Sciences.  La  Lande 
alladea  to  the  early  stages  of  this  operation ;  see  the  Sibltographie 
Aatronomique,  pages  811,  837,  857.  Svanberg  obtained  a  de- 
cidedly shorter  length  for  a  degree  of  the  meridian  than  that  of 
Uaupertuis,  namely,  57196.159  toises  instead  of  57437.9  toises; 
but  the  middle  points  of  the  two  degrees  are  not  quite  identical. 

198.  We  may  just  notice  the  memoir  by  Celsius,  which  ia 
contained  in  the  Qerman  translation  of  Maupertuis's  Figure  de  la 
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Tgrre:  Bee  Art.  181.  This  is  probably  a  translation  of  one  which 
was  originally  published  at  Upsal  in  1738  under  the  title  of  Da 
oheervatioatbtu  pro  figurd  teUurit  determiiutndd  in  GaUid  habiHa 
disquisiHo,  according  to  La  Lande'B  B^iographie  Astrimomique, 
page  406. 

Id  the  translation  Celsius  first  defends  the  astronomical  opera- 
tions in  Lapland  from  an  objection  which  had  been  urged  against 
them  by  J.  Casaini  before  the  Paris  Academy,  because  the  sector 
had  not  been  reversed  at  each  place  of  observation.  Celsius  main- 
tains that  this  was  unneceesary  for  the  purpose  of  the  observers, 
especially  considering  the  excellence  of  Graham's  sector.  Then 
Celsius  proceeds  to  criticise  the  French  operations  recorded  in  the 
work  De  la  Qramdear  et  de  la  Figivre  de  la  Terre ;  and  he  considers 
that  he  shews  both  the  astronomical  and  geodetical  parts  to  be 
untrustwortby.  These  operations  indeed  were  just  about  to  be 
given  up  and  replaced  by  the  more  accurate  determinations  re- 
corded in  the  work  La  Mendienne  de  Paris  verijiie. 

199.  For  further  information  respecting  the  Lapland  arc  of 
tiie  meridian,  I  may  refer  to  my  memoir  on  the  subject  published 
in  the  Cambridge  PkiloBophical  Transactions,  Vol.  Xll. ;  I  have 
there  corrected  the  numerous  and  serious  errors  which  have  been 
made  by  distinguished  astronomers  in  their  account  of  this  remark- 
able measurement. 
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CHAPTER  VIII. 

MISCELLANEOUS  INVESTIGATIONS  BETWEEN  THE 
YEARS  1731  AND  1740. 

200.  We  have  first  to  consider  a  production  to  which  altuaioa 
has  been  made  in  Arts.  143  and  150.  It  is  entitled  A  Disser- 
tation concet^ing  the  Figure  of  the  Earth,  by  the  Reverend  John 
Tkeophilus  Deaaguliers,  L.L.D.  F.B.S.  This  is  contained  in 
Vol.  XXXIII.  of  the  Philosophical  Tranaactions :  the  volume  is 
for  1724,  1725 ;  and  is  dated  1726. 

The  dissertation  consists  of  four  parts. 

201.  The  first  part  occupies  pages  201. ..222  of  the  volume. 
This  part  criticises  the  conclusious  at  which  J.  Cassini  had  arrived 
aa  to  the  form  of  the  Earth  in  his  J)e  la  Grandeur  et  de  la  Figure 
de  la  Terre,  of  which  we  have  given  an  account  in  Arts.  100, ..108.  ■ 

Desaguliers  endeavours  to  shew  that  the  Casslnian  figure  is 
impossible,  because  it  would  lead  to  a  deviation  of  the  plumb-line, 
from  the  direction  which  is  at  right  angles  to  the  surface  of  water, 
to  the  amount  of  five  minutes :  but  the  process  is  unsound.  We 
know  now  that  under  certain  hypotheses  as  to  the  form  of 
the  solid  nucleus,  the  outer  surface  of  the  fluid  might  be  an  ob- 
longiim :  see  Clairaut's  Figure  de  la  Terre,  pt^  224. 

Desaguliers  maintains  that  the  latitudes  in  the  French  survey 
of  the  meridian  cannot  be  relied  on  as  sufiiciently  accurate  to 
establish  the  oblong  figure  of  the  Earth ;  and  he  is  not  satisfied 
that  the  heights  of  the  mountains  were  properly  determined. 
DesE^lier's  criticisms  have  perhaps  some  foundation;  but  like 
maay  controversialists  he  seems  disposed  to  bo  unfair.     For  in- 
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staoce,  be  considers  that  tbe  beight  of  one  mouDtain  was  over- 
eetimated,  and  tbe  beigbt  of  anotber  under-estimated ;  and  (bus, 
be  Bays,  we  must  add  20  toises  to  the  length  of  the  44tb  degree 
of  latitude,  and  take  away  30  toiaes  from  the  length  of  the  45th 
degree  of  latitude.  But  even  admitting  these  corrections  to  be 
necessary,  they  tend  to  balance  each  other;  and  they  produce 
no  perceptible  effect  on  the  definite  result  obtained  by  Cassini, 
namely,  that  tbe  whole  southern  arc  from  Paris  to  tbe  I^renees 
^res  a  longer  average  length  of  a  degree  than  tbe  whole  nortbem 
arc  from  Paris  to  Dunkirk. 

Strictly  speaking,  what  Deeaguliers  calls  the  44tb  degi-ee  of 
latitude  should  be  tbe  4oth ;  and  what  be  calls  tbe  45tb  should 
be  tbe  46th. 

Desaguliers  assigns  one  reason  which  may  have  induced  Cas- 
sioi  to  make  tbe  Earth  oblong,  in  these  words :  "  especially  be- 
cause in  this  Hypothesis,  the  Degrees  differ  most  in  Length  from 
one  another  about  the  45tb  Degree."  But  this  is  quite  unsatis- 
factory. For  if  we  suppose  the  Earth  to  be  nearly  spherical,  then 
whether  it  be  oblate  or  oblong  the  degrees  will  differ  most  in 
length  at  about  the  45th  d^^e :  see  Art.  140. 

202.  Tbe  second  part  of  tbe  dissertation  occupies  pages 
339.. .255  of  the  voluma  The  object  of  this  part  is  to  shew 
"  How  the  Figure  of  tbe  Earth  is  deduc'd  from  the  Laws  of 
Qravity  and  Centnfugal  Force."  Instead  of  giving  anything  of 
bis  own,  Desaguliers  transcribes  a  long  extract  from  Reill's  book 
against  Burnet ;  the  extract  consists  of  that  matter  which  Keill 
took  substantially  from  Huygens :  see  Art.  74. 

Desaguliers  says : 

I  own  indeed  that  he  has  made  a  Mistake  in  that  Book  concoming 
the  Measure  of  the  D^rees  of  an  Ellipse ;  but  I  find  that  all  that 
relates  to  the  oblate  Spheroidical  Figure  of  the  Earth  is  light. . . . 

Tbe  mistake  of  course  is  that  which  we  bare  noticed  in 
Art  76,  Desagulieis  would  probably  have  thought  it  unnecessary 
to  warrant  tbe  accuracy  of  the  matter  which  he  transcribed,  if  he 
had  known  that  it  was  substantially  all  due  to  Huygens. 
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203.  The  third  part  of  the  dissertation  occupies  pi^es 
277.  .-304  of  the  volume.  This  part  is  chiefly  a  criticism  of  the  me- 
moir by  Mai  ran  which  we  have  examined  in  Arts.  109.  ..114.  Much 
of  what  Desaguliets  says,  though  quite  true,  would  have  failed  to 
produce  any  effect  on  Mairan.  For  instance,  according  to  Mairan, 
Paris  is  more  distant  from  the  centre  of  the  Earth  than  a  place  at 
the  equator  is ;  heiioe  tJie  attraction  at  Paris  will  be  less  Ihan  it  is 
at  the  equator;  hence,  although  the  centrifugal  force  at  the  equator 
is  greater  than  at  Paris,  we  may  have  gravity  at  Paris  less  thaa 
gravity  at  the  equator :  and  this  is  contrary  to  observation.  But 
Mairan  would  have  declined  to  admit  the  statement  in  Italics ; 
he  had  invented  a  law  of  attraction  for  himself  which  made  the 
attraction  greater  at  Paris  than  at  the  equator. 

Of  course  the  assailable  part  of  Mairan's  memoir  was  the 
arbitrary  law  of  attraction  which  he  had  invented ;  and  against 
this  Desaguliers  directs  a  decisive  argument.  He  finds  that,  taking 
Mairan's  law,  and  allowing  for  centrifugal  force,  the  Paris  seconds 
pendulum  would  have  to  be  shortened  at  the  equator  nearly  an 
inch.  He  says:  "But  this  being  about  five  Times  more  than 
agrees  with  Observation ;  what  proves  too  much,  proves  nothing 
at  aU."      See  Art.  S2. 

Desf^liers  finds,  that  on  Muran's  law  the  polar  and  equa- 
torial columns  of  fluid  would  not  balance ;  but  Mairan  might 
have  replied  that  the  Earth  was  solid,  and  for  this  reason  he 
might  have  declined  to  admit  the  principle  of  balancing  columns. 

204.  Desaguliers  in  the  third  part  of  his  dissertation  returns 
to  the  subject  of  the  French  arc.  He  arranges  a  table  which 
gives  the  observed  latitudes  of  successive  stations  on  the  meri- 
dian, and  also  the  distance  from  Paris  in  toises.  He  shews  that 
there  is  not  a  constant  decrease  in  the  length  of  a  d^ree  in 
passing  &om  the  southern  extremity  of  the  arc  to  the  northern. 
But  the  objection  is  of  no  value;  because  the  French  observeia 
did  not  require,  and  did  not  attempt  to  find,  the  latitudes  of 
intermediate  stations  with  the  same  accuracy  as  the  latitudes  of 
Paris  and  of  the  two  extremities  of  the  arc 

Desaguliers  says  on  page  303 : 
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To  oondnde,  I  will  propoae  a  Metlwd  of  observing  the  figure  of  the 
Shadow  of  the  Earth  in  Lunar  Eclipeea,  whereby  the  Difibrence  be- 
tween the  Diameters  in  the  oblong  spheroidical  Figure,  if  there  be  such 
aa  one  aa  Mona.  CcuBini  affimiB  {vU.  of  96  to  95),  may  be  discover'd. 

But  the  method  has,  I  believe,  no  practical  value. 

205.  The  fourth  part  of  the  dissertation  occupes  pages 
3ii,  345  of  the  volume.  It  consists  of  an  account  of  an  experiment 
to  "  illustrate"  what  bad  been  said  in  the  preceding  parts.  The 
essence  of  the  experiment  may  be  thus  described.  Take  a  hoop 
of  thin  elastic  ateel ;  let  it  revolve  round  a  diameter  as  axis,  the 
axis  passing  freely  through  the  steel :  then  the  greater  the  an- 
gular velocity  the  more  will  the  hoop  bulge  out  into  an  oblate 
form.  The  toy  with  which  Desaguliers  amused  himself  of  course 
proved  nothing  to  the  point;  however,  he  boldly  asserts  that 
from  this  experiment,  compared  with  what  had  been  s£ud,  "It 
will  appear  that  the  EUtrth  cannot  preserve  its  Figure,  unless  it 
be  an  oblate  Spheroid." 

206.  There  are  some  incidental  matters  of  interest  in  the 
dissertation  which  may  be  noticed. 

Desaguliers  suggests  on  p^e  209,  that 

a  B^ree  of  Latitude  shou'd  be  measnr'd  at  the  .^Iqnator,  and 

a  Degree  of  Longitude  likewise  measnr'd  there ;  and  a  Degree  ver; 
northerly,  as  for  Example,  a  whole  D^pree  might  be  actually  measur'd 
upon  the  BaUiek  Sea,  when  frozen,  in  the  Latitude  of  sixty  Degrees. 

We  read  on  pages  219,  220: 

when  once  an  Hypotbesia  is  set  on  Foot,  we  are  too  apt  to 

draw  in  Circnmatances  to  confirm  it ;  tho',  perhaps,  when  examin'd  im- 
partially,  they  may  rather  weaken,  than  strengthen  our  Hypothesis; 
otherwise^  the  Author  of  the  History  of  the  Royal  Aeadtmy,  for  the 
Year  1713,  wou'd  not  have  alledg'd,  that  ihe  late  Mont.  Cassini  obten'd 
Jupiter  to  be  oval,  as  a  Proof  of  yonng  Mons.  Oasiimn  Hypothesb ;  be- 
cause Jv,pil«r  is  oral  the  other  Way,  that  is,  an  oblate  Spheroid  flatted 
at  the  Poles... 

But  I  cannot  find  anything  in  the  volume  which  justifies 
this  remark  by  Desaguliers. 
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The  only  reference  to  Jupiter  occurs  after  a  notice  of  the 
&ct  that  the  Earth  deviates  but  little  from  a  sphere;  then  we 
read: 

Si  Jupiter  eet  ovale,  oomme  il  I'a  pani  quelquefoia  i  fen  M.  Cassiid, 
it  &ut  qu'il  le  loit  biea  davaatage  pour  le  parditre  de  d  loin. 

It  is  obvious  that  these  words  do  not  bear  any  such  meaning 
as  DesagulierB  su^ests. 

Desaguliers  refers  to  the  opinion  of  Dr  Burnet,  which  we  have 
noticed  in  Art.  74.  Desaguliers  aaye  on  his  page  221 ;  "But  Dr. 
Burnet,  afterwards,  alter'd  his  Opinion,  as  I  am  credibly  inform'd." 

Desaguliers  asserts  "  That  a  fluid  Substance,  of  any  Figure, 
will  by  the  Gravity  of  its  Parts  become  spherical,  ..."  He  gives 
what  he  calls  a  demonstration  of  this  on  his  pages  278,  279 ; 
but,  as  might  be  expected,  his  demonstration  is  quite  inconclueive. 
See  Art.  130. 

Desaguliers  adopts  on  his  page  280  the  erroneouB  notion  that 
by  increasing  the  density  of  the  central  part  of  the  Earth,  the 
ellipticity  is  also  increased ;  see  Arta.  30,  84  and  172.  Newton 
and  David  Gregory  do  not  state  whether  they  suppose  the  central 
part  .still  to  remain  fluid  or  to  become  solid.  Desaguliers,  how- 
ever, says  distinctly,  "  Then  if,  when  the  Central  Parts  are  fii'd, 
and  the  superficial  Strata  are  still  fluid,  ..." 

To  shew  that  Desaguliers  is  wrong,  we  have  only  to  put  a  —  0 
OQ  page  219  of  Clairaut's  Figure  de  la  Terre ;   then  we  find  that 

£  is  less  than  ~  .     Or  see  Simpson's  Mathematical  Disaeriations, 
page  30. 

A  paragraph  which  occurs  on  pi^es  280  and  281  is  to  be 
cancelled,  according  to  an  Advertisement  by  Desaguliers  at  the 
end  of  Number  399  of  the  ^Uosopkical  Transactions. 

207.  Desagoliers,  on  his  page  285,  deviates  from  accuracy  in 
saying  that  "  on  different  Parts  of  the  Surface  of  the  Earth  (in 
the  Condition  it  is  now)  the  Gravity  on  Bodies  is  reciprocally  as 
their  Distance  from  the  Centre  of  the  Earth."  I  have  already 
stated  that  this  proposition  should  be  enunciated  thus :  Gravity 
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resolved  along  the  radius-vector  varies  inversely  as  the  radius ;  see 
Art.  33.  Desaguliers  omits  the  resolution  along  the  radius-vector. 
Moreover,  I  think  from  his  context,  and  from  a  calculation  on  his 
page  287,  that  he  made  another  mistake,  and  supposed  that  the 
attradion  along  the  radius-vector  varied  inversely  as  the  radius; 
that  is,  I  think,  he  neglected  the  distinction  between  attractum 
and  gravity.  On  his  pages  286  and  287  he  assumes  that  for  an 
oblongum  the  gravity  will  vary  inversely  as  the  radius-vector; 
and  by  gravity  he  means  here  attracHon  alone,  for  he  proceeds  to 
allow  separately  for  the  centrifugal  force.  The  assumption  is 
unjustifiable,  and  seems  to  have  arisen  from  the  confusion  of 
gravity  with  attraction  in  the  case  of  the  oblatum. 

208.  Desaguliers  obtained  frvm  a  friend  a  "  Philosophical 
Argument"  against  Mairan ;  it  is  thus  stated  on  his  page  298 : 

If  the  Earth  was  of  an  oblong  apheroidical  Figure,  higher  at  the 
Poles  than  the  .^Iquator ;  the  A  Tin  of  ita  RevolutioD,  wou'd  either  go 
thro'  one  of  its  short  Diameters,  or  be  continually  changing  nnleaa  the 
said  Axis  did  exactly  coinoide  with  the  Axis  of  the  Figure. 

These  words  themselves  are  true ;  they  are,  however,  appli- 
cable to  the  oblatum  if  we  change  short  into  long.  The  so-called 
demonstration  which  follows  shews  that  Desagulieis  and  faiB  friend 
were  wrong  in  their  notions  on  the  subject.  In  modern  language 
these  notions  amount  to  considering  that  the  rotation  of  an 
oblongum  round  its  axis  of  figure  is  unstable.  The  mecfaaatcal 
knowledge  of  the  period  was  inadequate  to  the  discussioQ  of  a 
difficult  problem  in  Kigid  Dynamics. 

209.  A  work  was  published  at  Padua  in  1728,  entitled 
Joannis  Poleni...£^istolarum  Mathematicarum  Fasciculus.  ITie 
work  is  in  quarto ;  the  pages  are  not  numbered. 

One  of  the  letters  relates  to  the  Figure  of  the  Earth ;  it  is 
addressed  "Viro  celeberrimo  Abbati  Qui.  Grando."  This  letter 
occupies  eleven  pages ;  it  is  of  little  importance. 

Since  some  persons  maintained  that  the  Earth  was  oblate,  and 
others  that  it  was  oblong,  Foleni  considers  it  safer  to  adopt  the 
^herical  form  as  a  compromise  between  the  two  extremes.    He 
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suggests,  hotrever,  that  by  measuring  an  arc  of  longitude,  say  in 
latitude  48*,  a  test  might  be  obtained  as  to  the  two  extreme 
hypotheses.  For,  assuming  the  same  perimeter  of  the  meridian  in 
the  two  cases,  the  arc  of  longitude  would  be  much  shorter  if  the 
figure  be  an  oblongum  than  if  it  be  an  oblatum.  Foleni  states 
that  for  an  arc  of  one  degree  of  longitude,  the  difference  would  be 
about  777  toises.     See  Art.  215. 

He  considers  that  the  spherical  form  may  be  reconciled  with 
the  existence  of  centrifugal  force,  by  supposing  the  Earth  not  to  be 
homogeneous, 

210.  Some  pendulum  obserrations  were  made  at  Archangel 
in  1728  by  L.  Dellsle  de  la  Croyere.  They  are  recorded  in  the 
CommetUarii  AcademieB...Petropolitan(B,\o\.  iv.  which  is  for  1729, 
and  was  published  in  1735:  seepages  322... 328  of  the  volume. 

211.  In  the  Paris  Mimmres  for  1732,  published  in  1735,  there 
is  a  memoir  entitled  Eiponse  auic  Bvnarquea  gut  ottt  €ti/aiies  dans 
U  Journal  Hiatorique  de  la  B^paUique  dea  Lettrea  sur  le  Traits  De 
la  Orandeur  et  de  la  Figure  de  la  Terre,  Par  M.  Cassini.  The 
memoir  occupies  pages  497... 513  of  the  volume. 

Id  the  Journal  Htstorique  de  la  S^mblique  des  Lettret  for 
January  and  February,  1733,  some  extracts  were  given  from 
several  printed  letters  of  the  Marquis  Foleni ;  among  these  letters 
one  related  to  the  Figure  of  the  Earth :  see  Art.  209.  The  editor 
iA  the  Journal  added  some  remarks  impugning  the  accuracy  of  the 
obeervations  and  the  soundness  of  the  results  given  in  the  work 
De  la  Grandeur  etdela  Figure  de  la  Terre.  J.  Cassini  replies  to 
the  remarks. 

The  chi^  point  tuged  in  the  remarks  seems  to  be  that  sotae  of 
the  obeervations  of  latitudes  recorded  in  the  work  differ  con- 
siderably from  the  latitudes  finally  adopted ;  the  chief  point  urged 
in  the  reply  seems  to  be  that  observations  made  with  less  care 
and  with  small  instruments  were  rejected  in  favour  of  observa- 
tions made  with  more  care  and  with  larger  instruments. 

The  reply  seems  to  me  temperate  and  able. 

There  is  on  pages  512,  513  a  list  of  the  misprints  which  had 
been  detected  in  the  work  De  la  Grandeur  et  de  la  Figure  de  ^  '. 
Terre.  I; 
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The  following  succinct  account  of  the  French  survey  of  the 
meridian  is  given  on  page  498 : 

Cet  ouvrage  fut  propos6  par  mon  Pere,  et  prolong^  en  1684  jusqu'au 
delA  de  Bonrges  vera  le  Midi,  pendant  que  M.  de  la  Hire  y  travailloit 
du  c6t£  do  Kord.  Je  I'ai  continue  aveo  mon  Fere  et  M.  Maratdt, 
depuia  Boui^<»  jiuqu'  il  Collioure  en  1700  et  1701,  et  apr^  I'svoir 
acliev6  entierement  en  171S  avec  M".  de  la  Hire  le  fils  et  Maraldi,  en 
le  proloogeant  jusqu'il  I'extr&uit^  septentrionale  du  Roj'aame,  j'en  ai 
donni  le  r^ultat  an  Public  j  ainsi  c'est  &  moi  A  en  prendre  la  defense. 

212.  Id  the  Pans  M^noirea  for  1733,  published  in  1735, 
there  are  five  memoirs  which  are  connected  more  or  less  closely 
with  our  subject..  A  connected  account  of  them  is  given  in  pages 
46... 63  of  the  historical  portion  of  the  volume. 

The  first  memoir  is  by  Maupertuis;  we  have  noticed  it  in  Art.  131, 

213.  The  next  memoir  is  entitled  Mithode  pratique  cU  tracer 
BUT  Terre  un  ParaMeU  par  «n  degri  de  latitude  donn^;  et  du 
rapport  du  mime  Farallde  dans  le  SpMrtnde  oblong,  et  dam  le 
Sph^r<Me  applatL  Far  M.  Qodin.  The  memoir  occupies  p^es 
223.. .232  of  the  volume. 

The  memoir  shews  that  for  various  reasons  the  accurate  deter- 
mination of  the  latitude  of  a  place  is  not  an  ea^  problem  in 
practical  aetronomy.  Nevertheless  it  is  maintained  that  an  arc  of 
longitude  may  he  traced  without  much  difficulty;  and  the  best 
way  of  conducting  the  operation  is  explained. 

Some  numerical  results  are  given  as  to  the  length  of  a  degree 
of  longitude ;  and  remarks  are  made  on  the  letter  of  Foleni  which 
we  have  noticed  in  Art  209. 

Oodin  finishes  with  detenulning  the  arcs  common  to  an 
oblatum  and  an  oblongum  which  have  the  same  centre,  and  their 
axes  in  the  same  straight  line.  The  matter  is  veiy  simple,  but 
the  account  which  is  given  of  it  in  page  63  of  the  historical 
portion  of  the  volume  is  not  altogether  inteUigible. 

214.  The  next  of  these  memoirs  is  entitled  Description,  (Tun 
InttrumeiU  quipeut  servtr  A  determiner,  aur  la  surface  de  la  Terre, 

:tQue  les  poirUs  (fun  Cerde  paraUele  d  TEquateur.     Par  M.  De  La 
'  Clondamim.    The  memoir  occupies  pages  294... SOI  of  the  volume. 
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The  instrumeiit  is  iatended  to  facilitate  the  operation  described 
in  Qodio's  memoir ;  but  it  does  not  eeem  to  me  that  it  would  be 
of  any  practical  value. 

An  extract  of  a  letter  written  from  Quito  by  La  Condamine  ia 
given  in  the  volume  of  Mimoires  for  1734,  whicb  shews  that  he 
had  himself  discovered  gmve  faults  in  the  memoir,  and  requested 
that  it  might  not  be  printed. 

215.  The  next  of  these  memoirs  is  entitled  Ve  la  Carte  de  la 
France,  et  de  la  Perpendicvlaire  d,  la  MSridieivne  de  Riris.  Par 
M.  Cassini.    The  memoir  occupies  pages  389.. ,405  of  the  volume. 

The  memoir  gives  an  interesting  account  of  the  operations  in 
traciog  a  line  perpendicular  to  the  meridian  of  Paris  westwards  to 
the  coast  of  Normandy. 

Cassini  finds  that  the  length  of  a  degree  of  longitude  in  the 
parallel  of  St  Malo  is  36670  toises ;  and  he  says  that  on  the 
supposition  of  the  spherical  form  of  the  Earth  it  ^ould  be  37707. 
toises.  Hence  he  infers  that  the  Earth  must  be  of  an  oblong  form. 
It  will  be  observed  that  the  discrepancy  here  is  very  wide ;  and  a 
less  extravagant  result  was  obttuned  by  Cassini  in  the  Mimoiree 
for  1734 :  see  Art.  220.  Results  much  more  moderate  than  this 
were  obtained  by  Cassini  de  Thury  in  the  M^mmret  for  1735  and 
1736 :  see  Arts.  224  and  226. 

It  will  be  convenient  to  place  here  the  formulee  relating  to  this 
matter. 

Let  \  denote  the  latitude,  p  the  corresponding  radius  of  curva- 
ture of  the  meridian,  r  the  radius  of  the  section  parallel  to'  the 
equator.     If  the  earth  were  spherical,  we  should  have  r  =  pcoe\. 

If  the  earth  is  an  oblatum,  a  denoting  the  semi-axis  major,  and 
e  the  excentricity  of  the  generating  ellipse,  we  have 

'"(l-e'sin'X)* 
acosX 

Thus  it  is  obvious  that  r  is  now  greater  than  p  cos  X. 
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If  therefore  it  appeared  by  observatioD  and  measurement  tbat 
r  ia  less  than  />  cos  X,  it  would  follow  that  the  Earth  could  uot  be 
an  oblatum. 

The  values  of  p  and  r  in  the  case  of  the  oblatum  are  often 
lequired  in  our  subject. 

216.  It  was  fouud  that  the  distances  between  places  deter- 
mined by  the  trigonometrical  operations  in  France  were  in  many 
cases  less  than  had  been  previously  supposed ;  and  Cassini  makes 
the  following  obvious  remark  : 

ceqni  vient  appareminnnt  des  grande  d^tcnra  que  Ton  Mt  oblig6 

de  tair«  pour  chercher  dea  routes  praticables,  joint  k  ce  que  les  mauvoia 
ohemios  paroisaent  toAjonrs  plus  longs  qu'ils  ne  le  sout  r£ellement. 

The  operations  terminated  at  Bayeuz;  Cassini  says,  after 
speaking  of  St  Malo : 

Nous  allimea  de-Ik  ii  Bayeuz  oft  nous  ftmes  diverses  observHtions  de 
bautenrs  du  Soleil,  d'Etoilea  Szes,  et  principalemeut  de  I'Etoile  polaire, 
dana  te  Palais  Episcopal  qui  joint  k  la  Cdtli6drale,  et  oil  M.  I'Evlque  de 
Bayeux  a  fiiit  tracer  dtoe  sa  bibliotheque  une  giaude  M^ridienue,  avec 
de*  lignes  qui  marquent  les  heures  avaut  et  apr^  midi,  de  cinq  en  cinq 
minutes,  par  M.  l'Abb£  OntKier  qui  a  tiavEull6  avec  nous  i.  la  descrip- 
tion de  la  Ferpendiculaire  depnia  Caen  jusqu'ik  St  Malo. 

The  last  of  the  five  memoirs  is  by  Clairaut;  we  have  noticed 
it  in  Art.  160. 

217.  We  have  a  memoir  on  pendulum  observations  in  pages 
302. ..314  of  Number  432  of  the  Pkiloeophieal  Thifoactiona.  The 
Number  is  for  the  months  of  April,  May,  and  June,  1734,  and 
forms  part  of  Vol.  IXXTIIL  which  is  for  the  years  1733,  1734, 
and  is  dated  1735.  The  memoir  is  entitled  An  Account  of  some 
Obaervationi  made  in  London,  by  Mr.  Oeorge  Graham,  F.R8.  and 
at  Black-River  in  Jamaica,  hy  Colin  Campbell,  Esq.;  F.B.S.  con-- 
coming  ths  Going  of  a  Clock ;  in  order  to  determine  the  Difference 
between  the  Lengths  of  Isochronal  Pendulums  in  those  Places. 
Communicated  by  J.  Bradley,  U.A,  Astr.  Prof.  SaviU.  Oxon.  F.R.8. 

The  observations  were  made  during  10  days  in  Englaifd,  and 
during  26  days  in  Jamaica.  Bradley  deduced  from  them  that 
the  seconds  pendulum  of  London  lost  1  minute  58  seconds  in  a 
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day  at  Jamaica ;  and  from  tbie  he  obtained  for  tbe  ellipticity  of 
the  Earth  the  value  ir^  . 

Bradley  gives  the  reasons  which  led  him  to  "  esteem  Mr. 
CampbelSs  Experiment  to  be  the  most  accurate  of  all  that  have 
hitherto  been  made..." 

This  memoir  is  referred  to  by  Stirling  in  the  Philosophical 
Transactions,  Vol.  xxxis.  p^e  103 ;  by  Clairaut  in  the  Philo- 
sophical Transactiotis,  Vol.  xl.  page  291 ;  and  by  Maclaurin  in 
his  Fluxions,  Art.  664. 

218.  In  the  Paris  Mdmoirea  for  1734,  published  in  1736,  there 
are  four  memoirs  which  are  connected  more  or  less  closely  with 
our  subject. 

The  first  of  these  memoirs  is  entitled  Methode  de  v4)'ifier  la, 
Figure  de  la  Terre  par  Parallaxes  de  la  Lune.  Par  M.  Manfredi. 
The  memoir  occupies  pages  1...20  of  the  volume;  there  is  an 
account  of  it  on  pages  59. ..63  of  the  historical  portion  of  the 
volume. 

Supposing  the  Ei^th  not  to  be  spherical,  the  parallax  of 
tho  Moon  will  be  different  at  different  places  on  the  Earth's 
surface,  even  when  all  other  circumstances  are  alike.  Manfredi 
suggests  that  observations  of  the  Mood  taken  at  two  distant 
places,  nearly  on  the  same  meridian,  would  therefore  supply  in- 
formation as  to  the  figure  of  the  Earth.  In  spite  of  the  errors 
to  which  such  observations  might  be  liable,  be  mfuntains  that 
it  would  be  possible  to  decide  in  this  way  the  (question  aa  to 
the  oblate  or  oblong  form  of  the  Earth. 

219.  The  next  of  these  memoirs  is  entitled  Comparaison  des 
dsus  Loix  que  la  Terre  et  les  autres  Planetes  doivent  observer  dans 
la  figure  que  la  pesanteio'  leur  fait  prendre.  Par  M.  Bouguer.  The 
memoir  occupies  pages  21 . .  .40  of  the  volume ;  there  is  an  account 
of  it  on  pages  S3... 87  of  the  historical  portion  of  the  volume. 

This  memoir  is  important  in  the  history  of  Hydrostatics.     The 
two  principles  to  which  it  refers,  are  Newton's  principle  of  balancing 
columns  and  Huygens's  principle  of  the  plumb-line.     Bouguer 'a 
T.  M.  A.  8 
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object  is  to  shew  that  under  cert^n  conceivable  laws  of  force  either 
principle  might  be  satisfied,  while  the  other  was  not;  and  then 
there  could  not  be  equilibrium.  The  whole  matter  ia  now  well 
understood ;  and  it  is  admitted  that  for  equilibrium  the  forces 
acting  must  satisfy  a  certain  condition,  namely,  in  ordinary  nota- 
tion, supposing  the  fluid  homogeneous,  Xdx  +  Ydy  +  Zdz  must  be 
a  perfect  differential ;  and  it  is  known  that  this  condition  is  satis- 
fied for  such  forces  as  occur  in  nature. 

Bouguer  says  on  his  first  pi^ : 

Eutre  plusienrs  Math^maticiens  d'nn  grand  nom  quiouttonmS 

leur  Ttle  vera  cette  inatj&:«,  M.  Hiignens  et  M.  HermaD  Boot  les  senls 
qui  out  appliqnG  en  m4me  temps  lee  deux  loix ;  ils  ont  trouTf  qa'elles 
s'accordoieiit  i  donner  i  la  Terr-e  une  m^e  figure  dans  les  BUppoaitionB 
particuligres  d'one  peaantenr  originairement  constante,  et  d'une  pe- 
sauteiur  proportionnelle  aux  distasces  au  centre. 

This  statement  is  correct  with  respect  to  Hermann  ;  but  there 
seems  no  authority  for  it  with  respect  to  Huygens.  Hermann  did 
consider  both  principles  and  both  the  laws  of  attraction:  see 
Arts.  94  and  95,  Huygens  confined  himself  to  the  use  of  Newton's 
principle,  and  to  the  supposition  of  a  constant  attraction;  see 
Arts.  54  and  55. 

In  bis  investigations,  Bouguer,  as  we  should  now  say,  considered 
only  forces  in  one  plane.  He  supposes  the  direction  of  the  force  to 
be  always  perpendicular  to  a  given  curve.  This  hypothesis  was 
afterwards  discussed  by  Olairaut  in  pages  63..  .77  of  his  Figure  de 
la  Terre.  Clairaut  shews  that,  in  order  to  render  this  hypothesis 
reasonable,  we  must  suppose  a  solid  nucleus  to  the  fluid :  see  his 
pages  64  and  74. 

Although  Bouguer's  own  examples  are  not  of  great  value, 
because  they  depend  on  laws  of  force  which  can  hardly  be  con- 
sidered natural,  yet  the  memoir  must  have  been  very  useful  at 
the  time,  as  it  called  attention  to  an  important  subject,  and  pro- 
bably suggested  to  Clairaut  the  occasion  of  his  own  investigations. 

220.  The  next  of  these  memoirs  is  by  Maupertuis ;  we  have 
noticed  it  in  Arts.  132. ..139. 

The  last  of  these  memoirs  is  entitled  Le  la  Perpendiculaire  A 
la  MSridienne  de  Paris,  prolong^  vers  V  Orient    Par  M.  Cassini. 
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It  occupies  pages  434. ..452  of  the  volume;  there  is  an  account 
of  it  on  pages  74. .  .77  of  the  historical  portion  of  the  voluma 

This  memoir  contains  an  account  of  the  operations  in  tracing 
a  line  perpendicular  to  the  meridian  of  Paris,  eastwards  to  Stras- 
hourg ;  the  operations  and  the  memoir  are  in  continuation  of  those 
which  we  have  already  noticed  :  see  Art,  215. 

Cassini  finds  that  the  length  of  a  degree  of  longitude  in  the 
latitude  of  Strasbourg  is  37066  toises ;  and  he  says  that  on  the 
supposition  of  the  spherical  form  of  the  Earth  tlie  length  would  be 
37745  toises.  Hence  he  infers,  as  before,  that  the  form  of  the 
Earth  must  be  oblong.  The  result  differs  very  considerably  from 
that  given  in  the  M^moires  for  1733 :  see  Art.  215,  The  present 
result  depends  of  course  on  the  longitude  of  Strasbourg ;  and  this 
is  determined  by  the  aid  of  observations  formerly  made  by 
Eisenschmidt.  Cassini  assumes  credit  to  himself  for  taking  a 
mean  between  three  determinations,  though  less  favourable  to  his 
theory  of  an  oblong  form  than  the  value  which  Eisenschmidt  him- 
self adopted.  Thus  we  read  at  the  close  of  the  account  in  the 
historical  portion  of  the  volume,  with  respect  to  these  observations : 

maiB  entin  cea  observations  se  sont  trouv^es  si  favorables  au 

Spheroids  allongS,  que  M.  Caasini  a  eu  la  mod6ration  de  n'eu  paa  vou- 
loir  tirer  tout  ravantage  qu'il  eflt  p&  i.  la  riguenr,  et  de  s'en  retrancher 
une  partie. 

221.  A  double  prize  was  offered  by  the  Paris  Academy  for 
the  year  1734 ;  the  subject  related  to  the  inclination  of  the  planes 
of  the  orbits  of  the  planets  to  the  plane  of  the  Sun's  equator.  The 
prize  was  divided  between  John  Bernoulli  and  his  son  Daniel 
The  essay  by  Daniel  Bernoulli  is  memorable  in  the  history  of  the 
Mathematical  Theory  of  Probability:  see  my  History,  page  223. 

The  essay  by  John  Bernoulli  is  reprinted  in  his  Opera  Omnia, 
Vol.  m.  pages  261. ..364,  under  the  title  Easai  d'une  nouveU^ 
Physique  C^leate....  Pages  345., .355  relate  to  the  Figure  of  the 
Earth ;  but  it  would  be  a  waste  of  time  to  discuss  them.  The 
essay  uses  a  system  of  vortices ;  and  as  those  who  invented  such 
visionary  machinery  were  guided  by  no  principle  and  restruned 
by  no  law,  they  could  easily  arrive  at  any  result  they  pleased. 

8—2 
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John  Bernoulli  disliked  and  depreciated  Newton,  and  he  was 
now  competing  for  a.  prize  from  the  Paris  Academy;  he  had, 
therefore,  a  double  reason  for  taking  the  side  of  error.  This  he 
does  much  to  his  own  satisfaction,  and  concludes  thus  in  the  lan- 
guage of  premature  triumph : 

Apr^  cette  heureiue  confomut^  de  nfltre  th&irie,  8t©o  les  observa- 
tions celestes,  pAut-on  plus  lotig-t«mpB  refuser  il  la  Terre  la  figure  de 
sphgroide  oblong,  fond6  d'ailleurs  eur  la  dimension  des  degrSa  de  la 
mfridienne,  entrepriss  et  ez^cutfe  par  le  mgme  M.  Casaini,  avec  une 
exactitude  inconcevable  T 

222.  In  the  Paris  Mimoirea  for  1735,  puhlisbed  in  1738,  we 
have  some  memoirs  which  bear,  though  slightly,  on  our  subject. 
An  account  of  them  is  given  on  pi^es  47...65  of  the  historical 
portion  of  the  volume ;  but  the  last  six  pages  of  this  account  refer 
to  some  memoir  attributed  to  Ctairaut,  which  does  not  seem  to 
have  been  published.  According  to  this  account,  an  arc  of  longi- 
tude, if  measured  in  a  very  high  latitude,  might  be  expected  to 
yield  b»  good  a  result  as  an  arc  of  meridian.  Bouguer,  however, 
in  an  able  memoir  published  in  the  volume  for  1736,  shewed  that 
this  expectation  was  quite  unfounded. 

The  first  memoir  is  entitled  M^thode  de  determiner  si  h,  Terre 
est  8jih4rique  ou  non,  et  le  rapport  de  ses  de^-^  entr'eux,  tant  eur 
lea  M4ridiens  que  sur  FJEquateiir  et  sea  Paralleles.  Far  M.  Cassini. 
ThQ  memoir  occupies  pages  71.  ..86. 

The  idea  of  the  memoir  can  ho  easily  stated.  Select  a 
mountain,  from  which  the  sea  is  visible  in  various  directions,  and 
observe  the  dip  of  the  horizon.  If  the  Earth  is  spherical,  the  dip 
will  be  the  same  in  all  directions.  If  the  Earth  is  not  spherical, 
the  dip  will  be  different  in  different  directions.  By  observing  the 
dip  in  the  directions  of  the  meridian  and  of  the  prime  vertical, 
Cassini  shews  that  a  sensible  diSerence  ought  to  be  obtained  on 
the  two  current  hypotheses  as  to  the  form  of  the  Earth  ;  and  that 
thus  the  question  between  the  two  hypotheses  might  be  settled. 

I  presume,  however,  that  the  method  has  never  been  found  of 
any  use  in  practice. 
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The  next  memoir  is  by  Maapertuis ;  we  have  DOticed  it  in 
Art  140.  The  next  to  this  is  by  Clairaut;  we  have  noticed  it  in 
Art.  161. 

223.  The  next  memoir  is  entitled  Seconde  M&hode  de  deter- 
miner si  la  Terre  est  Sph4rtqve  ou  turn,  ind^pendamTnent  dea  Ob- 
aervationg  Astronomiques.  Tar  M.  Casami.  The  memoir  occupies 
pages  255..  .261  of  the  volume. 

The  idea  of  the  memoir  can  be  easily  stated.  Take  two 
points  A  and  B  on  the  same  meridian ;  say  the  summits  of  two 
mountains.  At  A  observe  the  angle  which  AB  makes  with  the 
vertical  at  ^  ^  a.i  B  observe  the  angle  which  BA  makes  with  the 
vertical  at  B.  Let  the  verticals  at  A  and  B,  when  produced, 
meet  at  0.  Let  the  distance  ABhe  measured.  Then  by  solving 
the  triangle  ABO  we  can  find  AO,  which  may  be  considered  aa 
the  radius  of  curvature  at  A  of  the  arc  AB.  Take  a  third  point 
6'  which  is  due  East  or  due  West  of  A.  Then  in  the  same  way 
we  may  determine  the  radius  of  curvature  at  A  of  the  arc  A  C,  If 
the  Earth  is  a  sphere,  we  ought  to  obtain  the  same  value  of  the 
radius  of  curvature  iu  the  two  cases  \  if  the  values  obtained  are 
different,  we  have  information  which  may  serve  to  settle  whether 
the  form  is  oblate  or  oblong. 

The  method  is  substantially  the  same  as  was  used  by  Kiccioli 
in  attempting  to  find  the  size  of  the  Earth  towards  the  middle  of 
the  seventeenth  centuiy.  See  Pe  la  Grandeur  et  de  la  Figure... 
pages  296. -.306.     I  believe  the  method  is  of  no  practical  value. 

224.  The  next  memoir  is  entitled  De  la  Perpendiculaire  A  la 
M^ridienne  de  Paris,  d^crite  d,  la  distance  de  60000  Toises  de 
t  Ohservatoire  vers  le  Midi.  Par  M.  De  Thury.  The  memoir 
occupies  pages  403... 413  of  the  volume. 

M.  De  Tbury  was  a  son  of  Jacques  Cassini,  and  is  usually 
called  Cassini  de  Thury.  The  perpendicular  was  traced  from  the 
meridian  of  Paris  to  the  western  coast  of  France.  Cassini  de 
Thury  finds  that  the  length  of  a  degree  of  longitude  in  the 
parallel  of  Brest  is  nearly  300  toises  shorter  than  it  should  be  on 
the  supposition  of  the  spherical  form  of  the  Earth.  Hence  be 
infers  that  the  Earth  mu9t  be  oblong. 
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It  must  however  be  observed  that  for  Nantes,  which  has  nearly 
the  same  latitude,  Cassini  de  Thury  obtained  a  difference  of 
781  toisea  It  is  surprising  that  such  discordant  results  were 
considered  to  be  worth  preserving.  It  is  plain  that  the  obser- 
vations were  not  good  enough  to  furnish  trustworthy  inferences. 

Cassini  de  Thuiy  assigns  47°  13'  8"  for  the  latitude  of  Nantes, 
which  agrees  with  the  modern  value.  But  he  assigns  47*  13'  2"  for 
the  latitude  of  Brest;  and  the  modem  value  is  48° 23' 22".  See 
the  table  published  in  the  Connaissance  dee  Temps.  There  must 
of  course  be  some  error  in  his  figures. 

225.  The  volume  for  1735  contains  also  some  important 
memoirs  on  the  length  of  the  seconds  pendulum. 

A  memoir  by  Mairan  on  pages  153... 220 relates  to  the  length 
at  Paris;  there  is  an  account  of  this  on  pages  81.. .92  of  the 
historical  portion  of  the  volume. 

A  memoir  by  Qodin  relates  to  the  lengths  at  Paris  and  at  St 
Domingo. 

A  memoir  by  Bouguer  relates  to  the  length  at  St  Domingo. 

A  memoir  by  La  Condamine  relates  to  the  length  at  St 
Domingo. 

These  three  memoirs  will  be  found  on  pages  505.  ..644  of  the 
volume. 

There  is  some  notice  of  the  memoirs  "by  Godin,  Bouguer,  and 
La  Condamine  on  pages  115. ..117  of  the  historical  portion  of  the 
volume  for  1736.  We  are  told  that  these  investigators  did  not 
arrive  in  Peru  so  soon  as  they  had  hoped  ;  and  it  is  added :  "  Mais 
quoiqu'ils  ne  pussent  pas  encore  s'occuper  du  principal  objet  de 
leur  Voyage,  la  Nature  est  par-tout,  et  ils  trouvoient  par-tout 
&  observer." 

226.  In  the  Paris  M^moires  for  1736,  published  in  1739,  we 
have  four  memoirs  bearing  on  our  subject. 

The  first  memoir  is  by  Clairaut;  we  have  noticed  it  in 
Art.  162.  The  next  memoir  is  by  Maupertuis;  we  have  noticed 
it  in  Art  141. 

The  third  memon-  is  entitled  Sur  la  Perpendtculaire  A  la 
M4Tidieme  de  t  Observatoire  A  la  distance  de  60000  toises  vera  le 
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Nord.  Par  M.  Camnt  De  Thttry.  The  memoir  occupies  pa^^ 
329..  341  of  the  voluma  There  is  an  account  of  the  memoir  in 
pages  103  and  104  of  the  historical  portion  of  the  volume. 

The  perpendicular  was  traced  from  the  meridian  of  Paris  to 
the  western  coast  of  France.  According  to  these  operations  the 
length  of  a  degree  of  longitude  in  the  parallel  of  Brest  is  310  toises 
shorter  than  it  should  have  been  on  the  supposition  of  the  spherical 
form  of  the  Earth.  Hence,  as  hefore,  it  m  inferred  that  the  Earth 
must  be  oblong. 

It  seema,  from  what  is  stated  on  pages  332  and  333,  that  in 
the  operations  before  the  present,  the  angle  subtended  hetTreen 
two  objects  had  not  been  distinguished  from  the  projection  of  the 
angle  on  the  plane  of  the  horizon. 

It  was  sometimes  found  necessary  to  construct  scaffolds  on  the 
tops  of  lofty  trees ;  one  tree  so  used  was  above  100  feet  high. 
Then  we  read  on  page  104  of  the  historical  portion  of  the  volume : 
"  Ces  Edifices  hardis  demandoient  que  ceuz  qui  s'en  servoient,  le 
fussent  aussi." 

227.  The  last  memoir  is  entitled  De  la  maniere  de  determiner 
la  Figure  de  la  Terre  par  la  meaure  dee  degrfy  de  LaHtude  et  de 
Longitude.  Par  M.  Bouguer.  The  memoir  occupies  pages 
443... 468  of  the  volume. 

Bouguer  obtains  expressions  for  the  length  of  a  d^ree  of  the 
meridian  and  for  the  length  of  a  degree  of  longitude,  assuming  the 
Earth  to  be  an  eUipsoid  of  revolution.  Then  from  the  lengths  of 
two  different  degrees  he  deduces  the  ratio  of  the  axes  of  the 
Earth.  By  the  aid  of  the  Differential  Calculus  he  finds  the  change 
in  this  ratio  produced  hy  a  given  small  change  in  one  of  the 
elements  on  which  it  depends. 

Bouguer  makes  some  interesting  remarks  on  what  he  calls  "la 
di£^rente  d^licatesse  de  la  rtte  des  Observateui's,"  or  as  we  now  call 
it  the  personai  equation  of  observers,  see  his  page  457.  He  says 
that  if  two  astronomers  have  observed  several  times  together  and 
know  what  we  call  their  personal  equation,  yet  this  may  be 
altered  by  the  fatigues  of  a  voyage,  by  the  changes  in  the  body,  or 
by  a  greater  or  less  density  of  the  atmosphere. 
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Bouguer's  main  concluBioD  is  that  attention  should  be  giren 
almoBt  exclualvelj  to  the  measurement  of  arcs  of  meridian,  since 
practically  arcs  of  longitude  could  not  be  determined  with  sufficient 
accuracy  to  settle  the  question  of  the  Earth's  form. 

228.  Wa  have  next  to  notice  A  Proposal  for  the  Measurement 
of  the  Earth  in  Busaia,  read  at  a  Meeting  of  the  Academy  of 
Sciences  of  St  Petersbourg,  Jan.  21. 1737.  by  Mr  Jos.  Nic.  de  L'isls, 
first  Professor  of  Astronomy,  and  F.R.8.  Translated  from  the 
French  printed  at  St  POersbou-rg,  1737.  4to.    By  T.  S.  M.D.  F.B.S, 

This  paper  occupies  pages  27... 49  of  Number  449  of  the 
Philosophical  Transactions.  The  Number  is  for  the  months 
January. ..June,  1737,  and  forms  part  of  Vol.  xL.  which  is  for  the 
years  1737,  1738,  and  is  dated  1738. 

The  paper  is  very  interesting;  it  gives  an  account  of  the 
history  of  opinion  on  the  Figure  of  the  Earth.  The  work  of 
Eisenschmidt  is  cited,  and  its  full  title  reproduced,  which  agrees 
with  that  in  La  Lande's  Bihliographie  Astnmomique,  page  324 : 
but  here  it  is  added  pag.  54.  cum  fig. 

The  paper  was  written  after  the  French  expeditions  had  gone 
to  Peru  and  to  Lapland,  but  before  the  resulte  of  their  measure- 
ments were  known ;  however,  some  pendulum  observations  reported 
by  both  expeditions  favoured  the  oblate  form. 

An  Extract  of  a  Letter  from  Delisle  is  given  on  pages  50,  51  of 
Vol.  XL.  of  the  Philosophical  Transactions;  from  this  it  appears 
that  he  measured  on  the  ice  a  base  of  74250  English  feet,  as  the 
commencement  of  the  proposed  operations  in  Russia. 

In  the  work  by  F.  G.  W,  Strove,  entitled  Arc  du  M&idien  de 
26° 20'  entre  le  Danvhe  et  la  Mer  Olaciale... there  is  a  slight  notice 
of  Delisle's  project :  see  Vol.  i.  page  viii.  The  title  of  the  original 
document  is  given  thus ;  R-yet  de  la  mesure  de  la  Terre  en  Bttasie. 
SainUP4tm-sbourg,  1737,  4to.  It  is  stated  that  Delisle  himself 
published  no  account  of  the  measurement  of  the  base  or  the  angles. 
His  manuscripts  were  preserved  in  the  Observatory  of  Paris,  and 
examined  in  1844  by  M.  O.  Strove. 

Delisle  was  brother  to  the  person  who  made  the  pendulum 
observations  at  Archai^l  in  1728 :  see  Art  210. 


L.^;,z<.JbyC00gIC 


jnscEiiANEoirs  investigations  prom  1721  to  1740.    121 

229.  We  have  next  to  consider  a  memoir  by  Euler,  entitled 
De  attractione  corporwm  spkaertndico-ellipticorum. 

This  memoir  is  contained  in  the  ComTnentarii  Acctdemice... 
Petropolitance,  Vol.  x.  which  is  for  1738 ;  the  date  of  publication 
is  17*7.    The  memoir  occupies  pages  102.. .115  of  the  volum& 

The  memoir  finds  expressions  in  the  form  of  infinite  series  for 
the  attraction  of  an  oblatum  on  a  particle  at  the  pole,  and  on  a 
particle  at  the  equator..  In  the  former  case  the  series  is  not  com- 
plicated, and  converges  rapidly;  as  Euler  says  vehementer  convergit. 
In  the  latter  case  the  series  is  very  complicated,  and  this  case  of 
the  problem  cannot  be  considered  to  be  really  solved. 

We  are  not  told  at  what  date  the  memoir  was  read  to  the 
Academy ;  so  that  there  may  have  been  merit  and  value  in  it  at 
the  time ;  but  before  the  volume  was  published  the  solution  of  the 
problem  by  Maclauriu  and  by  Simpson  had  appeared,  in  which  the 
results  were  expressed  in  eicact  finite  foims,  so  that  Euler's  memoir 
was  completely  superseded. 

I  have  not  verified  all  the  work  in  this  memoir.  I  will  give 
some  indication  of  Euler's  method. 

Required  the  attraction  of  an  elliptic  lamina  on  a  point  directly 
over  the  centre  of  the  lamina. 

Let  c  denote  the  distance  of  the  point,  Sc  the  thickness  of  the 
lamina.,     Then  the  attraction  is 

ll(,<f  +  af  +  f)t 
where  the  integration  is  to  extend  over  the  whole  area  of  the 

ellipse  -,  +  ^  =  1. 

Integrate  first  for  y;  thus  we  find  that  the  attraction  is  equal  to 

41,1,  Sc  r (a'-»')'<t» 

J.  {o'  +  a^)|o'(S'+0 +■»■(«■- ill' ■ 
By  expandiog,  this  becomes 
^^      f(a'-J)t  (.      1,^1.3.      1.3.5,,      1. 

where  a*  stands  for  -ttts s^. 
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This  expanaioD  will  not  give  &  convergeEt  series  througliout 
the  range  of  integration  unless  a*~b*  ia  less  than  i'  +  c*.  Euler, 
however,  does  not  pay  any  attention  to  this  point     Moreover,  he 

also  expands  .  .  in  ascending  powers  of  a^  before  the  integra- 
tion, so  that  this  expansion  is  really  not  permissible  if  a  is  greater 
than  c 

However,  Euler  evaluates  in  this  way  the  expression 

namely,  by  expanding  the  denominator,  integrating  each  term 
separately,  and  then  summing  the  infinite  series  which  arises. 
We  should  now  of  course  avoid  the  expansion.  By  putting  a  sin  9 
for  X,  the  expression  becomes 

['  a'coa'ffde      ....     r«      t^  +  a'       ,.      fV  +  .^sin'fl  ,. 
/  -i r-^-td,   that  IS       j,    g  ■  ta^-  I  -.      .  .  ..dS, 

Hence  in  the  required  attraction  we  have  the  terms 
2^riV(a'  +  c^  ^  _       2f!rho      j. 

Next  consider  the  term  which  arises  from  a'.  We  may  proceed 
thus  without  expansion : 

Then  taking  the  integrals  between  the  limits  0  and  a,  we  obtain 
ira'      irt?  fV(g'  +  if)         1 
4        2    1       0         -^]- 
Hence  in  the  required  attraetioD  we  have  the  tenns 
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„     'Tfe*  (a*  -  &■)  V(ct'  +  c*)  So     Tr&c*  (g'  -  6')  Sc     ?r^  fa'  -  &*)  Sc 
a'{b'  +  c')*  a'Ci'  +  O*  2a(i'+c^»    ' 

Similarly  we  might  proceed  with  the  term  which  arisea  from  a*, 
which  will  introduce  (a'  —  b*)' ;  and  so  on. 

The  result  of  course  will  be  very  complicated.  Euler  seems 
to  me  to  increane  the  complication  by  putting 

V(a*  +  cO  =  VC6'  +  c^  +  «'-n 
and  expanding  the  latter  in  powers  of  a*  —  h\     He  offers  a  reason 
for  this  which  I  do  not  quite  comprehend.     "  Vel  cum  ad  applica- 
tionem  ad  computum  ezpediat  ipsas  series  retinere,  quo  Biogulonim 
terminorum  integralia  algebraice  exhiberi  queant..." 

Eulei^s  approximate    values   for  the   attraction   at    the  pole 

and    at    the    equator   are   respectively    ^f^fs  +  Tj  — ot-)<   and 
4w6l5  +  ^  — ^),  where  b  is  the  polar  semi-axis,  and  J(l  +  <) 

is  the  equatorial  semi-axis.    It  will  be  found  on  examination 
that  these  are  correct :  see  Art  153. 

Euler  applies  his  results  to  determine  the  ratio  of  the  axes  in 
order  that  a  rotating  fluid  oblatum  may  be  in  relative  equilibrium; 
he  obttuns  a  value  for  the  ellipticity,  which  is  sensibly  the  same 
as  Neivton's  in  the  case  of  the  Earth. 

230.  A  few  words  may  be  given  to  the  treatise  published  by 
Daniel  Bernoulli  at  Strasbourg  in  1738  under  the  title  of  Hydro- 
dynamica,  although  it  is  rather  beyond  our  subject. 

On  p^es  244  and  245  Daniel  Bernoulli  solves  the  problem  of 
determining  the  form  for  relative  equilibrium  of  the  free  surface 
when  fluid  in  a  cylinder  rotates  round  a  vertical  axis;  the  angular 
velocity  is  not  assumed  to  be  the  same  throughout  the  mass.  The 
solution  is  correct,  and  is  recognised  as  such  by  Clturaut  in  his 
F^ure  de  la  Terre,  page  55. 

Daniel  Bernoulli  however  proceeds  on  page  246  to  make  some 
unsatisfactory  remarks  on  vorticea  He  begins  by  saying  that  he 
thinks  the  fluid  cannot  continue  permanently  in  its  state  if  the 
centrifugal  force  increases  from  the  axis  to  the  circumference :  the 
context  seems  to  shew  that  instead  of  increases  he  meant  d&' 
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ereaaea.    But  it  ia  plain  from  his  remarks  that  the  subject  was  not 
understood  at  the  time. 

Daniel  Bernoulli  criticises  implicitly  Propositions  51  and  52 
of  Book  II.  of  the  Frincipia,  which  he  considers  do  not  both 
correspond  to  possible  cases. 

231.  The  volume  of  the  Paris  M^moiTes  for  1739  was  pub- 
lished in  174-1.  On  page  30  of  the  historical  portion  there  is  a 
short  notice  of  a  memoir  communicated  to  the  Academy  by 
D'AIembert.  The  memoir  does  not  bear  on  our  subject,  but  it  is 
interesting  to  observe  the  early  appearance  of  a  writer  with  whom 
we  shall  be  much  occupied  hereafter.  We  are  told  that :  "  On  a 
trouv^  dans  M.  d'Alembert  beaucoup  de  capacity  et  d' exactitude." 
The  later  writings  of  D'AIembert  do  not  in  general  seem  to  me  to 
deserve  the  praise  of  exactness. 

A  memoir  by  Clairaut  occurs  in  the  volume;  of  this  we  have 
■  given  an  account  in  Art,  177. 

There  is  a  memoir  entitled  Sur  Us  Operations  Giomitriques 
faitea  en  France  dans  les  ann^ea  1737  et  1738.  ParM,  CassmiDe 
ThuTy.     The  memoir  occupies  pages  119...  134  of  the  volume. 

The  operatioDB  were  cliiefly  directed  to  surveying  parts  of  the 
coast  of  France,  with  the  view  of  rectifying  the  maps.  Some 
observations  as  to  the  velocity  of  sound  are  recorded. 

232.  The  Academy  of  Sciences  at  Paris  proposed  The  Tides  »3 
the  subject  for  a  prize  essay  in  1740.  Four  essays  were  published 
in  consequence  at  Paris.  One  essay  was  by  a  Jesuit  named  Caval- 
lieri ;  this  adopted  the  Cartesian  system  of  vortices.  The  other 
essays  were  by  Daniel  Bernoulli,  Maclaurin,  and  Euler ;  these  are 
reprinted  in  the  Jesuits'  edition  of  the  Prxnctpia,  and  it  is  stated 
that  many  errors  in  the  original  impression  have  been  corrected. 
I  have  used  the  reprint  in  consulting  these  Essays. 

It  will  be  convenient  to  postpone  an  account  of  Maclaurin's 
essay  until  we  have  examined  the  part  of  his  Treatise  of  Fluxions 
which  relates  to  oiu-  subject ;  for  this  contains  all  that  was  in  the 
essay  with  great  additions  and  improvements. 

233.  The  second  chapter  of  Daniel  Bernoulli's  essay  contains 
gome  lemmas  relating  to  the  Attraction  of  Bodies.     The  result 


L.L,;,z>.JbAjOOglC 


HISCELLAilEOUS  IKVESTIOATIONS  FBOH   1721   TO   174U.      125 

may  be  summed  up  thus :  he  determines  the  attractioo  at  any 
superficial  or  internal  point  of  an  ellipsoid  of  revolution  which  is 
nearly  spherical,  n^lectii^  powers  of  the  ellipticity  beyond  the 
first.  The  method  used  conskts  in  finding  accurately  the  attrac- 
tion of  a  sphere,  and  then  approximately  the  attraction  of  the 
difference  between  the  sphere  and  the  ellipsoid  on  a  particle  at 
tbe  pole  or  at  the  equator;  as  we  have  stated  in  Art.  165  thin 
method  bad  been  previously  used  by  Clairaut.  But  Daniel  Ber- 
noulli seems  to  cWm  the  metbod  as  bis  own ;  he  says  at  tbe  end 
of  his  second  Chapter : 

Ceox  qnt  voudront  employer  I'analyse  pure  pour  la  solution  de  non 
deux  deruiers  ProblSmes,  ae  plongeront  dana  dee  calcula  extrfimement 
p^aibles,  et  verront  par  ]k  I'aTantage  de  aotre  mSthode. 

Although  Daniel  Bernoulli  employed  attraction  for  tbe  purpose 
of  his  essay,  yet  be  seems  to  have  bad  but  a  weak  faith  in  the 
principle :  see  bis  Chap.  I.,  Art.  6,  and  his  Chap,  ii..  Art.  1. 

Daniel  Bernoulli  added  nothing  to  our  subject ;  all  his  results 
respecting  Attraction  are  included  in  the  formulae  given  by  Clairaut 
in  1737.  But  his  theory  of  the  Tides  is  very  important  in  the 
histoiy  of  that  subject,  though  it  would  be  out  of  place  for  us  to 
discuss  it  here. 

An  account  of  Daniel  Bernoulli's  essay  was  published  in  1830 
by  the  late  Sir  J.  W.  Lubbock ;  it  is  in  octavo,  entitled  Account  of 
the  "  Traits  etir  le  Flux  et  R4fiux  de  la  Mer  "  of  Daniel  Bernoulli; 
and  a  Treatiae  on  the  Attraction  of  EllipaoicU,  pages  viL  +  47. 

234.  Euler*8  essay  on  the  Tides  contains  scarcely  anything 
that  concerns  us.  He  finds  the  attraction  of  a  spherical  shell  on 
an  internal  particle  in  his  Art.  20.  The  results  in  his  Art.  30  are 
interesting  as  examples :  we  will  state  them.  The  attraction  of 
the  Sun,  or  of  the  Moon,  at  tbe  surface  of  tbe  Earth,  is  of  course 
not  strictly  the  same  as  the  attraction  at  the  centre ;  hence  arises 
a  disturbing  attraction  us  it  may  be  called,  which  at  a  given  place 
will  depend  on  the  zenith-distance  of  the  attracting  body.  Euler 
finds  that  the  number  of  oscillations  made  by  a  pendulum  when 
the  Sun  and  tbe  Moon  are  together  in  tbe  zenith  is  to  the  number 
made  in  the  same  time  by  the  same  pendulum  when  the  Sua 
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and  the  Moon  are  together  in  the  horizon  as  ' 
4666667.  Also  if  the  Sun  and  the  Moon  are  t(^ether  at  45" 
from  the  zenith,  first  on  one  aide  and  then  on  the  other  side, 
in  the  same  great  circle,  the  plumb-line  on  the  whole  experiences 

a  deviation  of  less  than  to  of  a  second.    These  results  are  obtained 

of  course  by  using  the  values  then  adopted  for  the  masses  and  the 
distances  of  the  Sun  and  the  Moon. 

The  following  passage  occurs  at  the  beginning  of  Euler's 
Article  12 : 

ExpIoHiB  hoc  saltern  tempore  qnalitatlbus  oocnltb  missftqne  Anglo- 
ram  quorumdam  renovatft  attractjone 

At  first  sight  this  looks  as  if  Euler  intended  to  reject  the 
principle  of  attraction ;  but  we  find  on  examination  that  he  prac- 
tical!; adopta  the  principle,  after  assuming  the  existence  of  a 
subtle  fluid  in  order  to  account  for  it  to  his  own  satisfaction. 

235.  A  work  entitled  Degri  dv,  Miridten  entre  Parts  et 
Amiens. ..was  published  in  1740.  I  have  not  seen  the  original 
but  only  a  German  translation  published  at  Zurich  in  1742 :  I 
must  assume  therefore  that  the  translation  corresponds  to  the 
or^nal.  Maupertuis  and  his  companions  in  the  polar  expedition 
vere  charged  with  the  business  of  verifying  the  length  of  a 
degree  of  the  meridian  assigned  by  Picard.  They  assumed  the 
accuracy  of  Picard's  terrestrial  measurement,  but  determined  the 
amplitude  of  the  arc  afresh.  The  observations  were  made  in  the 
latter  half  of  the  year  1739 ;  the  instrument  employed  was  the 
same  zenith-sector  as  had  been  employed  in  Lapland. 

The  book  contains  a  description  of  the  sector  and  an  account 
of  the  observations  made  with  it.  More  than  half  the  volume 
ho*ever  is  a  reprint  of  Picard's  account  of  his  own  operations. 
Some  observations  are  also  given  relating  to  Aberration. 

236.  In  the  Paris  Mhnoires  for  1740,  published  in  1742,  we 
have  a  Memoir  entitled  De  la  Meridienne  de  Paris,  prohngee  vers 
le  Nord,  et  des  Observations  qui  ont  04  faites  pour  dicrire  lea 
fr<m^-es  du  Soyaume,    Ptr  M.  Gassini  Be  Tkury.     The  memoir 
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occupies  p^es  276...292  of  the  volume.  There  is  an  account  of  it 
on  pages  69. .-75  of  the  historical  portion  of  the  volume.  The 
memoir  is  very  important  in  the  history  of  the  subject.  Hitherto 
the  accuracy  of  Picard's  base  had  not  been  questioned ;  but  now  it 
was  resolved  to  examine  this  point.  A  base  not  quite  coincident 
with  Picard's,  but  very  near  to  it,  was  measured  6ve  times;  by 
the  aid  of  a  certain  length  deduced  from  this  it  was  found  that 
Picard  had  ascribed  to  his  base  a  length  nearly  6  toises  greater 
than  it  should  have  bad.  In  order  to  leave  no  doubt  on  the  point, 
the  last  measurement  was  made  in  the  presence  of  Commissioners 
firom  the  Academy,  at  the  request  of  Cassini  de  Thury  him- 
self. These  Commissioners  were  Clairaut,  Camus,  and  Le  Monnier. 
See  La  Meridienne  de  Paris  verifi^e,  page  36. 

Bailly  implies  that  Picard's  actual  base  was  remeasured,  which 
as  we  see  was  not  the  case.  Moreover,  he  erroneously  states  that 
all  the  five  measurements  were  made  in  the  presence  of  the  Com- 
missioners &om  the  Academy.  Htatoire  de  PAstronomie  ilodeme, 
Tol.  III.  page  35. 

It  win  be  convenient  to  bring  together  the  various  lengths 
assigned  to  the  d^ree  of  the  meridian  between  Paris  and  Amiens. 
Picard   himself   in    1671   adopted   57060   toises;    see  De  la 
Qrandear  et  dela  Figure  de  la  Terre,  page  281. 

Maupertuis  in   1738  by  correcting  Picard's  observations  for 

aberration  arrived  at  56926  toises.     Figure  de  la  Terre,  page  126. 

Maupertuis  and  bis  companions  in  1740  by  new  astronomical 

observations  obtained  57183  toises.      Degr4  du  M&idien.,..Y\iBk 

Part,  Chapter  viii. 

Cassini  de  Thuiy,  after  the  remeasurement  of  Picard's  base, 
using  the  amplitude  determined  by  Maupertuis  and  his  com- 
panions, gave  57074  toises.  Paris  M^moires  for  1740,  page  289. 
The  errors  made  by  Picard  in  his  astronomical  and  geodetical 
work  had  by  accident  almost  balanced  each  other.  The  subject 
is  discussed  by  La  Condamine  in  his  Mesare  dee  trois  premiera 
d^ris,  pages  239. ..258. 

237.  We  return  to  the  memoir  by  Cassini  de  Thury.  The 
memoir  is  remarkable  for  being,  I  presume,  the  first  since  the 
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discussion  had  arisen  as  to  the  form  of  the  Ekrth  in  which  a 
member  of  the  family  of  Caasioi  recognised  the  oblatenesa.  Wa 
learn  from  page  288  of  the  memoir  that  at  the  north  of  France 
the  length  of  a  degree  of  the  meridian  was  found  to  be  570811 
toiaes,  and  at  the  south  of  France  57048  toiaes. 

Then  Cassini  de  Thury  adds : 

...BJnai,  Buivaot  ces  oluwrrations,  les  degr6a  vont  ea  dimiammt  en 
B'approchant  de  I'Equatenr,  ce  qui  est  favorable  i  I'hypothese  de  I'ap- 
platisaement  de  la  Terre  vers  les  Poles. 

It  may  be  interesting  to  compare  results  given  in  the  present 
memoir  with  some  given  in  the  earlier  work. 

Accordii^  to  the  De  la  Grandeur  et  de  la  Figure  de  la  Terre, 
jtRge  148,  the  distance  between  the  parallels  of  Paris  and  Collioure 
is  360614  toises,  the  amplitude  6*18'  57",  and  the  mean  length 
of  a  d^ee  57097  toises.  According  to  the  present  memoir,  the 
distance  between  the  parallels  of  Paris  and  Perpignan  is  350142 
toises,  the  amplitude  6°  8'  17",  and  the  mean  length  of  a  d^ree 
67045  toises. 

Again,  according  to  the  De  la  Grandeur  et  de  la  Figure  de 
la  Terre,  page  236,  the  distance  between  the  parallels  of  Paris 
sud  Dunkirk  is  125454  toises,  the  amplitude  2°  IS'  9".5,  and  the 
mean  length  of  a  degree  56960  toises.  According  to  the  present 
memoir,  for  the  same  arc  the  corresponding  numbers  are  125508 
toises,  2*  11'  55".5,  and  57081.5  toises. 

238.  It  must  be  observed  that  the  error  in  Picard's  base  does 
not  account  for  the  apparent  diminution  in  the  length  of  a  degree 
of  the  meridian  in  passing  from  the  equator  to  the  pole  which  the 
school  of  Cassini  had  deduced  and  maintained.  For  in  the  De  la 
Grandeur  et  de  la  Figure  de  la  Terre,  .which  was  the  main  support 
of  this  hypothesis,  the  lengths  are  all  deduced  from  that  of  Picard'it 
base;  and  so  the  proportions  would  not  be  afiFected  by  any  error 
in  the  base.  This  remark  is  necessary  because  the  contrary  has 
been  asserted,  or  obviously  implied.  Thus  Baillj  says,  "  I'erreur  de 
cette  mesure  dtoit  le  nceud  de  la  difficult^ :"  HistoiredePAstronoime 
Modeme,  Vol,  lii.  page  38.  And  on  page  169  of  the  article 
Figta-e  of  the  Earth  in  the  Encyclopcedia  Metropolitana  we  read 
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"  On  meaauring  new  bases  and  making  new  observations  of  eveiy 
kind,  Vie  cause  of  the  original  difficulty  was  soon  discovered.    The 


i  of  Picard's  base  was  erroneous  by  about     »ftf.th  part  of 

the  whole,  and  this  error  had  affected  lone  'part  only  of  the  arc" 
The  statements  which  I  have  here  put  in  Italics  do  not  seem  to 
me  supported  by  the  evidence.  It  is  true  that  in  1739  and  1740 
anomalies  were  revealed  which  cast  suspicion  on  Picard's  measure- 
ment, and  which  were  explained  when  that  measurement  was 
corrected ;  but  these  were  quite  distinct  from  the  original  difficulty. 
See  £a  MeritUenne  de  Paris  verifiee,  page  19. 

We  perceive  from  this  memoir  th&t  in  1740  the  oblate  form  of 
the  Earth  waa  fully  established  and  admitted. 

239.  An  edition  of  Newton's  Principia  appeared  at  Geneva  in 
1739... 1742,  edited  by  Thomas  Le  Seur  and  Francis  Jacquier. 
The  editors  are  usually  styled  Jesuits,  and  the  edition  is  called  the 
Jesuits'  edition.  I  have  already  referred  to  this  edition :  see 
Arts.  16,  22,  and  232. 

The  commentary  on  Propositions  XVIIL,  XIX.  and  ^^  of 
Newton's  third  Book  does  not  seem  to  me  very  successful ;  there 
are  some  serious  mistakes  in  it,  which  occur  chiefly  in  notes 
marked  with  an  asterisk.  It  appears  from  the  Monitum  and  the 
Editoria  monitum,  prefixed  to  the  third  Book,  that  these  are  due 
to  J.  L.  Calandrinus,  to  whom  Le  Seur  and  Jacquier  acknowledge 
great  obligations. 

I  will  point  out  these  mintakes. 

A  curious  note  is  given  on  the  words  which  I  have  quoted  in 
Art.  26:  "Et  propterea  dico.. ."The  note  in  effect  states  that  Newbm 
must  have  had  better  reason  than  appears  at  once  obvious  for 
applying  the  rule  of  proportion.  The  note  then  proceeds  to  justify 
the  proportion  which  Newton  uses;  but  the  investigation  is 
ansatisfactory  for  the  reason  which  often  applies  to  approximations, 
namely,  that  the  calculations  are  not  carried  to  the  same  decree  of 
accural^  throughout.  Using  the  letters  as  in  Art  20  the  note 
.  asserts  that  the  ratio  of  the  attraction  at  Q  to  the  attraction  of  a 
sphere  having  G  for  centre  and  CQ  for  radius,  is  equal  to 
T.  M.  A.  9 
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HA  '  '^  *^®  ellipticity  e  be  very  small,  this  reduces  to 

3-2(1 -ej,  that  ia,  to  l  +  2e:  but,  as  we  have  stated  in  Ait.  20, 

the  trae  value  is  1  +  -7- , 

A  long. note  is  given  on  Newton's  Proposition  XIX.,  which 
iovolves  some  singular  errors ;  indeed  it  seems  to  me  quite  extra- 
ordinaiy  that  such  a  note  should  have  been  printed  towards  the 
middle  of  the  eighteenth  century.  The  note  proposes  to  investigate 
the  resultant  attraction  of  a  homogeneous  solid  of  revolution  at 
the  surface;  and  it  b^ns  correctly  by  observing  that  if  we  take 
s  i^Tamld  with  an  injiafiteeimal  solid  angle,  the  attraction  exerted 
by  a  segment  of  the  pyramid  on  a  particle  at  the  vertex  varies  as 
the  height  of  Uie  pyramid. 


Let  AB  be  the  axis  of  the  solid  of  revolution,  P  any  point 
at  its  surface,  MGN  any  double  ordinate  at  right  angles  to  AB. 
The  note  supposes  Jf  to  be  the  vertex  of  a  system  of  infinitesi- 
mal pyramids,  the  axes  of  the  pyramids  all  passing  through  the 
circle  generated  by  the  revolution  of  CM  round  CA.  The  note 
concludes  that  the  resultant  attraction  of  these  pyramids  will  be 
in  the  direction  PO:  this  conclusion  is  obtained  by  taking  the 
pyramids  in  purs,  so  that  the  bases  of  a  pair  may  be  at  the  op- 
posite ends  of  a  diameter  of  the  circle ;  for  example,  the  pyramid 
which  has  PM  for  its  axis  is  combined  with  that  which  has  PN 
for  its  axis.  Now  it  is  quite  true  that  such  a  pair  of  pyramids 
will  exert  a  resultant  attraction  along  PC,  provided  the  two  pyra- 
mnda  kaw  eqwU  mfinitemmal  soUd  aitgles:  hut  this  important 
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condition  is  pi&ctically  forgotten  in  the  note.  A.  lalKurioae  calcu- 
lation is  given  for  determining  the  resultant  attraction  of  all  the 
pyramids  which  have  their  axes  passing  through  the  circle  formed 
by  the  revolution  of  CM  round  CA  ;  but  this  is  of  no  use,  hecause 
the  bases  of  all  these  pyramids  will  not  form  a  strip  of  the  surface 
contained  between  this  circle  and  an  adjacent  circle  in  a  parallel 
plane,  though  the  note  implicitly  assumes  that  they  will 

Again,  the  language  of  the  note  seems  to  suggest  that  ve 
are  to  obtain  the  attractions  exerted  on  P  by  all  the  drcular 
elements  like  that  considered,  and  add  them  together.  This  would 
however  be  useless ;  for  as  these  attractions  are  not  all  in  the 
same  direction  they  would  have  to  be,  resolved  according  to  fixed 
directions,  and  the  resolved  parts  in  the  same  direction  added. 

Again,  we  are  in  effect  told  to  obtain  the  direction  of  the 
resultant  attraction  of  the  solid  in  the  following  manner :  Suppose 
Y  a  point  in  AB  such  that  the  attractions  on  Pof  the  two  seg- 
ments into  which  the  solid  is  divided  by  a  plane  through  Y  at 
right  angles  to  AB  are  equal ;  then  PY  ia  the  direction  of  the 
resultant.  This  statement  is  certainly  untrue.  For  instance,  if 
the  solid  is  a  sphere,  the  resultant  attraction  passes  through  the 
centre ;  but  the  two  halves  formed  by  cutting  the  sphere  by  a 
plane  do  not  in  general  exert  equal  attractions  on  a  particle  at  the 
surface. 

It  is  incidentally  stated,  that  in  the  triangle  PMN  we  have 
(P3f+ P^  PW greater  than  Jf^;  but  this  is  not  necessarily  true. 

The  following  extraordinaiy  principle  is  ofiered  for  obtaining 
the  condition  of  equihbrium  of  a  mass  of  fluid  in  the  form  of  a 
solid  of  revolution.  Let  t  denote  the  distance  at  any  point  P 
between  the  bounding  surface  and  a  similar  surface  indefinitely 
near,/the  attraction  at  P,  y  the  distance  of  Pfrom  the  axis,  da  an 
element  of  the  generating  curve  at  P;  then  tfifds  is  to  be  constant. 
It  is  sufficient  to  observe  that  in  the  simplest  possible  case,  that 
of  a  sphere,  this  condition  does  not  hold ;  for  then  t  and  /  are 
constant,  hut  yds  is  not  constant,  except  by  an  arbitrary  hypo- 
thesis. 

The  commentators  notice  the  inaccuracy  of  Newton,  on  which 
I  have  remarked  in  Art.  33 ;  they  assert  that  gravity  at  different 

9—2 
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places  variea  ioversely  aa  tiie  radius  of  cnrrature :  "  ...graTitates 
in  eiogulis  punctia  forest  reciproce  ut  radii  osculatores  currie." 
This  is  uBtrue ;  it  would  make  the  gravity  greatest  at  the  equator 
and  least  at  the  poles.  The  fiict  is  that  gravity  would  vary  as  the 
length  of  the  normal  between  the  point  and  the  major-axis. 

The  commentators  having  obtained  an  expression  substantially 
equivalent  to  the  ■  , J^  ,  which  I  have  given  in  Ait.  35,  imme- 
diately jwoceed  to  take  cf  —  i*  for  the  numerator ;  but  this  approxi- 
mation is  not  exact  to  the  order  which  has  been  retained.  I  should 
add,  however,  that  in  their  next  note  there  is  a  correct  analytical 
investigation  of  Uie  matter. 

240.  We  may  next  advert  to  a  memoir  entitled  thtermvaatio 
txactior  Oradimm  PanUUloram  jSqwUoria  et  ]iferidiani.„Auetore 
C.  N.  de  WintKeim.  This  is  contained  in  the  Convmmtarii 
AcademUB...Petropolita}ia,  Vol.  xri.  which  is  for  1740;  the  date 
of  publication  is  1750.  The  memoir  occupies  pi^es  222.. .240  of 
the  volume.  Here  we  have  Tables  giving  the  lengths  of  a  degree 
of  the  meridian  and  of  a  d^ee  of  lon^tude  in  various  latitudes, 

for  a  sphere,  and  for  an  oblatum  in  which  the  ellipticity  is  jrr^  _ 

This  ellipticity  is  found  from  the  Lapland  degree  of  67438  toises, 
and  Finird's  taken  at  57183  toises:  see  Art.  236.  Winsbeim 
ascribes  to  Euler  the  rule  which  he  uses  Tot  calculating  the  Tables 
with  respect  to  the  oblatum. 
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MACLAURIN. 

241.  MacLAUBIK's  researcliea  od  Attractions  first  appeared  in 
his  Essay  on  the  subject  of  the  Tides,  wLich  gained  a  prize  from 
the  French  Academy  in  174<0 ;  see  Art.  232.  These  researches  are 
reproduced  in  an  enlarged  and  improved  form,  in  Maclaurin's  work 
entitled  A  Treatiae  of  Fluxions,  Edinburgh,  1742.  The  work  is 
in  two  quarto  volumes ;  it  contains  Title  Pages,  a  Dedication  to 
His  Grace  the  Duke  of  Argyle  and -Greenwich  on  two  pages,  a 
Preface  on  six  pages ;  then  the  text  on  763  pages,  iuid  a  page  of 
Errata :  there  are  zl  Plates. 

The  TWoJue  of  Flutnoas  embodies  much  of  the  analyns  and 
mechanics  of  the  period.  Maclaurin  touches  on  the  equilibrium 
of  fluids  in  his  pages  409,  410.  We  may  infer  that  he  had  a  cor- 
rect idea  of  what  we  now  call  the  differential  equation  to  the 
surface  of  a  homogeneouB  fiuid  in  equilibrium  under  given  forces. 

242.  The  part  of  the  TreoHee  of  Fluxiona  with  which  we  are 
concerned,  occupies  pages  522. ..566,  which  are  in  the  second 
volume. 

Maclaurin  shews  that  the  attraction  of  a  homogeneous  cone 
with  a  given  infinitesimal  solid  angle  on  a  particle  at  the  vertex 
varies  aa  the  length  of  the  oone ;  and  that  the  same  result  holds 
for  a  frustum  of  the  cone ;  the  particle  being  still  supposed  at 
the  vertex  of  the  cone.  See  his  Article  628.  Then  his  Axticle 
629  draws  mi  important  inference,  which  Newton  had  g^ven  in  the 
first  corollary  to  his  Froposition  87.     Maclaurin  says : 

The  forces  with  which  particles  siinilarly  situated  with  respect  to 
similar  homogeneoas  solids  gravitete  towards  these  solids  are  as  their 
J)iBtaDoes  from  any  points  similarly  sitaated  in  the  solids,  or  as  any  ot 
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their  homoli^oua  nJes.  For  such  so'ida  tn&y  be  eonceived  to  be  re- 
Bolved  into  simU&r  conee,  or  fmstiuns  of  oones,  that  have  alvays  tbeir 
Tertex  in  the  particlee,  and  tlie  gisritation  towards  t^ese  cones,  or 
frustauis,  will  be  always  in  the  same  ratio. 

Id  future,  if  Dothing  is  said  about  the  density  of  the  attracUog 
body  it  is  to  be  undentood  to  be  a  homogeneom  body. 

243.  Maclaurin  ehewa  in  his  Article  630,  that  a  particle  will 
be  in  equilibrium  if  it  iB  placed  at  any  point  within  the  hollow 
port  of  a  shell,  the  surfaces  of  which  are  concentric,  similar,  and 
similarly  situated  elhpsoids  of  revolution;  the  demonstration  is 
the  same  aa  Newton's :  see  Art.  13. 

244.  Let  the  attraction  of  an  ellipsoid  of  revolution  on  any 
constituent  particle  be  resolved  into  two  components,  one  perpen- 
dicular to  the  axis,  and  the  other  parallel  to  the  axis ;  then  the 
former  component  varies  as  the  distance  of  the  particle  from  the 
axis,  and  the  latter  component  varies  as  the  distance  from  the 
plane  of  the  equator.  Maclauriu  demonstrates  these  theorems, 
first  formally  stated  by  himself,  by  a  beautiful  geometrical  pro- 
cess: see  his  Articles  631.  ..634, 

Clairaut  preserves  the  essence  of  Maclaurin's  demonstration : 
he  says,  "Cette  methods  m'a  paru  si  belle  et  si  savante...":  see 
Figure  de  la  Terre,  pages  157.. .170. 

Suppose  that  X  denotes  the  constant  coefficient  for  the  com- 
ponent attraction  parallel  to  the  axis,  and  /*  the  constant  coefficient 
for  the  component  perpendicular  to  the  axis ;  then,  by  some  general 
reasoning,  Uaclaurin  arrives  at  the  result  that  the  product  of  X 
into  the  square  of  the  polar  asii^  is  less  or  greater  than  the  product 
of  /*  into  the  square  of  the  equatorial  axis  according  as  the  dlipsoid 
of  revolution  is  oblate  or  oblong :  see  his  Article  635. 


245.  Let  there  be  an  ellipsoid  of  revolution ;  let  2a  be  the 
equatorial  diameter,  and  2fr  the  polar  diameter.  Suppose  the 
ellipsoid  to  be  fluid  ;  and  besides  the  mutual  attractions  let  there 
be  at  every  point  any  other  force  perpendicular  to  the  axis  varying 
as  the  distance  from  the  axis,  and  any  other  force  parallel  to  the 
axis  varying  as  the  distance   frcun   the   plane   of  the  equator: 
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the  Becessary  and  suffiraent  condi^on  for  ef^Hbrinm  is  tliat  a 
must  be  to  6,  aa  the  resultant  force  at  Um  pole  is  to  the  resultant 
force  at  the  equator.  This  theorem  Mn  be  demonstrated  imme- 
diately by  the  aid  of  the  well'knom  equations  for  the  equilibrium 
of  a  fluid.  Maclanrin,  faovewr,  was  not  in  poesession  of  these 
equations ;  so  that  he  adopted  a  different  method.  He  says  in  his 
Article  636 : 

To  demonsti]^  4hiB  propodtion  fully,  we  Bhall  shew,  1.  That  the 
force  which  npslta  from  the  attraction  of  the  spheroid  aod  those  eztoa- 
oeouB  jMPen  compoanded  t<^ether  acts  always  in  a  right  line  perpen- 
dlMbr  to  the  snrfooe  of  the  epheroid.  3.  That  the  colomns  of  the 
Aild  sustain  or  ballance  each  other  at  the  center  of  the  spheroid.  And 
3.  That  any  particle  in  the  spheroid  is  impelled  equally  in  all  di- 
rections. 

He  gives  his  demonstrations  in  his  Articles  637,  638,  639. 

Maclaurin  then  was  in  this  petition :  there  was  as  yet  no  theory 
of  fluid  equilibrium  which  indicated  what  conditions  were  tfuj^cwnt, 
so  he  shews  that  all  the  conditions  which  had  then  been  recog- 
nised as  neceeaary  for  equilibrium  would  be  satisfied  in  the  case 
supposed.  He  easily  demonstrates  the  first  condition,  which, 
as  we  know,  was  given  by  Huygens:  see  Art.  53.  Maclauiin's 
second  condition  is  a  particular  case  of  his  third,  and  was  given 
by  Newton :  see  Art  23.  The  meaning  which  Maclaurin  attaches 
to  his  third  condition  is  the  following :  Take  any  definite  point 
within  the  mass ;  draw  from  this  point  a  stnught  line  to  the  sur- 
fiuw  in  any  direction;  let  this  straight  line  be  the  axis  of  a  column 
of  ^ven  infinitesimal  section  :  then  the  attraction  on  the  colunm 
resolved  along  the  column,  is  independent  of  the  direction. 
Maclaurin,  however,  only  demonstrates  this  for  the  case  in  which 
the  direction  is  in  the  meridian  plane  of  the  definite  point ;  he 
says  that  "  in  like  manner,  it  is  shewn  "  that  the  result  is  true  for 
columns  not  in  the  meridian  plane:  but  it  is  not  obvious  how 
he  would  have  proceeded.  The  result  can  be  obtained  veiy  easily 
by  modem  methods. 

Maclaurin's  third  condition  is  thus  an  extension  of  Newton's 
principle  (£  baiancii^  columns,  any  point  beiog  taken  instead  of 
the  centre,  at  which  the  balancing  is  to  hold.  Huygens  had  briefly 
alluded  to  this  extension :  ace  Art.  55. 
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246.  This"  extension  of  Newton's  principle  of  balancing  colnnms 
seems  to  have  been  considered  important  at  the  time.  D'Alembert 
says  on  pi^  14  of  his  Esaai...de  la  Resistance  des  Fluides : 

Quoiqne  le  Principe  d«  I'^juilibre  des  Oananx  rectilignes,  soit  comme 
I'oD  Toit,  ano  oona£qaeace  trSs-naturelle  de  la  pression  des  Fluides  en 
font  sens ;  cependnnt  je  dob  reconooUre  ici,  que  feu  M.  Afaelattrin  est 
le  premier  qui  (ut  &it  usage  de  ce  Principe,  et  qui  I'ut  oppliqaS  i  la 
reclierche  iiaportant^  de  la  Figure  de  la  Terre.  Voyez  son  TraUi  dee 
Fluxion*,  art.  639,  et  son  Traits  d«  Cauaa  FluarUt  et  SeftitxHs  maris, 
Paris,  1740. 

See  also  D'Alembert's  l^iti...des  Fluides,  second  edition, 
page  49, 

247.  In  Maclaurin's  Article  637,  we  hare  the  important  result 
■which  we  have  noticed  in  our  account  of  Stirling ;  namely,  that 
when- rotating  fluid  in  the  form  of  an  oblatum  is  in  relative 
equilibrium  the  gravity  at  any  point  of  the  surface  varies  exactly 
ae  the  length  of  the  normal  between  the  point  and  the  plane  of 
the  equator ;  see  Art.  153.  This  result  had  however  been  com- 
municated to  the  Royal  Society  by. Simpson,  in  1741,  before  the 
publication  of  Maclaurin's  Fltudona:  see  the  preface  to  Simpson's 
Mathematical  Dissertations.  Simpson  seems  to  claim  priority  for 
himself ;  but  he  overlooks  the  fact  that  Maclaurin  had  previously 
given  the  result  iu  his  prize  essay  on  the  Tides ;  it  is  the  Tkeorema 
Fundametitale  of  the  essay. 

It  follows  immediately  from  conic  sections  that  instead  of  the 
gravity  varying  as  the  length  of  the  normal  between  the  point  and 
the  plane  of  the  equator,  we  may  take  the  length  of  the  normal 
between  the  point  and  the  axis  of  revolution. 

248.  Maclaurin,  in  his  Article  640.  states  the  conclusions 
which  he  had  thus  demonstrated  respecting  the  problem  of  Art.  245. 
Among  them  we  may  observe  that  he  says,  surfaces  similar,  simi- 
larly situated,  and  concentric  with  the  bounding  surface  "  will  be 
level  surfaces  at  all  depths." 

This  is  the  first  mention  I  find  of  level  surfaces ;  the  essential 
property  of  a  level  surface  is  that  the  resultant  force  at  any  point 
of  the  surface  is  in  the  direction  of  the  normal  to  the  surface  at 
that  poiut. 
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lyAlemliert  in  hia  lisai. .  .de  la  M^iatojue  dea  tXuxdee,  page  202, 
says: 

...  JT.  Madaurin,  le  premier  qui  tiit  parl£  de  oes  couchea auK- 

qnelles   U  pesftuteur  eet  peipendieulure,  et  qn'U  appelle  gU7/aeea  da 

219.  Maclauria  now  applies  the  results  obt^oed  for  the 
general  problem  of  Art  245  to  the  particular  case  of  the  relative 
equilibrium  of  a  revolving  fluid. 

He  says  in  his  Article  641 : 

It  Appears  therefore  that  if  the  earth,  or  any  other  planet,  vas  ' 
fluid  and  of  an  uniform  density,  the  figure  which  it  would  assume  in 
consequence  of  its  diurnal   rotation,   would  be  accuratelf  that  of  an 
oblate  spheroid  generated  by  an  ellipsis  revolving  about  its  second  axis, 
as  Sir  Isaac  Kewton  supposed. 

Here,  Maclauiin  says  more  than  he  was  justified  in  saying; 
he  had  not  proved  that  the  planet  wovld  assume  the  form  of  an 
oblatum,  but  only  that  this  form  is  a  form  of  relative  equilibrium. 
See  Art.  168. 

The  proposition  really  investigated  wa«  first  eetabhshed  exactltf 
by  Maclaurin ;  as  we  have  stated,  Stirling  and  Clairaut  had  given 
approximate  investigations  of  it;  see  Arts.  156  and  163. 

250.  Maclauria  now  proposes  to  calculate  the  attraction  of  an 
ellipsoid  of  revolution  at  the  pole  or  at  the  equator.  He  begins 
with  a  lemma  which  forms  his  Article  642.  Let  a  slice  of  an 
attracting  body  be  formed  by  two  planes,  both  contauiing  the 
attracted  particle,  and  inclined  to  each  other  at  an  infinitesimal 
angle :  then  the  lemma  shews  how  to  calculate  the  attraction  of 
the  slice  resolved  along  a  given  direction  in  one  of  the  planes. 

251.  Before  discussing  the  attraction  of  an  ellipsoid  of  revo- 
lution, Maclaurin  considers  that  of  a  sphere  in  his  Article  643. 
The  following  general  result  is  obtained :  Let  G  be  the  centre  of 
a  circle,  Pany  external  point  in  the  plane  of  the  circle.  From  P 
draw  any  straight  line  cutting  the  circumference  of  the  circle  at 
L  and  M;  and  let  a  solid  be  formed  by  the  revolution  round  FO 
of  the  smaller  segment  of  the  drcle  cut  off  by  LM.     Then  the 

attraction  of  this  solid  on  a  particle  at  F  varies  as 
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This  may  be  easily  verified  by  the  aid  of  the  general  expression 
given  in  Art  4.  The  formula  is  very  remarkable ;  it  does  not 
involve  the  radius  of  the  sphere;  that  is,  if  LM  is  constant, 
we  get  the  attraction  constant  whatever  may  be  the  value  of  the 
radiua  The  result  was  generalised  by  Legendre,  as  we  shall  see, 
in  his  third  memoir. 

252.  Maclaurin  then  in  his  Articles  644...64<7  investigates 
accurate  expressions  for  the  attraction  of  any  ellipsoid  of  revolution 
on  a  particle  at  the  pole  or  at  the  equator.  The  investigations 
are  conducted  in  the  manner  of  the  time  by  representing  the 
attractions  by  the  areas  of  certain  curves,  and  finding  the  areas  by 
the  method  of  fluents.  The  results  agree  with  those  obtained  by- 
analysis,  and  presented  in  modem  works  on  Statics.  Maciaurin's 
processes  are  remarkable  specimens  of  ingenuity,  considering  the 
date  of  their  publication;  but  they  will  not  be  very  interuitiqf 
to  a  modem  reader. 

SSt.     Marlanrin  says  in  his  Arfij-Ja  Sijffz 

...  What  had  been  shown  ctmcnmiDg  the  gravity  at  the  pole. ..agrees 
with  what  was  advanced  long  ago  by  Sir  Isaac  Newton  and  Mr.  Cotes, 
who  contented  themselves  with  an  approximation  in  detennining  the 
gravity  at  the  equator,  which  ia  exact  enough  when  the  spheroid  difiera 
very  little  from  a  sphere.  The  approximationB  proposed  lately  for  thia 
purpose,  Fkil.  Tra/na.  !N.  438  and  446.  are  more  accurate ;  and  Mr. 
STiaLLHQ  after  determining  the  gravity  at  the  equator  hy  a  converging 
series,  since  found  that  the  Bum  of  the  oeriea  could  ho  assigned  from  the 
quadrature  of  the  circle. 

I  do  not  know  what  is  intended  by  the  reference  to  Mr  Cotea. 
Of  course  Cotes,  as  editor  of  the  Principia,  may  be  supposed  to 
have  accepted  some  of  the  responsibility  which  would  otherwise 
have  fallen  on  Newton  alone:  but  Maciaurin's  words  seem  to  imply 
that  Cotes  bad  made  some  investigations  of  his  own.  The  paper 
in  the  Philosopkicai  Transactiona,  Number  438,  is  that  by  Stirling, 
of  which  we  gave  an  account  in  Chapter  V, ;  and  the  paper  in  the 
I%iloaopkic(U  TransactioM,  Number  415,  is  that  by  Clairaut,  of 
which  we  gave  an  account  in  Arts.  16S...166,  I  do  not  know 
what  Maclaurin  means  by  the  words  "and  Mr  Stirling... circle," 

This  passage  from  Maclaurin  was  quoted,  and  the  difficulty 
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as  to  it«  meaning  noticed,  hj  the  late  Sir  J,  W.  Lubbock :  Bee 
{«ge  24  of  his  work  cited  in  Art.  233. 

1  4o  not  know  whether  the  conjecture  may  "be  considered 
plauaibla  tbat  Maclaurin  wrote  Btirlinff  by  mistake  for  Simpsoni 
It  appears  ftaa  the  preface  to  Simpson's  Mathematical  Diaaerta^ 
tions  that  his  researches  on  the  Figure  of  the  Earth  were  read  to 
the  Royal  Society  in  M«rch  or  April,  174^1 ;  and  what  Haclaurin 
SBya  with  respect  to  Mr  Stirling  is  not  unsuitable  to  the  investi' 
gatioQ  we  find  in  Simpson's  mtk,  except  that  Simpson  does  not 
restrict  himself  to  a  point  at  the  eqpator,  but  takes  any  point  on 
the  BUr&ce. 

254,  Maclaurin  proceeds  in  his  Articles 948... 652  to  one  of 
the  most  important  of  his  investigations,  n  uniitiMii  as  forming 
a  large  part  of  the  theorem  which  now  usually  bears  tin  Mane  of 
ivory,  though  it  was  substantially  first  demonstrated  by  Lapbntk 
Maclaurin's  theorem  is  as  follows  in  modem  language:  Let 
there  be  two  confocal  ellipses,  and  let  them  both  revolve  round 
their  major-a.tes,  or  round  their  minor-axes,  so  as  to  gene* 
rate  two  ellipsoids  of  revolution :  then  the  attractions  of  the  two 
elhpsoids  on  the  same  particle  external  to  both  will  be  as  the 
volumes,  provided  the  particle  be  on  the  prolongation  of  the  axis 
of  revolution,  or  in  the  plane  of  the  equator.  Two  such  ellipsoids 
may  be  called  confocal  ellipsoids  of  revolution.  Legendre  shewed 
that  the  theorem  was  true  for  any  position  of  the  external  particle. 

The  general  theorem  demonstrated  by  Laplace  is  as  follows : 
If  there  be  two  confocal  ellipsoids,  that  is,  ellipsoids  which  have 
the  same  foci  for  their  principal  sections,  their  attractions  on  any 
particle  external  to  both  will  be  as  their  volumes,  that  is,  will  be 
the  same  in  direction,  and  in  amount  will  be  as  their  volumes.  The 
simplest  statement  in  modem  langui^e  is  this :  The  potentials  of 
confocal  ellipsoids  on  a  given  external  particle  are  as  their  volumes. 

Maclaurin  in  a  later  Article,  namely  653,  gave  so  much  of 
this  general  theorem  as  consists  with  the  limitation  that  the 
particle  must  be  on  the  prolongation  of  an  axis  of  the  ellipsoids. 
Ivory  merely  supplied  an  improved  form  of  demonstration  to 
Laplace's  theorem;  and  combined  it  with  the  lact  that  inside 
«a  ellipsoid,  along  any  radius-vector,  the  attraction  varies  as  the 
distance  horn  the  centre. 
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Maolaurin'fl  Articles  648  and  649  contun  his  demonstration  for 
the  case  in  which  the  external  particle  is  on  the  prolongation  of 
the  axis  of  revolution.  Theue  Articles  may  be  read  without  diffi- 
culty, apart  from  Maolaurin's  other  investigations,  b;  those  who 
are  desirous  of  seeing  a  specimen  of  his  own  f 


255.  It  is  easy  to  translate  into  modem  languid  the  esBence 
of  Maclaurin's  demonstration. 

Let  2a  and  26  be  the  axes  of  an  ellipse ;  let  the  ellipse  revolve 
about  the  axis  of  length  2a,  and  thus  generate  an  ellipsoid  of  revo- 
lution :  required  the  attraction  of  the  ellipsoid  on  a  particle  which 
is  on  the  prolongation  of  the  axis  of  revolution  at  a  distance  c  from 
the  centre. 

Let  r  be  the  distance  of  the  attracted  particle  from  any  point 
ef  the  ellipsoid ;  let  0  be  the  angle  between  r  and  the  axis  of 
revolution.  We  see  in  the  usual  way  that  the  attraction  is  found 
by  integrating  with  respect  to  r  and  6  the  expression 

Sirrdr  rainB  ct>a&d0 
_ 

Integrate  with  respect  to  r  and  we  obtain 
27r(r,-r,)  eia$coa6d0, 
where  r,  and  r,  are  respectively  the  greatest  and  the  least  values 
of  the  radius-vector  drawn  from  the  attracted  particle  to  the  ellip- 
soid at  the  inclination  0  to  the  axis  of  revolution. 

Hence  r,  and  r,  are  the  roots  of  the  quadratic  equation 
(r  cosg  — c}*     r'sin'j 


6" 


=  1, 


and  thus  we  shall  find  that 


_     ^  2ab  ^{b*  COS*  0  + if  sin'  g  -  c*  sin'  0) 
■       '  b'  cos'  d  +  a*  sin'  0 

_  2ah  V[6'  +  (g'  -b'  -  c*)  sin'  0\ 
i»+(a'-i')sin'^ 

Now  let  there  be  a  second  ellipsoid  of  revolution,  having  the 
foci  of  its  generating  ellipse  in  the  same  position  as  before ;  and 
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let  accented  letteni  be  used  to  denote  the  aDal<^aa  qaantities ; 
60  that 

Since  the  foci  of  the  generating  ellipses  are  coincident,  we 
have  a'  —  6*  =  o"*  —  i"*,  whether  the  elHpeoids  are  ohlate  or  oblong. 

ABBume  sin  ff  =-r^d;  then  we  see  that 


J  .,       -  (r,  —  r,^  an  ^  cos  fl^  d^     a  b^ 

and  therefore        V *'    .    .. wjo-  =  — i? • 

(r.-rJain^cosPde        ot' 

Thus  the  attractions  of  the  corresponding  elements  of  the  two 
ellipsoids  resolved  along  the  direction  of  the  axis  of  revolution  are 
in  the  same  proportion  as  the  volumes  of  the  ellipsoids;  and  so 
the  resultant  attractions  of  the  whole  ellipsoids  will  he  in  that 
proportion. 

It  will  be  observed  that  on  our  assumption  r,'  —  r^L  and  r,  —  r, 
vanish  together ;  so  that  our  elements  alwaya  correE^nd.  If  the 
density  of  one  ellipsoid  is  not  the  same  as  the  density  of  the 
other,  then  the  attractions  will  of  course  be  in  the  ratio  of  the 
masses  instead  of  the  ratio  of  the  volumes.  This  remark  will  be 
obviously  applicable  in  some  subsequent  Articles. 

Maclaurin's  own  investigation  in  his  Art.  648  applies  to  his 
figure  292,  which  is  drawn  for  an  oblatum ;  hut  the  figure  may  be 
drawn  for  an  oblongum,  and  it  will  be  found  that  the  investiga- 
tion is  equally  applicable.  In  Maclaurin's  investigation  the  point 
Pis  on  the  laigev  ellipsoid ;  but  still  this  involves  the  result  in  as 
general  a  form  as  we  have  stated  it. 

256.  Maclaurin's  Article  650  consists  of  three  sentences ;  it 
would  have  been  advantageous,  for  the  s^e  of  clearness,  if  they 
had  been  printed  as  three  distinct  paragraphs :  the  last  sentence 
most  certainly  should  have  been  separated  from  the  others. 

In  the  first  sentence  Haclaurin  gives  an  expression  for  the 
attraction  of  an  oblatum  on  an  external  particle  which  is  situated 
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on  the  axis  of  revolution :  this  follovs  from  bU  fonner  reanlta, 
which  we  have  noticed  in  Arts.  252  and  255. 

In  the  second  sentence  Maclaurin  gives  the  corresponding  ez- 
presaion  for  the  attraction  of  an  oblongum. 

The  third  sentence  is  very  remarkable.  It  has  been  shewn 
that  the  attraction  of  a  homogeneous  ellipsoid  of  revolution  on 
an  external  particle  which  is  situated  on  the  axia  of  revolution, 
varies  as  the  mass,  so  long  an  the  generating  ellipse  keeps  its  foci 
fixed ;  BOW  suppose  an  ellipsoid  of  revolution,  not  homogeneous, 
but  made  up  of  sheila,  each  shell  being  bounded  hj  confocal 
ellipsoids  of  revolution,  and  the  density  being  uniform  throughout 
each  shell,  but  varying  in  any  manner  from  shell  to  shell :  then 
the  attraction  of  this  heterogeneous  ellipsoid  on  an  external 
particle  situated  on  the  axis  of  revolution  is  to  the  attraction  of  a 
homogeneous  ellipsoid  of  the  same  size  as  the  mass  of  the  former 
is  to  the  mass  of  the  latter.  This  is  the  first  appearance  of  these 
confocal  shells,  which  play  an  important  part  in  modem  works  on 
Attraction. 

257.  Maclaurin  now  proceeds  in  his  Articles  651,  652  to  the 
case  in  which  the  atbacted  external  particle  is  in  the  plane  of  the 
equator  of  the  attracting  ellipsoid  of  revolution.  He  uses  a  most 
ingenious  artifice  by  which  this  case  is  made  to  depend  on  that 
already  conmdered,  in  which  the  attracted  particle  is  on  the 
prolongation  of  the  axis  of  revolution.  We  will  tmnslate  his 
process  into  modem  language. 

Let  the  equation  to  one  eUipeoid  of  revolution  be  ^  +  ^  .     =  1, 

and  the  equation  to  another  -^i+^^-tj— =  1.  Suppose  the  gene- 
rating ellipses  to  have  the  same  foci ;  then,  whether  the  ellipsoids 
are  oblate  or  oblong,  a*  —  c*  =  a"*  —  c". 

Suppose  the  second  ellipsoid  to  be  the  larger.  We  propose  to- 
compare  the  attractions  of  these  ellipsoids  on  a  particle  which  is 
on  the  equator  of  the  larger  ellipsoid ;  the  co-ordinates  of  the 
particle  may  be  taken  to  be  0,  0,  (^.  We  shall  shew  that  the 
attractions  of  the  ellipsoids  are  aa  their  volumes. 
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Let  G  denote  the  centre  of  the  ellipeoids,  and  P  the  position  of 
the  attracted  partida 

Let  two  planes  paaa  through  CP,  and  make  with  the  axis  of  y 
the  anglee  6  and  0+h6,  reepectively :  we  will  call  these  planee  the 
firtt  pair  of  planea.  Let  two  other  planes  pasa  through  CP,  and 
make  with  the  axis  of  y  the  angles  ff  and  ff  +S0'  respectively :  we 
will  call  these  planes  the  second  pair  of  plaTies.  The  volume 
comprised  between  the  first  pair  of  planes  and  the  first  ellipsoid 
we  will  call  the  element  of  the  first  ellipsoid;  the  volume  comprised 
between  the  second  pair  of  planes  and  the  second  ellipsoid  we  will 
call  the  element  of  the  second  ellipsoid :  each  element  then  consists 
of  two  wedge-shaped  slices.  We  shall  shew  that  when  a  suitahle 
relation  is  made  to  hold  between  0  and  ff,  the  attractionB  of  these 
elements  on  the  particle  at  P  are  as  their  volumes. 

The  relation  between  0  and  ff  is  found  by  assuming  that  the 
ellipses  which  form  the  boundaries  of  the  elements  shall  be  confocaL 
I'h.xis  we  have  r"  —  <^  =  r"  —  c'", 

where     »^=  *„„.J\  ^ .;„.,).  "id /■=- 


~  a*coB'0  +  (^an'0'  ~  a"  cos"  ^  +  o"  sin' ^ ' 

Since  o'  —  <^  =  o"  —  «*,  we  obtain 

c'sin'g  _  c''sin'g' 

a*  cotf*  5  +  c"  sin"  0     a*  co^  ff  +  o"  sin'  0" ' 
this  is  the  relation  between  0  and  0^.     It  is  obvious  that  to  the 
limits  0  and  ^  for  8  correspond  the  same  limits  for  0". 

Suppose  now  that  a  solid  were  formed  by  the  revolution  round 
CP  of  an  ellipse  having  C  for  centra  2c  for  the  axis  of  revolution, 
and  2r  for  the  other  axis.  Let  F  denote  the  attraction  of  this 
solid  on  the  particle  at  P.  Then  it  is  obvious  that  ultimately  the 
attraction  of  the  element  of  the  first  eUipsoid  on  the  particle  is 

w 

Also  suppose  that  a  solid  were  formed  by  the  revolution  round 
CP  of  an  ellipse  having  G  for  centre,  2c'  for  the  axis  of  revo- 
lution, and  2r'  for  the  other  axis.  Let  F  denote  tiie  attraction  of 
this  solid  on  the  particle  at  P.    Then  it  is  obvious  that  ultimately 
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the  attraction  of  the  element  of  the  second  eSipioid  on  the  particle 


have 


Therefore  iff&adf  denote  the  attractions  of  the  elements,  we 
/      F.S$ 

Now,  as  we  have  seen  in  Art.  255,  Moclaurin  had  shewn  that 

r  "  r' V ' 

therefore  /'/^^Stf-- 

Bui  T*S8  represents  the  area  intercepted  hy  the  first  pur  of  pUines 

from  the  ellipse  -j  +  ^  =  1 ;  and  r^Sff  representB  the  area  inter- 

.cepted  hy  the  second  pair  of  planes  from  the  ellipse  — ,  +  =^  =  1. 

Thus  we  see  that  /  is  to  y  as  the  volume  of  the  element  of  the 
first  ellipsoid  is  to  the  volume  of  the  element  of  the  second  ellip- 
soid. And  as  this  proportion  holds  for  every  corresponding  pair 
of  elements  it  holds  for  the  entire  ellipsoids;  which  is  what  we 
had  to  demonstrate. 

258.  The  process  may  be  easily  extended  to  the  case  in  which 
the  elhpsoids  are  not  of  revolution,  as  Maclaurin  himself  indicates 
in  his  Article  653. 

Let  the  equations  to  the  ellipsoids  be 

and  let  the  principal  sections  of  the  ellipsoids  he  confocal,  so  that 
(? — a' =  c^  —  a',  and  (^  —  J' =  c"  —  i". 
The  relation  between  0  and  ^  will  then  be  found  from  the 
condition  r'  —  i?  =  r'*—c'*, 

,  ,  ffl*6*  ,    ,,  a'*i'* 

(T  cos"  0  +  0  sm'  0  a?  ccs  o  +  b  sm  v 

As  before,  we  shall  find  that  to  the  limits  0  and  ^  for  0  corre- 
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epaad  the  same  limits  for  ff.    Then  the  inveatigation  and  the  result 
Till  be  as  in  the  preceding  Article. 

259.  Thus  in  the  attraction  of  homogeneous  ellipsoids 
Maclaurin*s  position  was  as  follows :  he  solved  completely  the 
problem  of  the  attraction  of  an  ellipsoid  of  revolution  on  any 
internal  particle;  and  with  respect  to  an  external  particle,  he 
obtained  for  ellipsoids,  not  necessarily  of  revolution,  the  theorem 
of  Laplace,  so  far  as  relates  to  a  particle  on  the  prolotigation  of  an 
(ueia  of  the  ellipsoids.    All  this  was  exatily  demonstrated. 

Maclaurin  states  also  something  more  as  approximately  true  in 
his  Article  654.  The  statement  amounts  to  this,  that  the  theorem 
of  Art.  254  is  true  "  either  accurately  or  nearly  when  the  spheroids 
differ  little  from  spheres,"  when  the  attracted  particle  has  any 
position.  He  gives  no  detail  as  to  the  investigation  of  this  result; 
but  merely  says  it  may  be  deduced  from  his  Article  653.  We 
know  DOW  that  the  theorem  is  exact  and  not  merely  an  aj^rox- 
imation ;  and,  as  we  have  stated,  the  demonstration  was  first 
given  by  Legeudre,  and  the  theorem  is  a  part  of  Ijaplace's  general 
theorem. 

260.  The  extent  to  which  Maclaurin  carried  his  investigations 
was  under-estimated  by  many  of  the  succeeding  writers.  He  was 
supposed  to  have  merely  envmciaied  the  result  which  we  have 
noticed  in  Art  258,  whereas  he  really  demoraiaraiea  it:  he  says 
"it  will  appear  in  the  same  manner..."  and  it  is  clear  from  an 
examination  of  his  context  that  this  is  the  case.  The  erroneous 
account  will  be  found  in  the  following  places:  D'Alembert, 
Optuetdea  Matii^maHquea,  YoL  vi.  1773,  page  243 ;  Lagrange, 
Serlin  MSmoires  for  1775,  page  279;  Laplace,  7Ti^orie...de  la 
Figure  elliptique  des  Planetes,  1784,  ipe,ge  96 ;  Legendre,  MSmoirea 
...par  divers  Savans,  Vol.  x.  1785,  page  412.     I^place,  Mdecmique 

'  Celeste,  VoL  v.  page  9.  Plana  in  Crelie's  Journal  f(ir...Matke- 
matik,  Vol.  xz.  page  190.  According  to  the  catal<^es  of  book- 
sellers, it  appears  that  Maclaurin's  Fluxions  was  translated  into 
French,  so  that  there  is  less  excuse  for  the  error.  I  suppose  that 
IVAlembert  went  astray,  and  the  others  followed  in  succession 
without  examination.  Cbasles  is  correct ;  he  says  that  Maclaurin 
T.  M.  A.  10 
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did  demonetrate  his  theorem,  and  he  points  out  the  error  in  this 
matter  made  by  D'Alemhert,  Lagrange,  L^endre,  and  others : 
see  the  M^motres. .  .par  diven  Savants,  Vol.  ix,  1846,  page  632. 
The  error  is  also  noticed  by  Dr  F.  Gmbe  in  a  paper  in  the 
Zeitscknft  fWr  Mathematik  und  Pkynk,  VoL  xrv.  Leipsic,  1869, 
page  272. 

On  the  other  hand,  some  recent  English  writers  have  gone  to 
the  opposite  extreme,  and  given  to  Maclaurin  more  than  his  due, 
by  ascribing  to  him  in  effect  the  entire  theorem  called  Ivory's,  but 
more  strictly  Laplace's ;  see  NaHrcd  Philosophy,  by  Thomson  and 
Tait,  Yol.  L  page  892,  and  Routh's  Sigid  Dynamics,  2nd  edition, 
page  121. 

261.  It  will  be  convenient  to  give  the  results  obtained  by 
Maclaurin  as  to  the  attraction  of  an  oblatum  on  an  external  par- 
ticle which  is  in  the  plane  of  the  equator,  or  on  the  prolongation 
of  the  axis  of  revolution. 


Let  P  be  the  position  of  an  external  {>article  which  is  in  the 
plane  of  the  equator.  Let  jP  be  the  focus  of  the  section  of  the 
oblatum  made  by  the  plane  which  contains  P  and  the  axis  of 
revolution.  Let  (7  be  the  centre,  CA  and  CB  the  eemi-ases  of 
the  section.  With  F  as  centre,  and  a  radius  equal  to  CP, 
describe  a  circle  cutting  CB  produced  at  D,  With  D  as  centra 
and  DF  as  radius,  describe  the  arc  FO,  and  with  D  as  centre  and 
DC  as  radius,  describe  the  arc  C8. 
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Then  Maclaurin  obtains  fur  the  attraction  on  a  particle  at  P 
the  expression 

2.  CB.  CA'     MeaJVO 
VJf        ^       OP      ■ 

And  for  the  attraction  on  a  particle  at  the  point  D  on  the 
prolongation  of  the  axis  of  revolutioD,  he  obtains  the  expression 

If  we  multiply  these  expressions  by  2w/j,  where  p  denotes  the 
density,  they  will  be  found  to  ^ree  with  those  given  in  modern 
works  OD  Statics  when  we  suppose  P  to  be  on  the  surface ;  and 
the  case  where  P  is  not  on  the  surface  may  be  deduced  from  that 
where  P  is  on  the  surface,  by  Maclaurin's  theorem  of  Art.  254. 
The  presence  or  absence  of  such  a  factor  as  2ir  merely  depends 
on  the  choice  we  have  made  of  the  unit  of  attraction. 

Put  a  for  CA,  and  ae  for  GF;  also  put  r  for  CP  in  the  first 
expression,  and  r  for  OD  in  the  second;  then,  introducing  the 
factor  ^TTfj,  our  expressions  become : 

-^-^ 'Y^'-r r } W- 

and  ^P^y-'^^l^.-rtan-'^l (2), 

so  that  (1)  applies  to  the  particle  in  the  plane  of  the  equator, 
and  (2)  to  the  particle  on  the  prolongation  of  the  axis  of 
revolution. 

It  will  be  useful  for  us  to  collect  here  some  obvious  deductions 
from  (1)  and  (2). 

The  attraction  at  the  equator  is  obtained  by  putting  a  for  r 
in  (1) ;  and  the  attraction  at  the  pole  is  obtained  by  putting 
0^(1-0  fo""  »■  in  (2). 

Let  X  and  y  be  the  co-ordinates  of  any  point  on  the  surface  of 
the  oblatum,  measured  from  the  origin  C  parallel  to  CA  and  CB 
respectively.  Then,  by  Art,  244,  combined  with  the  values  of  the 
attraction  at  the  equator  and  at  the  pole,  to  which  we  have  just 
alluded,  we  obtain  for  the  attractions  at  the  point  {x,  y),  resolved 
parallel  to  CA  and  CB  respectively, 

10—2 
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anct  *^[e~j/(l-^  ma*e}y. 

If  we  expand  these  and  neglect  ^  and  higher  povers  of  e  we 
obtain  respectively 

By  expanding  their  second  fitctors  in  powers  of  «,  the  expres- 
fdooB  (1)  and  (2)  become  reapectively 

-fV{l-0|p+io^  +  56  ?  +  -■}• 

and  -^V(l-0j^-x  ^+T  7  +  -f 

In  the  expressions  (1)  and  (2)  change  a  into  a  +  Sa,  and  sub- 
tract the  original  values;  thus  we  obtain  the  attrru^on  of  a  shell 
bounded  by  similar,  similarly  situated,  and  concentric  oblata,  on 
an  external  particle  in  the  plane  of  the  equator  or  on  the  prolon- 
gation of  the  axis :  supposing  Sa  so  small  that  all  powers  beyond 
the  first  may  be  neglected,  the  results  are  respectively 

and  4.pV{l-^^^^ 

Maclaurin,  Bubsequently,  in  bis  Articles  668  and  669,  gives 
without  demonstration,  in  a  geometrical  form,  results  which  are 
equivalent  to  these. 

262.  Maclaurin,  in  his  Article  655,  applies  his  results  to  find 
tlie  condition  for  the  relative  equilibrium  of  an  oblatum  of  fluid 
rotating  round  the  minor  axis.  Let  a  be  the  semi-axis  major,  and 
e  the  excentricity.  Let  X  denote  the  attraction  at  the  equator, 
and  T  the  attraction  at  the  pole.  Then  we  obtun  X  by  putting 
a  for  r  in  the  expression  (1)  of  Art.  261,  and  we  obtain  Y  by 
putting  a  •J{\  —  «•)  for  r  in  the  expression  (2).    Thus  we  find 
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Suppose  that  jX  denotes  the  value  of  the  centrifugal  force  at 
the  equator;  then  for  relative  equilihrium  we  must  have,  by 
Art  245, 

therefore  j  = V • 

Y 

Put  for  •«.  its  valuer  and  this  becomes 

.     3{am"'g-aV(l-^}-2^mn"'g 

These  expreadons  are  exact.     By  approziination  we  obtun 
,      2  .       8     .       16     . 

J°° 5 5 1 • 

Haclaurin  gives  these  approximations  aa  fiur  as  e*  inclusive. 
By  revision  of  seriee  we  obtain 

so  that  vben  the  oblatum  differs  veiy  little  from  a  sphere  we 
may  take 

Haclaurin  then  says,  "in  this,  case  the  ^ceas  of  the  eemi- 
diameter  of  the  equator  above  the  semiaxiB  is  to  the  mean  semi- 


.    By  the  mtan  temi^iametar 
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he  intends  half  the  sum  of  the  polar  and  eqnaterial  radii.  Taking 
1  for  the  equatorial  radiue,  we  have  V(l  ~  ^)  ^or  the  polar 
radius;    then  the  ratio  of  the  difiference  to    the    balf-sqm    is 

expressed  exactly  by  ^j^'^fj"^  • 

If  we  wish  to  be  correct  only  to  the  first  power  of  e'  this 
becomes  ^. 

If  we  wish  to  be  correct  to  the  second  power  of  ^  this  becomes 


••('-t) 


-l — .     We  might  use   other  forms  which  would  coincide 

with  this  as  far  as  the  eecoud  power  of  e*.     For  instance,  we  have 
the  ratio  exactly  equal  to  . — tttj  ,  and  thus  to  the  order 

26* 

of  e*  we  get  -r — ^ ;   and  then  we  may  put   this  to  the  same 
order  in  the  form  -=  l^  +  'o)' 

Taking  the  form  -r — 53  and  putting  -i-  for  e^,  we  obtain 

"^  - 

with  Maclaurin        "j,  i  ■ 

263.  Maclaurin  shews  how  the  value  of  e*  for  the  Earth, 
supposed  homogeneous,  may  be  deduced  from  the  measured 
length  of  a  degree  of  the  meridian  in  any  latitude,  and  the 
measured  length  of  the  pendulum  which  vibrates  in  a  given  time 
in  that  latitude:  see  his  Articles  656. ..658.  He  shews  in  his 
Article  657  that  the  radius  of  curvature  in  the  ellipse  varies  as 
the  cube  of  the  length  of  the  normal  terminated  by  the  major 
axis ;  he  was,  probably,  the  first  to  demonstrate  this:  see  the  M^ca- 
nique  C4leste,  Vol.  T.  page  6. 

Maclaurin  also  shews  how  the  value  of  6*  may  he  deduced 
from  the  distance  and  the  periodic  time  of  a  satellite  revolving 
in  the  plane  of  the  equator :  see  his  Articles  659  and  660. 
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Maclaurin  in  his  Articles  661.  ..665  obtaioB  numerical  results 
with  respect  to  the  Earth,  supposed  homogeneoua  He  does  not 
determine  strictly  the  value  of  the  quantity  we  denote  by  j ;  but  he 

finds  9DQ~o  "^  ^^^  value  of  the  ratio  of  the  centrifugal  force  at 

the  equator  to  the  force  of  gravity  at  Paris,  and    ~     as  the 

value  of  the  ratio  of  the  ceutrifugal  force  at  the  equator  to  tlie  force 
of  gravity  at  the  Polar  circle.  For  the  ratio  of  the  axes  of  the 
Earth  he  obtains  a  result  |fractically  equivalent  to  Newton's  value 
of  2S0  to  229. 

Maclaurin  shews,  however,  that  this  result  is  not  consistent 
with  that  obtained  by  means  of  the  observations  of  pendulums  in 
various  latitudes;  nor  with  that  obtaioed  from  the  measured 
lengths  of  a  degree  of  the  meridian  in  France  and  in  Lapland : 

both  these  methods  gave  for  the  ellipticity  a  larger  value  than  ^^ . 

We  have  now  mora  accurate  observations  and  measurements 
than  those  accessible  to  Maclaurin ;  and  we  know  that  the  true 

value  of  the  ellipticity  is  about  ^^ , 

264.  Maclaurin  then  proposes  to  treat  the  EUHh  as  not  uni- 
form in  density.  In  his  Article  666  he  supposes  that  there  is 
more  matter  at  the  centra  thaii  ia  consiat^it  with  the  hypothesis 
of  uniform  density ;  and  in  his  Article  667  he  supposes  that  tbera 
is  lees  matter  at  the  centre.  He  concludes  that  both  these  sup- 
positions are  inadmissible,  as  not  agreeing  with  facts ;  for,  relying 
on  the  Frauch  and  Lapland  arcs,  he  considered  that  the  ellipticity 

must  be  greater  than  aah  • 

lu  his  investigations  he  does  not  shew  that  there  will  be 
relative  equilibrium  in  the  supposed  fluid  mass ;  hut  he  shews 
that  if  there  be  relative  equilibrium,  certain  relations  will  exist 
between  the  lengths  of  the  polar  and  the  equatorial  diameters. 

Maclaurin's  investigations  do  not  appear  quite  satisfactory; 
let  us  take  his  Article  667,     With  the  notation  of  Art.  262  we 
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have  X—jX  for  the  gravity  at  the  equator,  and  Y  for  the  gravity 
at  the  pole.     The  ratio  of  the  di£Fereiice  to  the  half-sum  is 
Y-X*jX 
'  Y+X-jX- 
Noir  for  relative  equiHbriam  we  must  have 

subetitute,  and  we  find  that  the  above  ratio  becomes 
2{l-V(l-e')} 
l  +  V(l-eO    * 
As  -ffe  have  seen  in  Art.  262,  this  result  can  be  put  in  various 
approximate  forms. 

Now  Maclaorin  Btij^>08es  that  matter  is  removed  from  the 
centre  of  the  oblatum,  so  as  to  dimimsh  the  attraction  at  the 
equator  by  a  certain  traction  of  the  mean  attraction ;  ve  shall 
denote  this  &action  by  \  and  the  mean  attraction  by  G.    The 

attraction  at  the  pole  trill  be  diminished  by  ■-  _  . .    The  ratio  of 

the  centrifugal  force  to  the  attraction  at  the  equator  is  supposed  to 
renuuned  unchanged. 

Thus  the  gravity  at  the  equator  is  (X  -  XGf)  (1  —J),  and  at  the 
pole  is  Y—  = — j^^-    The  ratio  of  the  difference  to  the  half-sam 

Y-X(1-j)-\g\j^-{1-J)\ 

Y+X{l-j)-XOi^r^  +  l-jj 

Maclaurin  considers  that  this  is  approximately  equal  to  i£"^rxg,-x  > 
and  this  is  leas  than  -^  which  he  takes  for  the  approximate  value 
of  the  ratio  before  the  matter  was  removed  from  the  centre. 

But  these  statements  axe  liable  to  the  objection  which  is  &tal 
to  80  many  approximate  calculations ;  the  investigation  is  not  tme 
to  the   order  of  the  small  quantities  which  are  retained.     Put 

hY+X)  for  0 ;  and  observe  that  Y^/0.  -  e")  =  X  {1  -  j).  Then 
the  ratio  after  the  matter  is  removed  from  the  centre  is  accurately 
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If  we  neglect  powers  of  ^  and  j*  above  the  first  Ae  ntuo&rator 
of  this  fraction  becomes  e*  —  2X(^+j);  and  the  denominator  be- 

come8  2  +  3-3/^S  +  |+j)(2  +  ^-j),  that  is,  to  onr  order  of 

approximatioD  2+=-— X  [2 +  -„-).    If  we  now  put-^  for  e*,  we 

obtain  for  the  ratio  1       _<        '  -j-     • 

Thus  we  see  that  MacUunD  is  wrong  in  his  denominator. 

There  is,  however,  a  very  serious  objection  to  the  process  just 
given.  If  Maclaiuin  retained  the  term  in  J\  in  the  denominator, 
he  ought  to  have  carried  on  the  approximations  in  the  numerator 
to  a  higher  order ;  for  instance,  e*  ought  to  have  been  retained : 
and  then  when  the  value  of  e*  in  terms  of  j  is  substitnted  in  the 
numerator  the  square  of  J  must  be  retained.  But,  in  order  to 
determine  in  a  satisfactory  manner  how  &r  the  approximations  are 
to  be  carried,  we  must  make  some  hypothesis  as  to  the  value  of  X. 

Suppose,  for  instance,  that  X  is  ^  or  7 ;  then  j\  will  be  of  the  same 

order  as  j;  and  in  the  numerator  of  the  ratio  we  shall  have  to 
retain  the  squares  of  ^  and  j,  and  the  product  ^j.  But  if  we 
suppose  that  X  is  of  the  same  order  as^,  and  retain  the  term  jX  in 
the  denominator,  then  we  must  make  our  numerator  accurate  to 
the  third  order  of  small  quantities,  and  our  denominator  accurate 
to  the  aeoond  order,  considering  ^  or  j  as  of  the  first  order. 

I   have  taken  G^^{Y+X)  as  Maclaurin's words  certainly 

imply.  I  do  not  retain  his  notation  nor  his  language ;  but  use 
what  I  find  most  convenient.  Maclaurin  himself,  in  his  Art  666* 
explains  that  in  what  follows  he  uses  gravitation  for  the  excess  of 
gravity  above  centrifdgal  force :  so  that  his  gravity  corresponds  to 
my  attraction,  and  his  gravitation  to  my  gravity. 
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It  ifl  possible  however  that,  with  Maclaurin,  G~a{Y+X—jX). 
This  meaning  of  (3  mates  r-X(l-i)  =20~^^^^; 

and  the  ratio  tif  the  difference  of  the  polar  gravity  and  the  equa- 
torial gravity  to  the  h^f-snm  becomes  accurately 

Instead  of  the  expression  i-  +  ^  —  i\  —  -^j\  which  we  obtained 

before  for  the  denominator  by  approximation  we  should  now  have 
4  —  4X  —  SjK,  which  is  still  different  from  M&claurin's  result. 

However,  though  Slaclaurin's  process  is  very  unsatisfactory, 
his  conclusion  is  tme  that  the  ratio  of  the  difference  to  the  half- 
9um  of  the  gravities  is  diminished  by  removing  matter  from  tha 
centre.  The  best  way  of  shewing  this,  is  to  start  from  the  alge- 
braical fact  that  ^ — ^  is  less  than  *-  if  S  is  greater  than  " .  Ac- 
9-S  2      2  i 

oordingly  we  have  only  to  shew  that  ^^^^^— —  is  greater  thatl 

= — —i ■^i   this  reduces   to  shewing  that   I  —  j   is  less  than 

I  +  •/[!  —  r} 

.1-  _■--  ■  which  is  obviously  true. 

There  would,  however,  be  little  interest  in  ascertaining  that 
the  ratio  is  diminished  without  any  estimate  of  the  amount  of 
diminution ;  but,  in  order  to  form  such  an  estimate,  it  would  be 
necessary  to  make  an  hypothesis  as  to  the  value  of  X,  and  then  to 
approximate  to  a  suitable  degree  of  accuracy. 

Hitherto  in  this  Article  we  have  not  piud  any  regard  to  the 
supposition  that  the  oblatum  is  fluid;  but  let  us  now  adopt  that 
supposition.  Uaclaurin  finds  by  Newton's  method  of  balancing 
cdlnmns  that  when  matter  is  removed  &om  the  centre,  the  polar 
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diameter  will  be  dimmished,  and  the  eqaatorial  dituneter  increased, 
and  BO  the  excentricity  increased.  The  process  ia  not  satisfactory ; 
for  Maclaurin  does  not  sheir  that  the  fluid  can  remain  in  equili- 
brium when  matter  is  removed  from  the  centre:  and  in  &ct  we 
now  know  that  it  will  be  -necessarj  to  make  some  fresh  hypothesiB. 
We  may  suppose  that  there  is  a  solid  spherical  nucleus,  surrounded 
by  a  fluid  of  greater  density.  In  this  caae  it  will  be  found  that 
relative  equilibrium  will  subsist,  when  the  bounding  sur&ce  is  an 
oblatum  of  certain  eccentricity ;  and  this  escentricity  is  greater 
than  when  the  body  b  entirely  fluid  and  homogeaeous.     But  the 


The  problem  in  fact  was  solved  by  Clairaut  in  the  more  general 
form  of  a  central  nucleus  which  is  not  a  sphere  but  an  ellipsoid 
of  revolution,  having  for  its  axis  of  revolution  the  axis  of  rotation. 
See  his  Figure  de  la  Terre,  page  219. 

We  will  briefly  solve  the  problem,  when  the  nucleus  is  spheri- 
cal, in  the  modem  way.  Let  M  denote  the  mass  of  the  body, 
supposed  entirely  fluid  and  homogeneous ;  then  XM  is  the  mass 
which  is  supposed  to  be  removed,  so  as  to  make  the  central  nucleus 
less  dense  than  the  fluid.  We  may  consider  that  the  attraction  at 
any  point  of  the  fluid  is  produced  by  the  action  of  the  whole  ob- 
latum of  fluid,  diminished  by  the  action  *of  the  sphere  of  mass  XM. 

Take  the  axis  of  z  for  that  of  revolution.  Let  w  be  the  angnlar 
velocity.  The  attraction  of  the  oblatum  at  the  point  {w,  y,  z) 
parallel  to  the  axes  will  be  Ax,  Ay,  Cz,  respectively,  where  A  and 

C  are  constants.  The  attraction  of  the  sphere  will  bo  -t-  ,  -^- , 
and  —J—  respectively,  where  r"  =  a;*  +  y*  +  «*. 

Hence  the  equation  to  the  surface  of  the  fluid  must  be 

Suppose  2a  and  ic,  the  equatorial  and  polar  diameters ;  the« 
weget  "2 2" 
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W    \M  .    ^ 

and  -5-  H ■=  conatant ; 

z        0 

tbere&re  by  subtraotion 

Now  by  hypotheeis  we  have 

Bothrt        ^•-Ci?-j(^a'-^  +  2»Jf(^-')-0- 

Buppoae  that  e  is  very  small,  wo  find  by  Article 
ately 

^.■=f(i.l.),a-f(a-i.)  = 


If  we  Buppoae  that  e  is  very  small,  we  find  by  Artide  262  Uiat 
approximately 


and 


go  that  «'"*4r— ^= ET" 

f_X  1-  — 

It  is  obvious  that  if  we  aappose  ^  and  _;  to  be  of  the  eame 
Older  of  magnitude,  this  process  is  not  satisfactory  for  every  value 

of  \ :  for  instance,  X  must  not  be  nearly  equal  to  ■= .     And  if  X  is 

itself  of  the  same  order  as  ^  andj,  the  result  is  not  admissible,  for 
then  we  ought  to  have  retained  e*  and  ^j  as  well  as  jX  and  ^K 

We  may  accept  the  inveetigation  as  sufficiently  accurate  for 

such  cases  as  X  =  ^,  or  X=irjr;   and  we  see  that  the  ezcentri- 

city  is  greater  than  for  the  case  of  the   oblatum  entirely  fluid 
and  homogeneous:  so  far  then  we  agree  with  Maclaurin. 

Maclaurin,  however,  asserts,  that  in  consequence  of  this  in- 
crease of  the  excentricity,  the  ratio  of  the  difference  of  \h&  gravi- 
ties to  their  half-sum  is  rendered  still  less  than  it  was  before  we 
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adopted  the  sappomtioD  of  fluidity.  Thia  is  a  mere  asaertjon 
UDBapported  by  evideDce.  So  &r  as  the  inflnence  of  the  removal 
of  central  matter  is  concerned,  we  may  admit  that  the  increase  of 
the  exoentricity  tends  to  bring  the  polar  gravity  and  tiie  equa- 
torial Tiearer  to  equality ;  but,  on  the  other  hand,  considering  all 
the  other  matter  as  forming  a  homogeneous  ohlatnm,  we  see  that 
the  increase  of  the  exoentricity  tends  to  bring  the  polar  gravity 
and  the  equatorial  further  from  equality.  Thus,  to  obtain  the 
actual  result,  we  must  strike  a  balance  between  opposing  influ- 
ences ;  and  this  Maclauriu  has  not  done. 

We  can  easily  submit  the  question  to  calculation.    Before  the 
hypothesis  of  fluidity  was  adopted,  taking  X,  less  than  -=  but  not  so 
as  j,  we  have  for  the  approximate  value  of  this  ratio 


10 


'-^). 


-~_  to  the  order  of  accuracy  necessary ;  to  this  order, 

in  &ct,  Maclauriu's  result  agrees  with  that  which  we  obtained. 

Now  with  the  hypothesis  of  fluidity  we  may  And  the  ratio  by 
the  (ud  of  Clairaut's  theorem ;  for  the  ratio  of  the  difiWence  of 
the  gravities  to  the  half-sum  is  the  same  as  the  ratio  of  the  difier- 
ence  of  the  gravities  to  the  equatorial  gravity,  to  oar  csder  of 
accuracy.    Thus,  by  Art.  171,  the  ratio  is. 

^    ^.bf^      *''-"*     *b»*-     ^^'-'"'^ 
Kow  this  is  not  necessarily  lesa  tiian  the  former  value ;  it  is  in 


10* 


bet  greater  if  X  is  less  than 

265.  Maclaurin  considers  in  his  Articles  668.. .671  the  attrac- 
tion of  an  eUipsoid  of  revolution  made  up  of  similar  and  concentric 
shells  of  vaiyii^  density.  He  shews  theoretically  how  to  deter^ 
mine  the  attraction  on  a  particle  on  the  axis,  or  in  the  plane  of 
the  equator,  either  external  or  intemaL  In  modem  language  we 
should  say  that  he  reduces  the  general  problem  to  depend,  on  a 
single  int^ration :   see  Art.  261.     Maclaurin  then  takes  special 
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cases;  be  treats  briefly  the  case  in  whiclt  the  density  vaiies 
inversely  ae  the  diameter  of  the  shell,  and  the  case  in  which  it 
variea  ioversely  aa  the  square  of  the  diameter;  and  more  fully  the 
case  in  which  it  vanes  as  the  diameter. 

Jacobi  has  made  an  important  remark  on  the  subject  of 
the  similar  concentric  shells  when  the  ellipsoid  is  not  of  revo- 
lution :  see  Poggendorffa  Aniialm,  Vol.  xxxm.  1831,  page  233. 
Pont^coulant,  Thiorie  Analytique,  Suppldnwnt  a«  Livre  V.  page  22. 

266.  It  will  be  interesting  to  discuss  analytically  some  cases 
of  similar  concentric  shells  with  varying  density. 

I.  Suppose  the  density  to  vary  inversely  as  the  diameter. 
Put  a:  for  ea ;   then  the  density  varies  inversely  as  x ;   say  that 

the  density  =  - .     Take  the  formulse  of  Art.  261,  omitting  the 

I  factor  — ^-— T ;   thus  we  find  that  the  attractions 

for  an  external  particle  in  the  plane  of  the  equator  and  on  the  axis 
respectively  are 

r  being  the  distance  of  the  particle  from  the  common  centre  of  the 
shells.  The  limits  of  integration  are  0  and  ce,  where  e  is  the 
semi-axis  major  of  the  bounding  shell  of  the  solid.  Thus  we 
obtain  respectively 

I^Z^li^IiM,  and  ilog'^. 

Suppose  now  that  we  take  the  external  particle  to  be  on  the 
surface  of  the  oblatum ;  then  in  the  former  expression  we  put 
r  =  c,  and  in  the  latter  we  put  r*  =  c'(l  — e").  In  both  cases  we 
obtain  a  result  independent  of  c  Thus  the  attraction's  at  the 
equator  and  at  the  pole  are  independent  of  the  size  of  the  obla- 
tum. Maclaurin  gives  this  result  so  far  as  relates  to  the  attrac- 
tion at  the  equator. 

It  is  also  true  that  for  a  particle  situated  at  any  point  of  the 
surface,  the  attraction  will  be  independent  of  o;  this  may  be 
shewn  by  reasoning  of  the  kind  given  in  Art.  242. 
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II.  Suppose  the  density  to  vary  inversely  aa  the  Bquare  of 
the  diameter. 

In  this  case  we  find,  omitting  the  same  common  factor  ae 
before,  that  the  attractions  for  a  particle  in  the  plane  of  the 
equator  and  on  the  axis  are  respectively 


]r^{f-^) 


and   1-3 i, 


^.    ..  1...  ce       jl.-ice 

that  IB,  -  sin  '—  and  -  taa^—  . 

T  r  r  r 

Suppose  now  we  take  the  external  particle  to  be  on  the  sur- 
face of  the  oblatum ;  then  in  the  former  expression  we  put  t  =  c, 
and  in  the  latter  r  =  cv/(l-~^)-  Hence  we  see,  that  for  oblata 
similar  in  form  but  different  in  size,  each  result  varies  inversely 
as  c  Maclaurin  gives  this  result  so  far  aA  relates  to  the  attrac- 
tion at  the  equator.    . 

It  is  also  true  that  for  a  particle  situated  at  any  point  of  the 
surface  the  attraction  will  vary  inversely  as  c ;  this  may  be  sheffn 
by  reasoning  of  the  kind  given  in  Art.  242. 

Also,  since  sin"" «  =  taa"'  -tt^ ^ ,  we  see  that  for  the  n»n« 

ellipsoid,  the  equatorial  and  pohu'  attractions  for  a  particle  on  the 
surface  are  inversely  aa  the  equatorial  and  polar  diameters. 
Maclaurin  does  not  mention  this.  I  add,  that  the  law  of  density 
under  consideration  is  the  only  law  which  gives  the  result  just 
obtained ;  the  density  being  assumed  to  be  a  function  of  the 
diameter  of  the  shell     To  prove  this :   assume  the  law  of  density 

to  be  represented  by  ^-^ .    Then  we  require  that  /    — ~.  ■  ■   ^ 

shoald  be  to  i    ■^_Ji  -r-*  as  c  V(l  —  <^  ia  to  & 

Assume  in  the  first  integral  a:  — csin^,  and  in  the  second 
«  =  c  V(l  —  0  **°  ^  '■   then  we  arrive  at 

\       '[^(csinfl)-^lcV(l-<Oton^]<^  =  0- 
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Differentiate  with  respect  to  c  and  to  « ;   thus 
0  =  1       '  [sin  e^'{c  Bin  ^  -  ^/(l  -  ^  tan  5^'{()V(1  -^tan^] d6. 
and     0 -C^'* -77=^^  tan 50' [0^(1-0  tan  5}  (W. 

Multiply  the  latter  by  ,  and  add  to  the  former ;   thus 

we  obtain 

{  °   '  an.e<^'  {o  ame)d0  =  0; 
and  by  differentiating  with  respect  to  e  we  see  that  ^'(ce)  »  0. 
This  shews  that  ^{x)  must  be  a  constant. 

in.    Suppose  the  density  to  vary  as  the  diameter. 

In  this  case,  omitting  the  same  common  &ctor  as  before,  the 
attractions  for  a  particle  in  the  plane  of .  the  equator  and  on 
the  axis  are  respectively 

Thus  we  shall  obtain  when  the  external  particle  is  on  the 


Each  varies  directly  as  the  square  of  c.  And,  as  before,  For 
a  particle  situated  at  any  point  of  the  surface  the  attraction  will 
vary  as  the  square  of  c  In  this  case  the  ratio  of  the  equatorial 
attraction  to  the  polar  is 

2  2-3V(l-eO  +  (l-tO* 

8    «'  +  (l-i')log(l-eO   * 

Expanding  in  powers  of  ^  we  shall  find  that  this  becomes 
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thus  if  we  neglect  the  square  aad  higher  powers  of  0*,  the  two 
attractions  are  equal.  This  agrees  with  a  statement  in  Madautin'a 
Article  673. 

IT.    Suppose  the  densit;  to  vary  as  the  cube  of  the  diameter. 

Iq  this  case,  omitting  the  same  common  Cfictor  as  before,  the 
attractions  for  a  particle  in  the  plane  of  the  equator  and  on 
the  axis  are  respectively 

Thus  we  obtain  when  the  external  particle  is  on  tbe  surface 
^  {8  - 15  (1 -«•}*  + 10(1  -  e*)*  -  S  (1  -  ^*}, 

and  -|[e*-2e'Cl-fl*)-2a-«')Mog(l-e*)l. 

Each  varies  ae  the  fourth  power  of  c.    And,  as  before,  the  eame 

result  will  hold  for  a  particle  situated  at  any  point  of  the  surface. 

The  ratio  of  the  former  to  the  latter  when  we  select  the 

.  >+7 

square  and  higher  powers  of  e*  is  j  . 

S67.  Maclaurin  in  his  Articles  672  and  673  supposes  that  his 
shells  are  fluid,  and  that  the  density  varies  as  tbe  diameter.  He 
comes  to  the  conclusion  that  the  ellipticity  is  rather  greater  than 
it  is  for  the  case  of  uniform  density;  but  that  the  increase  of 
grarity  in  passing  from  the  equator  to  the  pole  is  less  thiui  for  the 
case  of  uniform  density.  He  also  briefly  states  the  results  for  the 
case  in  which  the  density  varies  as  the  cube  of  the  diameter. 

The  results  are  of  no  value)  for  Maclaurin  merely  assumes 
Newton's  principle  cf  columns  of  fluid  balancing  at  tbe  centre, 
and  does  not  shew  that  the  whole  fluid  will  be  in  equilibrium. 
In  fact  it  is  known  that  the  whole  fluid  will  not  be  in  ec|uil)brium. 
If  the  density  of  the  shells  varies  the  excentricity  can  not  be 
constant.  The  objection  to  Maclaurin's  investigations  was  noticed 
by  Clairaat:  see  bis  Figure  de  la  Terre,  fB^es  229.. .233. 

T.  M.  jL  11 
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For  an  example  we  will  give  the  inveBtigatioii,  on  Maclaorin's 
principles,  of  the  case  in  vhich  the  density  varies  as  the  cube  of 
the  diameter. 

Denote  the  attraction  for  a  particle  on  the  surface  at  the 
equator  by  E,  and  at  the  pole  by  P,  the  density  at  the  surface 
by  p,  and  the  centrifugal  force  at  the  equator  by  V:  let  2a  and 
2h  be  the  equatorial  and  polar  diameters. 

For  the  equatorial  column,  at  a  distance  x  &om  the  centre. 


= 

m-- 

D'S 

-(f- 

■iy 

Similarly 

he  weight  of  the  polai 

column 

->■ 

Therefore 

(f- 

D- 

-f^. 

We  take  from  observation 

y 

"a®'  '°  ""'  ^''^ 

-(-r 

xW* 

Therefore   -p 

1     » 

6x289 

1- 

i-r 

8        "f 
x289 

pr.z.n«t 

But  we  saw  in  Art.  266  that  p  =  1  +  o~  nearly; 
thereto  1  -  ^  =.(l  -  j^J(l  + |); 

...  e"     1     8       1  1 

■othat  ^.jXgXj-jj.jj-j. 

The  ratio  of  the  polar  gravity  to  the  equatorial 

P  1  J_     «■_,  .13     _1_ 

"J^H'"/',      £\/,       rT"''*  289"  8  "25  "289° 
r*8A       2a9> 
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Thus  we  obtain  an  ezcentricity  sligbtly  greater  than  for  the 
&        1 
case  of  unifonu  density,    where  'a-  =  oor>>  '^"^  ^^  increase  of 

grarity  in  passing  from  the  equator  to  the  pole  is  much  less  than 

for  the  case  of  uniform  density,  where  it  is  =57;  of  the  whole. 

268.  Maclaurin  devotes  his  Articles  674... 678  to  the  discus- 
sion of  the  case  in  which  the  density  involves  two  terms,  one  con- 
stant, and  the  other  varying  as  the  diameter  of  the  shells.  Let 
0  represent  the  diameter  of  any  shell,  a  the  diameter  of  the  out- 
side shell  %  then  he  takes  the  density  to  vary  as  ^  —x.    This 

obviously  amounts  to  supposing  the  density  to  vary  as  the  distance 
from  some  point  heyond  the  onlside  shell.  Maclaurin's  discussion 
of  the  attractions  at  the  equator  and  at  the  pole  is  very  clear  and 
satisfactory. 

Assuming  as  before  that  the  body  is  fluid,  and  using  Newton's 
principle  of  columns  balancing  at  the  centre,  Maclaurin  arrives  at 
the  following  results : 

If  e  and  j  have  their  usual  meanings 

e'_5;(n  +  2)(«  +  3)     ^  (        3(3n  +  l)  (n-1)] 
4      17n"+3*n-f-45'"  8  \         iV  +  34tH- 45  | " 
The  ratio  of  the  difference  of  polar  and  equatorial  gravities  to 
their  half-sum  is 

bj  (    .  3Cn  +  3)(«-l)] 
4  I   ■^17n'-h34rH-45r 
Maclaurin  says  in  his  Art.  678, 

...no  supposition  of  this  kind  can  ftcootmt  for  a  greater  variation 
from  the  spherical  figure,  and  at  the  same  time  for  a  greater  increase  of 
gravitation  from  the  equator  to  the  poles.... 

If  we  put  n  =  0  in  the  above  value  of  e*  we  get  fl*  =  ^  ;  the 

density  now  varies  as  the  diameter :  the  result  coincides  with  that 
obtuned  by  Maclaurin  in  his  Art.  673. 

Maclaurin  in  his  Article  679  states  the  results  obtained  by 
substituting  for  n  in  the  above  general  formulee  the  values  2,  3 
and  infinity, 

11—! 
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269.  Problemfi  of  the  kiDd  considered  by  Madaurin  ia  his 
Articles  672  ...  679  had  previously  engaged  the  attention  of 
Clairaut:  see  Chapter  VI.  Both  Clfuraut  and  Maclaurin  how- 
ever fEuled,  from  not  knowing  that  the  equilibrium  of  the  whole 
fluid  was  impossible  on  their  hypotheses.  Considered  merely 
with  respect  to  aUractiom  both  supplied  interesting  results: 
Clfuraut  gave  apprommate  values  of  the  attraction  at  any  point 
of  the  surface,  and  Maclaurin  gave  exact  values  of  the  polar  and 
equatorial  attractions.  The  failure  as  regards  the  hydrostatical 
part  of  the  problems  was  recognised  by  Clairaut  himself:  see 
his  Figure  de  la  Terre,  pages  155  and  259. 

270.  Maclaurin  in  bis  Article  680  takes  the  case  of  an  oblatnm 
which  is  composed  of  shells  of  finite  thickness ;  each  shell  is  of 
uniform  density,  but  the  density  varies  from  shell  to  shell,  in- 
creasing towards  the  centre :  the  bounding  surfaces  of  the  shells 
are  supposed  to  be  all  similar  and  concentric.  He  gives,  in  fact, 
an  approximate  expression  for  the  ezcentricity  in  the  case  of  one 
shell  surrounding  a  central  portion,  from  which  it  appears  that 
the  excentricity  is  less  than  for  the  case  of  a  homogeneous  fluid ; 
and  he  states  that  a  similar  result  will  hold  when  there  are  more 
shells. 

Let  us  investigate  the  general  result  which  is  briefly  indicated 
in  Maclaurin's  Article  680. 

First,  let  there  be  one  shell  surrounding  a  central  pari  Denote 
the  density  of  the  shell  by  1,  and  that  of  the  central  part  by  1  +  a-. 

Let  the  equatorial  diameter  of  the  central  part  be  ~  ,  where  2a  is 

the  outer  equatorial  diameter  of  the  shell. 

We  proceed  with  Maclaurin  to  equate  the  weights  of  the 
equatorial  and  polar  columns. 

We  b^n  with  finding  the  weight  of  the  equatorial  column. 
Let  a  denote  a  distance  from  the  centre,  7  the  density  at  this 
point,  0  (x)  the  attraction  at  this  point.     Then  the  weight  of  the 

column  will  be  denoted  by  I  t<f>(x)  dx ;  and  we  must  observe  that 

V  and  ^  {x)  have  different  forms  at  different  points. 
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y  =  l  +  <r,    &ad  ^{x)  =  k(l+tT)  (l+^x;   and  from  a;  =  "  to 

x  =  aYrehB.yey  =  l,snd4>{x)=k(l  +  ^x+k<r(^^  +  :^^. 

Here  we  only  retain  the  firat  power  of  e* ;  and  this  we  shall  do 
throughout  the  investigatioQ.     See  Art.  261, 

Hence  we  shall  find  that  I  f^(x)  dx  becomes 

If  Fdenote  the  ceutrifngalforceat  the  equator,  the  effect  of  the 

centrifugal  force  on  the  column  is  V(l  +  -;]  s.    We  put  as  usual 

y 
— "—T— ^  =i;  for  the  deaominator  on  the  left-hand  side  ei- 

presses  the  attraction  at  the  equator  to  the  order  which  we  are 
here  considering.    Thus  the  effect  of  the  centrifugal  force  on  the 

In  a  similar  maimer  we  find  that  if  2&  be  the  outer  polar 
diameter  of  the  shell  the  weight  of  the  polar  column  is  denoted  bj 

The  factor  ( 1  ~  ta  )  -9-  ii^y  ^  obtained  thus :  the  attraction  at 
the  pole  of  an  oblatum  of  denuty  unity  is  itf  n- — =- .  nj,  ^^^  ^ 
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^  ( 1  -t-  -^j  nearly;  thus  the  weight  of  the  polar  column,  if  the 
density  were  unity  throughout,  would  be  Jc-s  (l  +  fn)'  *^**  ^' 

K'-ro)l'- 

Equate  the  weights  of  the  columns ;   thus  we  get 
*■         -^  5n'      5   V        n  /  n'  o       n* 

therefore        ^  =  '  '        '    '"     a  * 

n*  +  nV  +  nV  +  nV  +  =  (n*  —  1)  o- 

this  is  less  than  -^ ,  since  tr  is  positive  and  n  greater  than 
unity.     Maclaurin  gives  this  result. 

Let  ua  now  suppose  that  there  are  three  portions  of  fluid,  an 
outer  shell  of  density  1,  a  second  shell  of  deosity  1  +  p,  and  ao 
inner  part  of  density  1  +  p  +  a.    Let  the  equatorial  diameter  of 

the  inner  part  be  — ;  and  let  the  outer  equatorial  diameter  of  the 
second  shell  be  — .  It  is  easy  to  see  that  the  value  of  <?  will 
now  be  determined  by  an  equation  of  the  form 

J  z  \        wt       n  /\        m      n'/ 

"  1  +  terms  of  the  first  and  second  d^ree  in  p  and  o- ' 

'  Now  with  respect  to  the  denominator  on  the  right-hand  sid^ 
we  know  that  if  p  =  0  it  reduces  to 

,      a*     /I       1\        3n'-l 
n      \n"      n  /        2     n 

and  if  9^0  it  will  reduce  to  a  similar  expression  in  p  and  m. 
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EeDce,  in  fact,  we  have  osly  the   term  in  fxr  to  find.     Proceed 

as  before :  we  see  that  in  estimating  the  weight  of  the  equatorial 
column  we  have  a  term 


■m-)! 


and  in  estimating  the  weight  of  the  polar  column  we  have  a  term 


2kpa 


.^W  ^t_f!Li^  «_!>:-: 


,       (n-m  a     e'(n*  —  m*)    a'\    , 


This  shews  that  the  term  we  are  seeking  is 
(w(-i-o- — i-+o- s—  .  tQfrt  IS  p<rJ-i  +  -i-  + Vi — ^r- 

The  term  which  involves  pa  in  the  numerator  is  — i-i  +  —=-1 , 

"^  mn     mn 

which  is  certainly  lees  than  the  tenn  which  involves  pa  in  the 
denominator. 

There  will  be  no  difficulty  in  extending  this.    Suppose  that  there 
are  foiir  portions  of  fluid,  and  that  their  densities  are  1,  1  +  «r, 
1  +  v  +  p,  1+w  +  p+a;  and  the  corresponding  equatorial  semi- 
diameters  a,  -J,  — ,  — .     Then  the  numerator  of  c*  will  now  be    - 
I    m    n 

The  terms  in  the  denominator  can  easily  be  written  down ; 
tliat  in  po-  is  the  same  as  before ;   that  in  ap  will  in  like  manner 


m'  2 

{1  .    ;    .3iW-D) 


be  wp  J  — =  +  — s  +  —  a   » — -  ( ',     and    that    in    wa   will    be 


The  problem  is  of  no  importance ;  for,  as  we  have  s^d,  the 
whole  fluid  mass  will  not  be  in  equilibrium :  but  still  there  is 
something  curious  in  the  simplicity  of  the  solution  when  con- 
sidered with  regard  to  the  complexity  of  the  hypotheeis. 

271.  Maclauria  in  his  Article  681  takes  the  following  hypo- 
thesis :  let  there  be  a  shell  of  fluid,  the  bounding  surfaces  of 
whicfci  are  concentric  and  similar  oblata;  and  within  the  inner 
surface  let  there  be  a  solid  concentric  sphere.  He  again  equates  the 
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weights  of  the  equatorial  and  polar  oolumaB  of  fluid.  It  is  obvious 
that  the  hypothesis  is  not  consisteiit  with  the  known  conditions 
for  fluid  equiUhrium,  unless  he  supposes  the  inner  surface  of  the 
fluid  to  become  rigid;  and  if  this  is  supposed,  the  weights  of 
the  columns  will  not  he  equal.  Clairaut  pointed  out  that  the 
hypothesis  la  untenable  :  see  his  Figure  de  la  Terre,  page  256. 

We  will  state  the  results  which  will  be  obtuned  on  Maclaurin's 
principles.    Take  the  density  of  the  solid  and  of  the  fluid  to  be 


nal  equatorial  diameters  of  the  ^ell.  Suppose  the  volume  of  the 
sphere  to  be  -n^  of  the  volume  of  the  oblatnm  if  complete ;  then 
we  shall  obtain 

.       ;       ,     3»  +  3      6?* 
n+n+n  -— ^ ^ 

Maclauriu's  result  agrees  with  this ;  but  he  uses  the  word  area  for 
volume 

The  ratio  of  the  difference  of  the  polar  and  equatorial  gravity 
to  the  Bemi-sum  will  be  found  to  be 


i(n  +  l)(n'-X0»*  +  9)  +  i^' 
J  + 


2»'{2n*+2ra'  +  2»'- 


5n*\ 


Maclaurin  has  n*^  where  we  have  tt  >   and  he  has  —  30n' 

.  A 

where  we  have  —  lOn*.  We  may  verify  by  putting  N  infinite  and 
n  a  1 ;  then  wo  have  only  an  iQdefiait«ly  thin  ^ell,  and  we  get 
^=  2j ;  and  the  excess  of  polar  over  equatorial  gravity  becomes 
zero  by  our  formula,  as  it  should.  If  we  put  n  =  2,  we  find  that 
Maclaurin's  reaiilt  would  in  general  be  negative,  supposing  we 
make  the  correction  for  If. 

Maclaurin  next  supposes  that  the  central  part  instead  of  being 
a  sphere  is  an  ellipsoid  of  revolution ;  he  g^ves  the  correct  result  on 
his  principles,  supposing  the  ellipticity  of  the  central  piut  to  be 
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arnall :  he  has  not  formally  stated  this  condition,  though  he  has 
certaioly  used  it.    The  following  is  his  result:  let  the  distauce 

from  the  centre  to  a  focus  of  the  inner  part  be  - ;  then  the  rest  of 
of  the  notation  being  as  before, 

„*  +  „•  +  „ 2--2J? 

Suppose,  for  example,  that  the  anrface  of  die  solid  part  coin- 

(ades  with  the  inner  surface  of  the  fluid,  so  that  -  ■•  - ,  Mid  iV"=  n* : 
r      n 

then  we  obtain  e*  =  ^ ,  as  it  should  be. 

Maclaurin  goes  on  to  say  that  other  suppositions  might  be 
made,  hut  implies  that  it  is  not  desirable  to  dwell  on  them. 
He  makes  the  following  very  judicious  remark  : 

When  more  d^^reea  shall  be  measured  accnratelf  on  the  meridian, 
and  the  increase  of  gnkvitation  from  the  equator  towards  the  poles  de- 
termined hj  a  series  of  many  ex&ot  obeerrationB,  the  various  hypotheaa, 
tiiat  may  be  imagined  concerning  the  internal  oonstitntion  of  the  earth, 
may  be  examined  with  more  certainty. 

272.  Maclauria  gives  in  his  Articles  682. ..685  some  remarks 
on  the  shape  of  the  planet  Jupiter. 

Suppose  a  satellite  to  describe  round  its  primary  in  the  plane 
of  the  primary's  equator,  a  circle  of  radius  r  in  time  T\  let  the 
primary  revolve  oa  its  axis  in  time  t\  let  a  and  a  V(l-  —  ^  be  the 

semi-axes  of  the  primary.     Maclaurin  puts  JV  for  -j  x  -=^ . 

To  connect  N  with  j  and  e  we  have  .the  following  equations : 
Bee  Art  261: 


(VI" 


'KTj 3 t?  +  Io?+ Si  ?+■■•■}• 
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therefore  Nj .^     ^j, 


where  if  etanda  for  - . 
a 

Put  for  J  ita  value  from  Art  262 ;  thus 

„/2  .  ,    9    ,  ,   5    ,  ,       N     ,  ,     Se"    ,     9«* 
^U'^+SB'  +28'  +--j-'  +  10a'+66r+-- 

Now  Madauria  says  in  hia  Article  660,  that  "the  excess  of  the 
eemidiameter  of  the  equator  above  the  semiaxia  is  to  the  meaa 

semidiameter  as  5  to  4W+  -= ^^r-j  nearly;"  and  in  his  Arti- 
cle 682  he  says,  "By  continuing  the  series  in  art.  660  one 
step  further,  the  excess  of  the  semidiameter  of  the  equator 
above  the  semiazis  is   to  the  mean  semidiameter  as  5  is  to 

4Jv  + -=- — -jiT^ 4-  QOf»M->  •••■  ■'^et  us  ezamme  the  last  state- 
ment. 

We  have  just  seen  that 

*^ flrf*     2S  W- 


We  can  infer  from  Maclaurin's  result  that  he  rejects  the 
squares  of  -j- ;  and,  indeed,  if  we  look  at  hia  numerical  values, 
it  will  appear  that  to  the  order  he  considers,  he  might  have 
rejected  jp  also.     However,  retfuning  -jy^ ,  we  have  from  (1), 


Didi-izeclbyGoOglC 


UACLAUBIH.  171 

For  a  first  approximation  we  have  from  (2} 

Substitute  this  value  in  the  denominator  of  (2),  negleetiiig  t^, 
then  for  a  second  approximation 


thia  ^rees  with  what  Maclaurin  gives  at  the  hegimiing  of  his 
Article  660. 

For  a  third  approximation  we  suhstitute  for  e*  in  the  deno- 
minator of  (2)  the  value  -^  (l  —  ^-tj) ;  and  so  we  get 


25x13 


28Jf     iNif     8  x1962V 
Now  we  require  the  value  of  ,;  and  thia  ia 


28^     4mf  "^8xl96iV     iN 

6 

,„^10      i    ,    is  X  1^  • 
"^7  "B''''2xl9(W 


Tbua  inatead  of  Maclauriu'a  lar^  coefficient  w^  we  get  only  ^na  ■ 
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273.  Maclaurin  finds  that  hia  calculation  bringe  out  too  great 
an  ellipticity  for  Jupiter,  making  the  longer  diameter  to  be  the 
shorter,  about  as  10*3  to  93 ;   whereas,  according  to  Casaini,  the 

difference  of  the  diameters  was  about  j^  of  the.  longer  diameter, 

and  according  to  Pound  between  ^  and  jr.  Maclaurin  then 
makes  the  supposition  which  we  have  noticed  in  Art  268,  that 
the  density  rariea  as  T~^'  ^^  gives  the  general  result,  and 

putting  n=4!  in  this,  he  finds  a  tolerable  agreement  with  ob- 
servation. 

But  I  am  unable  to  veriiy  his  general  result.  By  the  ud  of 
the  expression  given  in  Art  261  for  the  attraction  of  a  shell  on  a 
particle  in  the  plane  of  the  equator,  I  obtain  with  the  notation  of 
Art.  272, 


"  +  ^  +  -5]tf~ 
s  result  in  thb  notation  is 


(i+f)("+')+lr.' 


if  we  multiply  both  numerator  and  denominator  of  the  last  irac- 
tion  by  1  —  -j^ ,  and  neglect  e*,  we  get 


«+3+ls: 


Maclaurin  cannot  .be  correct ;  for  it  is  certain  that  if  M=  1  we 
ought  to  have  ^~  1. 

274.     Some   other  investigations  respecting  attractions   are 
contained  in  Articles  900.. .905  of  Maclaurin's  Fluxions. 
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Here  he  supposes  the  law  of  attractioD  to  he  that  oS  the  nth 
power  of  the  distance ;  he  says  that  n  is  to  be  less  than  3 :  it 
will  he  found  on  examination  that  he  means  n  to  be  algebraically 
less  than  3,  and  does  not  assume  n  to  be  necessarily  an  integer, 
so  that  in  fact  3  — n  must  be  positive.  Haclauriu  considers  the 
attraction  of  an  elUpsoid  of  revolution  on  a  particle  at  the 
equator  or  at  the  pole;  as  we  should  say  in  modern  language 
be  reduces  the  problem  to  a  single  integration.  He  says  in  his 
Article  904  as  his  general  conclusion,  "Hence,  therefore,  the 
gravity  at  the  equator,  as  well  as  the  gravity  at  the  poles,  is 
measured  by  circular  arks  or  logarithms  when  n  is  any  integer 
number  leas  than  +  3," 

Maclauiin  refers  in  his  Article  905  to  "  a  late  ingenious  essay, 
Fhil.  Trans.  N.  449.  by  Mr  Clairaut:"  see  Art.  167. 

275.  We  will  now  notice  the  bearing  on  our  subject  of 
Maclaurin's  Prize  Essay  on  the  Tides,  which  was  mentioned  in 
Art  232. 

Maclaurin  in  Leinma  IIL  of  his  Essai/  gives  matter  equiva- 
lent to  Articles  628., .630  of  the  Flvarions:  see  Arts.  242  and  243. 
In  Lemma  IT.  he  gives  matter  equivalent  to  Articles  631.. .634  of 
the  jRiwrions;  see  Art,  244.  The  Propositio  I.  Theorema  Funda- 
mentale  of  the  Essay  contains  the  important  results  enunciated 
in  Article  636  and  demonstrated  in  the  following  three  Articles 
of  the  Fhxions;  see  Art.  245.  Maclaurin  hriefiy  indicates  the 
application  of  this  fundamental  theorem  to  the  Figure  of  the 
Earth,  supposing  that  the  Earth  is  a  fluid  of  uniform  density ; 
the  theorem  gives  ^the  ratio  of  the  axes,  and  the  direction  of 
gravity  at  any  point.  He  says  :  "  Heec  omnia  accurate  demon- 
strantur  ex  hac  Propositione ;  quae  quamvis  in  disquisitione 
de  figura  Terns  eximii  usfls  sint,  hie  obiter  tantum  monere  con- 
venit" 

Lemma  V.  of  the  Essay  corresponds  to  Article  642  of  the 
Fluxions;  though  it  is  rather  less  general:  see  Art.  250.  By 
means  of  this  Lemma  the  calculation  of  the  attraction  of  a  solid 
of  revolution  on  a  particle  at  its  pole  is  made  U>  depend  on  finding 
the  area  of  a  certain  curve. 


izedbyGoOglC 


174  lucLivBm. 

Fropodtio  IL  of  the  Essay  determines  the  attraction  of  an 
oblongum  on  a  particle  at  its  pole ;  the  method  is  suhstantiaUy 
the  same  as  that  in  Article  647  of  the  FluzionB,  but  in  the  Essay 
the  notation  is  that  of  the  Differential  and  Int^ral  Calculus, 
not  that  of  Fluxions  and  Fluents :  see  Art.  252.  At  the  end 
of  the  proposition  Maclaurin  briefly  indicates  the  result  for  the 
case  of  an  oblatum ;  this  case  is  worked  out  in  Article  646  of  the 
Fliusiont.  For  the  subject  of  the  Tides  the  obUmgwm  is  the 
important  figure,  while  for  the  subject  of  the  Figure  of  the  EUrth 
the  (Alatam  is  the  important  figure. 

In  Lemma  YL  and  Proposition  III.  of  the  Essay,  Maclaurin 
estimates  the  attraction  of  an  oblongum  on  a  particle  at  the 
equator,  and  briefly  indicates  the  result  for  an  oblatum ;  the 
method  is  substantially  the  same  ae  in  Articles  646  and  647  of 
the  Fluxions. 

Thus  we  see  that  at  the  date  c^  the  Essay  on  Ois  Tides 
Maclaurin  had  completely  solved  the  problem  of  the  attraction 
of  a  homogeneous  ellipsoid  of  revolution  on  an  internal  particle. 
The  Treatise  of  Fluxions  contains  in  addition  the  theorem  respect- 
ing tbe  attraction  on  an  extental  particle  which  we  have  noticed 
in  Art.  259 ;  and  also  the  propositions  respecting  ellipsoids  of 
revolution,  not  homogeneous,  which  we  have  noticed  in  Arts.  266, 
264  and  265. 

276.  Maclaurin  died  in  1746,  so  that  he  survived  the  pub- 
lication of  Clairaut's  Figure  de  la  Terre.  It  does  not  however 
appear  that  he  published  anything  on  our  subject  after  his 
Fluxions.  In  the  last  year  of  his  life  be  was  obliged  to  leave 
his  home  in  consequence  of  the  rebellion  in  favour  of  the  Stuarts ; 
and  the  hardships  he  thus  encountered  seem  to  have  laid  the 
foundation  of  his  mortal  illness :  in  tbe  premature  death  of  the 
most  famous  of  her  sons  Scotland  pud  a  heavy  price  for  the 
temporary  success  of  the  Pretender's  enterprisa 

The  importance  of  Maclaurin's  investigations  may  be  seen 
by  observing  how  great  has  been  his  influence  on  succeeding 
writers.  Clairaut,  lyAlembert,  Lagrange,  Legendre,  Laplace, 
Oauss,  Ivory  and  Cfaasles  shew  by  reference  explicit  or  impliiHt 
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their  obligations  to  the  creator  of  the  theory  of  the  attraction 
of  ellipBoids.  Maclaurin  well  deserrra  the  memorable  asaociation 
of  his  name  with  that  of  the  great  master  in  the  inscription  which 
records  that  he  was  appointed  professor  of  mathematics  at  Edin- 
buigh,  ipso  Newtono  suadeTUe. 

In  the  application  of  the  theory  of  Attraction  to  the  Figure 
of  the  Earth  Maclaurin  was  impeded  by  the  imperfect  state  at 
that  time  of  the  knowledge  of  the  conditions  of  fluid  equilibrium, 
and  also  by  the  want  of  accurate  measurements ;  the  latter  cir- 
cumstance led  him  to  suppose  that  the  ellipticity  was  greater 
than  it  really  is.  Nevertheless  he  was  the  first  to  demonstrate 
exactly  the  possibility  of  the  relative  equilibrium  of  an  oblatum  of 
rotating  fluid.    See  Art  249. 
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THOMAS  SIMPSON. 


277.  Tbomas  Simpson  published  in  1743  a -volume  entitled 
Mathematical  Disaertatwng  on  a  variety  of  Physical  and  Analytic<d 
SubJKtt.  The  volume  is  in  quarto ;  the  Title,  Dedication,  and 
Preface  occupy  viii  pages,  and  the  text  occupies  168  pages. 

278.  The  first  essay  extends  over  30  pages ;  it  is  entitled 
A  Mathematical  Dissertation  on  the  Figure  of  the  Uarth.  In  the 
preface  Simpson  speaks  of  this  as  "  one  of  the  most  considerable 
Papers  in  the  whole  Work,..." ;  and  after  referring  to  the  contents 
of  the  essay  he  says : 

...  I  must  own  that,  Bioce  my  firat  drawing  up  Uiis  Paper,  the 
World  has  been  obliged  with  Bomething  very  curious  on  this  Head, 
by  that  celebrated  Mathematician  Mr.  Mac-Lauriu,  in  which  many  of 
t^e  same  Things  are  demonstrated.  But  what  I  here  offer  was  read 
before  the  Royal  Society,  and  the  greater  Fait  of  this  Work  printed  off, 
many  Montiis  before  the  Publication  of  that  Gentleman's  Book ;  for 
which  Reason  I  shall  think  myself  secure  from  any  Imputations  of 
Plagiarism,  especially  as  there  is  not  the  least  Likeness  between  our 
two  Methods. 

In  a  foot-note  he  says 

It  was  read  before  the  Boyal-3ociety  in  March  or  Jpril,  1741,  and 
had  been  printed  in  the  Philosophical  Tnmsactions,  had  not  I  desired 
the  contrary. 

The  preceding  extract  might  seem  to  establish  for  Simpson 
the  priority  over  Maclaurin  in  the  iirst  enunciation  of  some  of  the 
most  important  results  in  our  subjects ;  but  Simpson  makes  no 
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reference  to  Maclautin'g  prize  Essay  on  the  Tides  which  belongs 
to  an  earlier  date  than  March,  1741,  and  contains  the  essence  of 
much  that  was  expanded  in  the  Treatise  of  Fluaiona:  see 
Art  275.  Thus  Maclaurin's  claims  remain  indisputable;  but  as 
we  shall  shew  there  are  some  very  import&nt  points  in  which 
Simpson  had  no  predecessor. 

Simpson's  essay  is  very  remarkable,  as  we  Hhall  see  by  an 
analysis  of  its  contents. 

279.  The  first  fourteen  pages  bring  out  exact  expressions  for 
the  attraction  of  an  oblatum  on  a  particle  at  the  surface ; 
Maclaurin  as  we  have  seen  had  previously  effected  as  much.  The 
following  is  the  essential  part  of  Simpson's  method :  suppose  an 
ellipse  to  revolve  round  a  tangent  at  one  end  of  an  axis,  through 
an  indefinitely  small  augle;  a  wedge-shaped  element  is  thus 
produced,  and  Simpson  calculates  the  attraction  which  this  ele- 
ment exerts  on  a  particle  placed  at  the  point  of  tangency.  The 
whole  oblatum  is  cut  up  into  such  wedge-shaped  elements,  and  so 
the  resultant  attraction  is  determined.  Instead  of  the  elegant 
geometry  of  Maclaurin,  Simpson  employs  analysis,  the  style  of 
which  for  its  rude  strength  reminds  the  reader  of  that  of  Laplace. 

280.  In  the  course  of  his  investigation  on  his  page  3,  Simpson 
has  in  effect  to  determine  the  value  of  '    


the  form  of  a  series  proceeding  according  to  ascending  powers  of  ^. 
He  expands  the  expression  under  the  integral  sign  in  powers  of  g, 
and  effects  the  integration ;  then  be  multiplies  this  by  the  expan- 


demonstrate  the  form  of  the  general  term,  but  seems  to  a 
from  observation  of  a  few  simple  cases.  As  all  his  subsequent 
investigations  rest  on  this,  it  seems  strange  that  he  did  not  proceed 
here  with  rigid  exactness. 

We  may  of  course  obtain  the  required  result  easily  in  another 

way.     Assume  x  =  ^^— ra  '•  ^^^^  "^  ^^  t^*'  t^s  integral  ia 

ft'sin'gcosgJg 
i.    (l-t-jcos'tf)"' 
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Then,  ezpanding  in  powers  of  jr,  we  see  that  the  general  term 
-2(n  +  l)(-l)y  f  '(l-co^ff^cos^^edd 

2.4.6-(2»+2) 
^"  ^*  3.5.7...(2»+3)* 

This  agrees  with  Simpson's  result 

281,  The  preceding  Article  furnishes  die  only  instance  of  an 
imperfect  investigation  which  I  have  noticed  in  Simpson's  essay : 
there  are  however,  as  might  be  expected,  cases  in  which  his 
processes  may  he  simplified.  Perhaps  the  most  importaut  part  of 
his  analyuB  consists  of  the  evaluation,  ou  his  page  10,  of  the 
following  definite  integrals : 

J     {(acosd  +  ^8in^~-{oco8tf-^8in^''}8intfcoB5rf^, 

and      I     {(a  cos  d  +  .4  sin  ^^  +  (a  COB  ^  -  .4  sin  ff)*"}  sin*  0  dO, 

We  will  consider  the  second  of  these ;  our  remarks  will  be 
easily  applicable  to  the  first. 

Simpson  expands  (o  cos  5  +  j4  sin  tf)**  and  (o  cos  tf  —  ^  sin  ^*, 
and  then  integrates  each  term  separately ;  the  following  is  a 
simpler  method. 

It  is  obvious  that  if  we  were  to  expand,  our  final  expression 
would  involve  only  even  powers  of  siu  9  and  cos  6 ;  and  thus  we 
luay  use  0  and  27r  as  the  limits  of  integration,  and  take  one  fourth 
of  the  result. 

Assume  a  =  kcosff,  and  A  =  Jcmnfi;  so  that  ^  =  a' +  .4*; 
then  the  definite  integral  becomes 

i  (o*  +  ^*)' f "  {cos"  (fl  -  (8)  +  cos""  (fl  +  j9)l  8in» « (W. 
Consider  j     cos^  (0  -  ^)  sin*  0  d0. 
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Thus  we  get 
j     cos*' (e  -  ^  {sin  ff  cos  (0-0)+ COB  0  mi  (0-ff}Yd9. 

Put  if>  tor  0  —  0;  then  the  limits  of  the  integration  for  ^  are 

-ySand  2jr-j8.     The  int^al   jcm'^*'^  sin  <f>d^  is  zero  between 

these  limits ;  so  that  we  are  left  with 

rt*-p    , 

I         (sin*  (9  COB      ifi  +  COB*  /9  sin*  <f>  coa*"  <f>)  d0. 
J  -fi 

The  limits  may  he  changed  to  0  and  Sir,  hecauae  the  expression 
to  }x  integrated  has  the  same  value  when  ^  =  2Tr  — «  as  when 

^  =  —  0. 

Transform    /     coa"  (fl  +  ff)  sin*  fitif  in  a  similar  manner. 
Jo 

Thus  finally  we  obtain 

J"  {cos"  (0-0)  +  cos"  (0  +  ^)]  sin*  0  dJ0 

/**  r**     -^ 

cos*'0d:^  +  2  (3in*j8-co8*jS)  I     cos*^<^d^; 

we  have  now  a  well-known  definite  integral  form. 

282.  It  should  however  be  observed  that  Simpson's  series  are 
not  always  convergent.  For  estunple,  on  his  pi^e  13  he  has  the 
series  which  results  from  expanding  tan''  tjB  in  powera  of  tjB, 
and  B  is  not  necessarily  less  than  unity. 

283.  Having  obtained  accurate  expressions  for  the  attraction 
of  an  oblatum  on  a  particle  at  the  surface,  Simpson  considers  the 
relative  equilibrium  of  a  mass  of  rotating  fluid.  He  says  on  hia 
page  16,  "the  Form  which  that  Fluid  must  be  under,  to  preserve 
this  Equilibrium  of  its  Parts,  is  that  of  an  oblate  Spheroid."  It 
is  almost  needless  to  remark  that  Simpson  does  not  demonstrate 
this ;  he  demonstrates  that  the  figure  which  he  assigns  is  a  posabls 

12— a 
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figure  of  relative  equilibrium,  and  not  that  it  is  the  only  figure : 
Bee  Art.  168. 

Simpson  contents  himself  with  shewing  that  Hujgens's  con- 
dition for  fluid  equilibrium  is  satisfied. 

Laplace  gives,  in  the  Mkanique  Celeste,  Livre  III.  §  20,  the 
fdUowing  equation  which  coanects  the  excenfricity  of  the  oblstsm, 
supposed  small,  with  the  angular  velocity 


Simpson  gives  this  on  his  page  19  in  his  own  notation,  and 


Laplace's  notation:  Simpson  remaiks  that  this  is  very  nearly  the 
same  as 

14  -  3Ug  * 
and  the  approximation  will  he  found  extremely  close  as  far  as  ^. 

Simpson  on  his  pi^es  15  and  20  demonstrates  the  truth  erf 
Bome  approximations"  given  by  Stirling ;  see  Chapter  V. 

28*.  We  DOW  arrive  at  the  most  impcniant  part  of  the  Essay. 
Simpson  shews,  to  use  modern  language,  that  if  the  angular 
velocity  of  rotation  exceeds  a  certain  limit,  the  ohlatum  is  no 
longer  a  possible  form  of  equilibrium.  Thia  proposition  has  since 
been  incorporated  in  the  Mecaniqve  Celeste,  without  any  reference 
to  Simpson :  see  livre  III.  §  20. 

Li^laee  uses  ^(1  +  X*)  to  exi»ess  the  ratio  of  the  major  axis 
to  the  minor  axis  in  the  oblatum,  and  Simpson  uses  iJll  +  a?) ; 
for  the  extreme  case  in  which  equilibrium  is  possible,  Smpson 
gives  X  =  2-5293,  while  L^laee  gives  X  =  25292. 

Pont&oulant  agrees  with  Laplace;  see  his  Thdorie  Analytique..., 
Vol.  II.  page  399.  Poisson  agrees  with  Simpson ;  see  his  M^canigue, 
Vol.  11.  page  542 :  so  also  does  R&al ;  see  his  T^aite  ElSmentaire 
de  Mecanigue  Celeste,  page  196. 

Simpson's  investigation,  though  less  elaborate  than  Laplace'^  ia 
adequate  and  satis&ctory. 
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~285.  For  any  angular  velocity  less  than  the  limit  to  which  we 
have  alluded  in  the  preceding  Article,  there  are  two  and  only  two 
possible  oblata;  this  has  been  shewn  by  Laplace  in  the  section 
already  citeJ.  According  to  Laplace,  D'Alembert  first  observed 
that  more  than  one  figure  of  equilibrium  might  correspond  to  the 
same  angular  velocity  without  however  determining  the  number  of 
auch  figures :  see  Laplace's  Figure  des  Planetes,  page  124-,  and  the 
Micanique  Celeste,  Livre  xi.  §  1.  Ivory  makes  a  similar  remark  in 
the  Philosophical  Transactions.  1834,  page  513.  But  it  should  be 
observed  that  although  D'Alembert  may  have  firet  explicitly  pub- 
lished the  statement,  yet  Simpson  gives  a  Table  which  distinctly 
implies  the  fact 

The  Table  in  substance  is  the  following : 


1  to  101 

11-236 

-08925 

1  to  105 

6137 

■1978 

1  to  1-5 

2-056 

-5568 

1  to  2 

1814 

•6944 

1  to  2-7198 

1-7226 

-8105 

1  to  4 

1-810 

-8774 

1  to  7o7 

2118 

-92705 

1  to  10 

2-338 

-9216 

1  to  20 

3110 

-8728 

1  to  *0 

1275 

-8000 

1  to  100 

6«00 

-7033 

1  to  1000 

20-640 

-4845 

This  Table  is  given  on  Simpson's  page  24,  with  the  exception 
of  two  lines  which  I  have  supplied  from  other  parts  of  the  essay. 
The  first  column  expresses  the  ratio  of  the  minor  axis  to  the 
major  axis  of  the  revolving  oblatum ;  in  I^aplace's  notation  it  is 


versely  proportional  to  the  angular  velocity,  and  so  directly  pro- 
portional to  the  time  of  rotation ;  it  may  be  considered  to  express 
the  time  of  rotation  if  we  take  a  certain  unit  of  time,  the  unit 
being  the  time  in  which  a  satellite  would  revolve  round  a  sphere 
equal  in  volume  and  density  to  the  oblatum,  moving  close  to  tha 
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sar&ce :  tbis  is  Simpeon's  own  interpretation.    The  third  coltnun 
■we  will  speak  of  presently. 

An  inspection  of  this  Table  shews  that  in  the  second  column 
the  jigures  decrease  down  to  some  minimum,  and  then  increase 
agun :  thus  it  is  ohvious  that  corresponding  to  an  aaagaed  angular 
velocity  there  are  in  general  two  values  of  \/(l  +  X*). 

286.     Let  us  now  explain  the  third  column  of  the  Table. 

Simpson  usee  the  term  momentum  of  rotation  for  the  sum  of 

the  products  of  the  mass  of  every  particle  into  its  velocity.     Let  a* 

be  the  angular  velocity,  2a  the  major  axis,  2b  the  minor  axis,  p  the 

density ;  then  it  is  easy  to  shew  that  the  momentum  of  rotation  of 

.11*. 
the  oblatum  is  -r  pioab.     Now  suppose  a  sphere,  equal  in  density 

and  volume  to  the  oblatum,  rotating  in  the  unit  of  time  specified 
in  Art.  285.     The  momentum  of  rotation  for  the  sphere  wonld  be 

-j-p",^,  where  ff  =  a*b;  so  that  it  would  be  -rp«i(a*6}*.     The 
ratio  of  the  former  value  to  the  latter  is  therefore  —  ( r )  ,  that  is 


©V 


(  "1  (1  +X*)*.     But  Simpson  has  taken  the  unit  of  time  so  that 

J,  =  1 ;  hence  the  ratio  becomes  j*(l-fX')*.  Thus  the  third  column 
can  be  obtained  from  the  first  and  the  second ;  we  must  divide 
the  cube  root  of  (I  +  X*)*  which  is  given  in  the  first  column 

by  "7^  which  is  given  in  the  second  column. 

Simpson's  third  column  has  not  any  physical  interpretation, 
though  he  himself  by  mistake  supposed  that  it  bad.  For  he  uses 
the  term  quantity  of  motion  on  his  page  21  in  the  same  sense  as 
angular  momentum  ;  and  he  erroneously  says  that  it  "will  be  no 
ways  affected  by  the  Action  of  the  Particles  upon  one  another 
while  the  Figure  of  the  Fluid  is  changing."  Then  on  his  page  22 
he  gives  a  discussion  as  to  the  greatest  possible  value  of  the 
quantity  of  motion  for  a  given  mass. 

What  he  must  have  intended  to  employ  is  the  principle  which 
in  modem  language  we  call  the  Comervation  of  Areas.    This  is 
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pliun  from  vh&6  he  sajB  iii  a  note  on  pi^  1S5  of  his  Miacdlaneom 
Tracts,  1757;  here  he  adoiita  the  mistake  in  the  present  work. 
Instead  of  the  sam  of  the  products  of  the  mass  of  every  particle 
into  its  velocity,  he  should  have  considered  the  sum  of  the  productA 
of  the  mass  of  every  particle  into  what  we  may  call  its  areoi 
Telocity.  Laplace  uses  this  sum  in  the  M^rdqw  Cdleste,  livre  lit 
§  21.  He  there  has  an  equation  <f>  =  0,  which  agrees  substantially 
with  one  given  hy  Simpson  on  page  136  of  his  Miscidianeoiit 
Tracts.  Simpson  however  does  not  discuss  the  equation ;  I^aplace 
shews  that  it  has  only  one  solution. 

287.  In  the  Table  of  Art.  285,  the  fifth  line  and  the  seventh 
line  are  not  inserted  by  Simpson,  though  he  has  supplied  the 
materials  for  them  in  the  course  of  his  essay. 

In  the  fifth  line  the  entry  in  the  second  column  gives  the 
minimum  value  of  that  column ;  it  really  occurs  in  page  20  of 

Simpson's  essay  in  the  form  ^ ,  ao  that  'SSOSS  ia  the  value 

of  Vy  which  corresponds  to  Laplace's  value  of  'SSTOO?  for  q.  The 
corresponding  number  in  the  third  column  by  Art  286  ia  therefore 
(2-7198)*  X  -58053. 

In  the  seventh  line  the  entry  in  the  third  column  gives  the 
maximum  value  of  that  column ;  Simpson  finds  on  his  page  22 
that  for  this  case  X  —  7'5  nearly.  The  corresponding  number  in 
the  second  column  by  Art.  286  is  therefore  (7-57)*  +  -92705. 

288.  Simpson  shews  on  his  pi^  22  tiiat  the  gravity  at  any 
point  of  the  sur&ce  of  the  oblatum  varies  aa  ihe  length  of  ike 
normal  between  the  point  and  the  axle  of  revolution.  See 
Arte.  153  and  247. 

289.  Simpson  having  thus  discussed  the  case  of  a  homo- 
geaeous  oblatum,  proceeds  to  the  case  in  which  the  oblatum  is  not 
homogeneous.  He  supposes  that  the  oblatum  consists  of  a  central 
portion  which  is  spherical  and  denser  than  the  rest,  and  of  aa 
outer  portion ;  each  portion  is  supposed  homogeneous. 
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If  we  cbaDge  the  sign  of  X  in  a  result  which  was  obtained  in 
Art.  264,  page  156,  we  have 

1  +  T 

uid  Simpson's  result  threes  with  tbia. 

Simpeon  does  not  shew  that  hia  fluid  mass  will  remain  in 
equilibrium ;  he  contents  himself  with  making  the  resultant  force 
at  the  surface  normaJ  to  the  surface :  if  we  suppose  his  central 
portion  to  be  solid,  the  conditions  of  equilibrium  will  be  satitified. 
With  the  exception  of  this  defect,  Simpson's  investigation  of  the 
value  of  the  ellipticity  and  of  the  variation  of  gravity  along  the 
surface  is  quite  satisfactoiy.  In  finding  a  definite  value  for  the 
ellipticity,  Simpson  gives  a  better  treatment  of  the  problem  than 
Maclanrin  did  in  his  Articles  666  and  667. 

Simpson  briefly  applies  bis  result  to  the  case  of  the  planet 
Jupiter.    He  concludes  thus : 

...  bat  OS  no  Hypothesis,  for  the  Law  of  Tariation  of  Density,  can 
(^m  the  Mature  of  the  Thing)  be  verified  either  by  Eiqwrimenta,  made 
on  Pendulums  in  different  Latitadee,  or  an  actual  Mensuration  of  the 
Degrees  of  the  Meridiiin,  I  ahall  ineist  no  further  on  this  Matter,  but 
content  mj^self  with  having  prov^  in  general,  that  the  greater  the 
Den«ty  b  towards  the  Centre,  the  leas  will  the  Planet  differ  from 
a  Sphere,  and  the  greater  will  be  the  Yariatiou  of  Qravitation  at  its 
Surface. 

290.  The  second  essay  In  Simpson's  Mathematioal  Disserta- 
tuma  LS  contained  in  pages  31. ..37;  it  is  entitled  A  General 
Inveatigation  of  the  Attraction  at  the  Surfaces  of  Bodies  nearly 
epherical. 

The  essay  b^ns  with  investigating  the  attraction  of  a  wedge- 
shaped  element  like  that  in  Art.  279  on  a  particle  in  a  certain 
position ;  the  boundary  however  is  now  not  an  ellipse  but  any 
curve  which  is  nearly  circular.  Take  for  the  equation  to  this 
boundary 

y'=cx-i>?  +  h^+h^+bfl*+ (1), 
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where  (,,  &,,  b^,...  are  supposed  to  be  so  small  that  their  squares 
and  products  may  be  D^ected ;  the  boundary  paases  through  the 
origin :  suppose  that  it  cuts  the  a.\is  of  x  again  at  the  point  for 
which  x  =  a.  Let  the  figure  revolve  round  the  axis  of  y  through 
an  infinitesimal  angle  B<f> ;  then  the  attraction  of  the  element 
generated  by  the  revolution  of  the  area  2ySx  on  a  particle  at  the 


attraction  of  the  whole  wedge-shaped  element  is  2S^  I    y/^-  ■  ^  . 

As  in  Art.   280,   Simpson  gives  the  correct  value   of   thia 
int^ral ;  but  he  does  not  stiictly  demonstrate  bis  result. 
We  will  supply  the  demonstration 


■  V(cj; - 3^  +  b^*  +  b,^  -i-h^*  +  ...) 


dx. 


^(cx+b^*+  b^  +  b^*+ ...) 

Now  by  supposition  c  =  a,  —  h^—h^—b^—..,;  substitute 
this  value  of  e  in  the  expression  under  the  integral  sign,  divide 
both  numerator  and  denominator  by  ija,  and  expand.  Hence  we 
find  that  the  above  integral  becomes 

/.V"-i-1'--2(i^(»"-o+fe(»"-o-...}*. 

where  n  is  to  have  all  positive  integral  values  beginning  with  2. 
To  effect  the  int^ration  put  x^a  sin' 6 ;  thus  we  get 

iai     sin^cos*^]!-... 

-AS^«ci->"-«)+^(i-™"»)-...U, 


f     sin  d|2ocosV-...-J,o'"*(l-sln''''(9)8in*e-. ,.{■(] 

Thus  finally  we  obtain  for  the  attraction  required 

i  'sinfl{2oco^5-  (J,a  +  J,a*+&,a*+...)rin'e|(W 

f*' 
+  a  series  whose  general  term  is  I     i«a"^  Mn*"^'  Ocw. 
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Then  making  use  of  the  value  of  c,  we  find  that  this  becomes 

5  c  +  a  series  whose  general  term  is  S,o'"'     ' . '    ,.„ tt  . 

o  3.0...  ^2/1  +  1) 

In  the  small  terms  we  may  put  c  for  a,  so  that  our  result  is 

2     ,2.4,     .  2.4.6j  ,  ,  2.4.6.8,  , 

This  threes  with  Simpson's  result. 

291.  Having  thus  obtained  the  attraction  of  the  wedge-shaped 
element,  Simpson  proceeds  to  the  attraction  of  any  solid  of 
revolution  which  is  nearly  spherical :  his  final  result  on  his  p^e  37 
gives  the  expressions  for  the  resolved  attractions,  along  the  normal 
and  along  the  meridian  tangent,  which  such  a  body  produces  on  a 
particle  at  its  surface. 

292.  The  pages  41.  ..45  of  Simpson's  MatheTnatical  Disserta- 
tions contain  an  essay  entitled  To  determine  Vie  Length  of  a 
Degree  of  the  Meridian,  and  the  meridional  Parts  answering  to  any 
given  Laiitude,  accordinff  to  the  true  sj^arodical  Figure  of  the  Earth. 

This  essay  gives  an  approximate  expression  for  the  length  of  a 
degree  of  the  meridian,  on  the  hypothesis  that  the  earth  is  an 
oblatum ;  a  small  Table  is  supplied  of  the  length  of  a  degree  of 
the  meridian  in  various  latitudes,  calculated  on  the  hypothesis 
that  the  ratio  of  the  axes  of  the  earth  is  that  of  231  to  230. 

293.  The  subject  of  attraction  is  discussed  by  Simpson  in  his 
work,  entitled.  The  Doctrine  and  Application  of  Flfucions.  I  have 
not  seen  the  first  edition  of  this  work,  which  appears  to  have  been 
published  in  1750.  The  second  edition  is  dated  1776,  which  is 
subsequent  to  the  author's  death :  I  presume  that  this  is  a  reprint 
of  the  first  edition.  This  contains  576  octavo  pages,  besides  the 
Title,  Dedication,  and  Preface  on  xi  pages  in  the  first  volume, 
and  the  Title  of  the  second  volume. 

Section  ix.  on  pages  445.. .479  is  entitled,  The  Use  of  Fluxima 
in  determining  the  AUraetion  of  Bodies  under  different  Forms. 

We  have  investigations,  on  the  ordinary  law,  of  the  attractions 
of  a  straight  line,  of  a  circular  lamina  on  an  external  particle 
which  is  perpendicularly  over  the  centre,  of  a  cone  on  a  particle 
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at  the  vertex,  of  a  cylinder  on  a  particle  od  the  axis,  and  of  a 
sphere  on  an  external  particle.  With  respect  to  the  circular  lamina 
and  the  sphere,  the  investigation  is  also  given  for  the  case  in 
which  the  attraction  varies  as  the  n*  power  of  the  distance.  The 
processes  are  all  satisfactory,  though  some  of  them  are  rather 
artificial. 

The  attraction  of  an  ohlatum  on  a  particle  at  the  surface  is 
determined  in  essentially  the  same  manner  as  in  the  Mathematical 
Dissertiitiojis ;  but  the  analysis  is  a  little  simplified  in  some  parts. 
In  the  Dissertations  Simpson  resolves  the  attraction  in  the  direc- 
tions of  the  tangent  and  the  normal ;  in  the  Fluxions  he  resolves 
it  parallel  to  the  axes  of  the  generating  ellipse. 

Simpson  remarks  on  his  page  455  that  the  integral  which  we 
have  considered  in  Art.  280  might  he  expressed  in  finite  terms 
instead  of  an  infinite  series ;   and  this  is  ohviously  true. 

On  his  page  463  Simpson  demonstrates  exact  results  cor- 
responding to  the  approximate  results  enunciated  by  Stirling: 
see  the  diagram  to  Art.  153.  Simpson  shews  that  if  PH  be  the 
direction  of  the  attraction  at  P,  then  ff  divides  G&  in  a  con- 
stant ratio,  and  the  attraction  varies  as  PH.  These  results  may 
he  established  immediately  by  the  aid  of  the  modem  formulae 
which  are  given  in  Art  261. 

On  his  page  466  Simpson  determines  the  attraction  of  an 
ohlatum  on  any  internal  particle.  This  enables  him  to  give  a 
more  elaborate  investigation  than  that  in  his  JHssertatiom  of 
Nevfton's  postulate. 

On  his  page  474  Simpson  gives  2  hours  26  minutes  as  the 
least  time  in  which  the  £arth,  supposed  a  homogeneous  fluid, 
could  rotate:  this  however  might  have  been  stated  in  the  Dis- 
sertations, as  the  necessary  elements  for  the  result  are  there 
supplied.  It  corresponds  to  Laplace's  1009  of  a  day :  see  the 
Micanique  Celeste,  Livre  III.  §  20. 

The  Table  which  we  have  given,  from  the  Dissertations,  in 
Art,  285  is  not  reproduced  in  the  Fluxions. 

294.  Thus  we  see  that  the  contributions  of  Thomas  Simpson 
to  our  subject  are  of  eminent  importance.     In  the  homogeneous 
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Figure  of  the  Earth  he  first  determined  the  existence  of  a  limiting 
angular  velocity,  for  which  the  relative  equilibrium  is  possible ; 
and  he  impUcitly  shewed  that  different  oblata  might  correspond 
to  the  same  angular  velocity.  In  Attraction  be  gave  an  accurate 
investigation  for  the  case  of  an  oblatum  when  the  attracted  par- 
ticle is  at  the  surface ;  and  also  an  approximate  investigation  for 
the  case  of  any  nearly  spherical  body  of  revolution,  and  the 
analysis  which  he  employed  would  not  have  been  unworthy  of 
Iiaplace  himself. 

Thomas  Simpson  was  a  mathematician  of  the  highest  order ; 
and  his  merit  is  increased  by  reason  of  the  great  difficulties  which 
impeded  him.  He  has  been  pronounced  "an  analyst  of  first-rate 
genius,"  by  one  who  like  himself  had  risen  to  distinction  in  epite 
of  adverse  circumstances,  and  whose  life  like  his  closed  prema- 
turely in  gloom  and  trouble.  He  has  been  placed  at  the  head  of 
the  non-academical  body  of  English  mathematicians  by  a  member 
of  that  body,  whose  abihty  and  learning  well  qualified  him  for 
forming  an  opinion.  It  may  be  doubted  whether  the  eighteenth 
century,  after  the  death  of  Newton,  supplies  any  matbematician 
in  England  more  illustrious  than  the  weaver  whose  genius  raised 
him  to  the  professorship  of  mathematics  at  Woolwich. 

See  the  Ufe  prefixed  to  Hutton's  edition  of  Simpson's  Select 
Exercises ;  Murphy's  Theory  of  Equations,  pt^  54;  Philosophical 
Magazine,  September,  1850,  page  209. 
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295.  We  now  urive  at  the  great  work  of  Clairaut,  whicb  is 
entitled  ITiA^rie  de  la  Figure  de  la  Terre,  tirie  dea  Primnpes  de 
VHydrottaiique;  par  Clairaut,  de  C A  cad^mie  ro^/ale  dea  Sdencta, 
etdela  Soci^td  royale  de  Londres. 

The  work  was  published  in  1743,  and  was  reprinted  in  180S. 
A  note  to  the  reprint  states  that  the  subject  has  been  much  con- 
sidered by  mathematicians,  and  that  the  actual  state  of  the  theory 
will  be  found  in  the  third  book  of  the  Mdcanique  Create;  but  on 
account  of  its  historical  interest  the  treatise  of  Clairaut  maj  be 
studied  with  advantage,  and  so  it  has  been  reproduced  without 
change  or  addition  :  the  reprint  in  fact  corresponds  nearly  page 
for  p!^  with  the  original.  It  is  stated  that  notbiog  has  been 
neglected  in  order  to  remove  the  old  errors  of  the  press,  and  to 
avoid  fresh  errors  ;  there  is  however  an  adequate  supply  of  errors 
in  the  reprint. 

A  reason  for  adding  no  notes  is  assigned  in  these  words:  "EUes 
auraicnt  d^natur^  un  ouvrage  original,  sans  le  rendre  plus  utile  au 
public."  The  principle  involved  in  these  words  is  known  to  have 
been  held  by  Laplace  ;  aud  the  conjecture  has  occurred  to  me  that 
the  repriut  of  Clairaut's  work  might  have  been  su^ested  or 
encouraged  by  Laplace.  The  reprint  is  said  to  have  been  edited 
by  Foisson:  see  the  Catalogue  dea  ouvrages...de  SimAm-Denis 
PaiaaoTi,  1851. 

I  proceed  to  give  an  account  of  Clairaut's  work ;  I  use  the 
edition  of  1808 :  both  editions  are  in  octavo.    The  preliminary 
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-  note  to  irbich  I  have  just  referred  is  of  course  peculiar  to  the 
edition  of  1808;  it  occupies  two  pages;  a  Dedication  to  the  Comte 
de  Maurepas  occupies  two  pages ;  then  an  Introduction  follows 
on  pages  vii...xl;  and  the  text,  including  a  Table  of  Cnapten, 
occupies  pages  1...308. 

296.  The  introduction  gives  a  general  notion  of  the  subject 
of  the  work.  Ijet  us  briefly  consider  what  was  tbe  state  of  know- 
ledge in  1743.  With  respect  to  fluid  equilibrium  Newton's  prin- 
ciple  of  columns  balancing  at  the  centre,  and  Huygena's  principle 
of  tbe  plumb-line  were  allowed  to  be  necessary,  but  it  was  not 
known  what  principles  were  su^ident.  Maclaurin  had  advanced  far 
in  tbe  theory  of  tbe  attractions  of  ellipsoids  of  revolution ;  and 
had  well  discussed  the  homogeneous  figure  of  the  Earth ;  and  &om 
the  fact  that  his  researches  appeared  onginallj  in  Latin  they 
obtained  a  currency  which  the  important  additions  made  to  the 
theory  by  Thomas  Simpson,  published  only  in  English,  probably 
never  enjoyed.  The  measurement  of  a  degree  of  tbe  meridian  in 
Lapland  bad  been  made,  and  Jrom  a  comparison  of  this  with  the 
measurements  made  in  France,  it  had  been  inferred  that  the  ratio 
of  the  axes  of  the  earth  was  that  of  177  to  178  ;  but  the  return  of 
the  expedition  which  had  been  sent  to  Peru  was  anxiously  ex- 
pected, in  order  to  obtain  more  information  on  this  point :  see 
Clairaut's  pages  299,  304.  Tbe  diminution  of  gravity  in  proceed- 
ing from  the  equator  to  the  pole  was  well  established  ;  and  it  was 
plain  that  the  whole  diminution  of  gravity  must  be  greater  than 

230° 

297-  The  Cartesians,  according  to  Clairaut,  enlightened  by 
Newton  held  that  all  bodies  vere  attracted  to  the  centre  of  the 
Earth  by  a  force  which  varied  inversely  as  the  square  of  the  dis- 
tance ;  from  this  Clairaut  infers  that  the  ratio  of  the  axes  of  the 
Earth  would  be  that  of  676  to  577;  see  Clairaut's  pt^s  xiv,  ivii, 
143 :  in  fact  Clairaut  shews  on  bis  page  143  that  this  is  true 
whatever  be  the  law  of  attraction  provided  the  direction  always 
passes  through  the  centre :  see  also  Art.  56. 

But  if  we  aximit  with  Newton  that  every  particle  of  matter 
attracts  every  other  particle  with  a  force  varying  inversely  as  the 
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square  of  the  distance,  bodies  will  no  longer  necessarily  be 
attracted  exactly  towards  the  centre  of  the  earth ;  the  direction  of 
the  resultant  attraction  on  any  particle  will  depend  on  the  form 
of  the  earth,  and  on  the  position  of  the  particle.  Clairaut  states 
the  result  which  is  demonstrated  in  the  work,  that  considering 
the  earth  a  homogeneous  fluid  in  relative  equilibrium  the  ratio 
of  the  axes  will  be  that  of -230  to  231 :  see  Clairaut's  pages  T»iii 
and  193. 

Clairaut  remarks  that  the  Newtonians  may  consistently  with 
their  fundamental  principle  obtain  other  results  besides  that  just 
given ;  for  they  have  only  to  suppose  that  the  earth  is  not  homo- 
geneous. Clairaut  considers  that  the  result  already  given  is 
that  which  the  Cartesians  ought  to  hold  as  following  &om  their 
principles ;  but  he  suggests  for  them  various  expedients  by  which 
they  might  escape  from   the  conclusion :    see   Clairaut's  pages 

Xxiv,  XXV. 

298.  Clairaut  draws  attention  to  his  own  methods  for  dis- 
cussing the  equilibrium  of  fluids.  He  says  Bouguer  first  re- 
marked that  there  are  bypotheaee  as  to  the  nature  of  attraction 
under  which  a  fluid  could  not  be  in  equilibrium :  see  Qairaut's 
page  xxxi,  and  our  Art  219.     Clairaut  says  on  his  page  xxxiii : 

J'ai  bientdt  reconnu  qn'il  6tait  vrai,  ainsi  que  je  I'avaia  80up<^n^ 
que  I'accord  des  deux  principes  ordiuurea,  o'est-i-dire  I'Squilibre  des 
eolonnea  et  de  la  tendance  perpendiculure  it  la  sur&ce,  n'assurait  pas 
l'6quilibre  d'nue  masse  flnide;  car  j'ai  trouv6  qu'il  j  avut  une  infinite 
d'hjpoth^Ms  de  pesanteur  oil  oes  deux  principes  donnersient  la  m6me 
courbe,  sans  que  pour  cela  lea  efforts  de  toates  lea  parties  du  £uide  se 
contrebalan^aaaent  mntnetlement.  J'ai  trouv^  ensnite  deux  mSthodes 
gfin^rales  et  sOres,  pour  reconnaitre  lea  hypotheses  de  peaantenr  dans 
leaqnellea  lea  fluidea  peuvent  ttre  en  6qailibre,  et  pour  determiner  la 
figure  que  les  planStes  doivent  avoir  dana  ces  hypotheses. 

The  two  general  and  sure  methods  to  which  Clairaut  alludes 
in  the  preceding  extract  may  be  called  the  Prineiple  of  Cktnalt, 
and  the  Principle  of  Level  Surfaces :  we  shiJl  give  an  account  of 
them  in  our  analysis  of  the  work.  It  would  appear  from  Clairaut's 
words  on  his  p^e  zxxiv,  that  he  intended  to  furnish  some  ex- 
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planatioD  of  these  methods  tn  bis  Introduction  ;  but  the  intention 
is  not  carried  out,  and  the  Introduction  terminates  somewhat 
abruptly. 

299.  The  following  points  of  interest  in  the  Introductioa 
may  he  noticed. 

On  page  xiii.  Clairaut  says  in  a  note : 

Je  fiiifi  ici  la  m^me  diBtinction  que  M.  de  Maupertnis  (la  Figure  de 
la  Xerre  d£termin£e,  etc)  entre  la  pesaateur  vi  la  gnivit6 ;  j'eQtends  par 
pttanteur,  la  force  naturelle  avec  laquelle  tout  corps  toube,  et  j'apptille 
gravity  la  force  avec  laqnelle  ce  corps  tombei-ait,  si  la  rotatjon  de  la 
Terre  u'alt^rait  pas  son  effort  et  ea  directioo. 

I  have  already  drawn  attention  to  the  distinction  here  ex- 
plained :  see  Art  25.  It  must  however  be  observed  that  Clairaut 
does  not  adhere  strictly  to  the  language  which  he  here  professes 
to  adopt.  Thus  on  his  page  28  he  uses  pesanteur,  and  on  his  page 
30  he  uses  graviU,  meaning  the  same  thing  in  both  cases,  namely 
my  at6raction;  and  on  his  page  144  he  uses  gj^vH4  where  he 
ought  to  use  pesanteur. 

On  his  page  xxix.  he  enunciates  the  theorem  which  we  caU 
Clairatit's  Theorem;  see  Art.  171. 

On  his  page  xxxviii.  Clairaut  is  treating  of  rotation.  He  has 
supposed  that,  an  atom  has  described  in  an  infinitesimal  time  a 
straight  line  Mm,  so  that  if  left  to  itself  it  would  describe  in  the 
next  equal  infinitesimal  time  a  straight  line  mn  in  the  prolongation 
of  Mm  and  equal  to  Mm.  Then  he  says :. .  .au  lieu  de  la  force  qu'il 
aurait  pour  parcourir  mn,  on  peut  lui  en  substituer  deux  autrea... 
Thus  he  uses  the  word  force  where  we  should  now  use  velocity. 
In  reading  Clairaut's  work,  we  are  struck  with  the  fact  that 
although  his  conclusions  are  correct,  his  language  is  sometimes 
extremely  inaccurate  according  to  our  modem  notions. 

300.  Clairaut's  work  is  divided  into  two  parts.  The  first  part 
treats  of  the  general  principles  of  fluid  equilibrium ;  the  second 
part  treats  of  the  Figure  of  the  Earth  and  the  other  planets, 
assuming  the  ordinary  law  of  attraction.  The  first  part  consists  of 
twelve  Chapters,  and  occupies  pages  1...151;  tbe  second  part 
consists  of  five  Chapters,  and  occupies  pages  152.. .304 
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301.  Clairaat's  treatmeot  of  the  theory  of  fluid  equilibrium 
is  a  great  advanoe  beyond  what  his  predecessors  had  gireo ;  but  it 
is  Dot  free  from  obscurity.  Clairaut  never  uses,  as  we  nov  do,  a 
symbol  p  to  denote  the  preasure  at  any  point  of  the  fluid ;  thia 
important  step  was  first  taken  by  Euler  in  the  Berlin  M^moirea 
for  I7a5.  I  am  little  likely  to  undervalue  any  improvement  in 
the  OatcuUia  of  Varia^ont,  but  I  attach  less  importance  to  the 
well-known  introduction  of  the  symbol  S  into  that  subject  by 
I«grange,  than  to  the  introduction  of  the  symbol  p  into  Hydro- 
statics "by  Euler.  Before  Euler  thus  illustrated  the  subject,  there 
had  been  demonttrationa  in  Hydrostatics,  but  I  cannot  conMder 
that  these  demonstrations  were  altogether  intelligible 

302.  Clairaut's  first  Chapter  occupies  pages  1...16;  it  expounds 
what  may  be  called  the  Principle  of  CanaU,  Let  there  be  a  mass 
of  fluid  in  equilibrium  ;  wo  may  imagine  any  portion  of  it  to 
become  solid,  and  the  remainder  will  still  be  in  equilibrium. 
Thus  we  may  solidify  all  the  fluid  except  that  contained  in  an 
infinitesimal  canal ;  and  so  the  fluid  in  such  a  canal  will  remain 
in  equihbrium.  This  canal  may  be  of  any  form,  sirught  or 
curved ;  it  may  pass  completely  through  the  mass,  or  it  may  be 
altogether  within  the  mass  returning  to  itself. 

The  principle  of  canals  had  already  in  effect  been  used  by 
Newton,  Huygens,  and  Maclaurin;  though  in  general  straight 
canals,  which  for  distinction  I  call  columns,  had  sufficed  for  their 
purposes ;  see  Arts.  H,  55,  and  215, 

Although  the  Principle  of  Canals  as  stated  in  the  preceding 
Article  will  be  admitted  to  be  obvious,  yet  Clairaut's  method  in 
applying  the  principle  is  not  always  clear.  Thus,  for  example,  on 
his  page  2,  he  has  a  canal  0R8  passing  entirely  through  a  mass 
of  fluid,  which  is  in  equilibrium  ;  he  says :  "  or  cela  ne  peut  arriver 
que  les  efforts  de  OS  pour  sortir  vera  S,  ne  soient  ^gauz  h  ceux 
de  SB  pour  sortir  vers  0."  But  how  are  we  to  measure  the  efforts 
which  OR  makes  to  escape  towards  fT;  or  in  iact  what  distinct 
idea  can  we  form  of  these  efforts  1 

Again  take  an  example  from  his  p^e  12.  He  has  two  canals 
of  fluid  BI  and  KL  under  certain  circumstances ;  and  he  says  that 
T.iLA,  13 
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the  weights  of  these  two  canala  will  he  the  same.  But  it  is  not 
itnmediately  obvious  how  these  tveighta  are  to  be  measured :  the 
fact  in  modem  language  is  that  the  pressure  &t  H  \b  equal  to  the 
pressure  at  K,  and  the  pressure  at  /  is  equal  to  the  preasuie  at  L. 

303.  Cl^raut's  second  Chapter  occupies  pages  16. ..28;  it 
consists  of  general  reasoning  to  shew  that  under  certain  attractive 
forces  a  fluid  mass  will  remain  in  equilibrium.  The  Chapter 
seems  superfluous,  for  in  the  sixth  Chapter  we  have  subetantially 
a  more  Batis&ctoij  treatment  of  the  subject  In  reading  the 
second  Chapter  it  may  assist  the  undentanding  if  we  conceive  the 
fluid  to  be  all  enclosed  within  a  rigid  envelope;  and  then  the 
sixth  Chapter  vrill  in  Cfict  shew  that  we  may  dispense  vrith  this 
eDTelope. 

304.  Clairaut's  third  Chapter  occupies  pages  S8...33;  it 
considers  a  law  of  attraction  under  which  a  fluid  mass  could  not  be 
in  equilibrium.  The  law  is  that  in  which  the  attraction  towards  a 
fixed  centre  is  not  a  function  of  the  Ungfh  of  the  radius  vector 
alone,  but  also  of  the  position  of  the  radius  vector.  The  following 
is  the  demonstration,  translated  into  modem  language,  of  the 
impossibility  of  fluid  equilibrium  under  such  a  law  of  force.  Let 
MN  be  an  arc  of  a  circle  having  the  centre  of  force  C  for  centre ; 
let  PQ  be  an  arc  of  a  concentric  circle,  such  that  JfPC7  is  a  straight 
line,  and  also  NQC  a  straight  line.  Conceive  the  fluid  in  an 
infinitesimal  canal  MN  to  become  solid ;  take  the  moments  round 
O  of  the  forces  which  act  on  it:  thus  we  see  that  for  equilibrium 
the  pressure  at  M  must  be  equal  to  the  pressure  at  N.  Similarly 
the  pressure  at  P  must  be  equal  to  the  pressure  at  Q.  But  since 
the  attraction  along  PM  is  not  the  same  at  equal  distances  from  0 
as  the  attraction  along  QN,  the  -change  of  pressure  in  passing 
from  P  to  J/  is  not  equal  to  the  change  of  pressure  in  passing 
from  Q  to  .K     This  contradicts  the  former  result. 

305.  Clairaut  infers  that  there  are  innumerable  cases  in  which 
ft  fluid  mass  will  not  be  in  equilibrium  even  although  the  con- 
ditions of  Newton  and  Huygens  are  both  satisfied.  Clairaut  is 
brief;  we  may  expand  his  remarks.  Let  there  be  a  curve  r  =  ^{6) 
which  revolves  round  ths  initial  line ;  suppose  we  want  to  have  a 
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mass  of  fluid  in  relative  equilibriam  when  rotating  vith  a  given 
angular  velocity  round  the  initial  line  under  an  attractive  force  to 
the  pale,  and  taking  the  form  of  the  solid  of  revolution  just 
generated.  Since  the  angular  velocity  is  given,  the  centrifugal 
force  ia  known  at  every  point  of  the  boundaty ;  hence  the  amount 
of  the  attractive  force  can  be  determined  which  must  act  at  any 
point  of  the  boandary,  along  the  radius  vector,  so  as  to  satis^ 
Hnygiens's  principle  of  the  plumb  line :  let  ^  (6)  denote  the 
amount  of  this  attractive  force  at  the  point  for  which  0  ia  th« 
angular  coordinate-  Assume  for  the  formula  of  attractive  force 
f{d)l*k(ff)--r]''  +  -^{$),  a  function  of  r  and  0,  in  which /(^  is  at 
present  undetermined ;  then  it  is  obviom  that  Huygene's  principle 
is  satisfied.      To  satisfy  Newton's  principle  we  require  that  the 

expression  1       [/{^  [+  (^  -  rj"  +  -^  (fl)]  dr,  which  measures  the 

vre^fht  of  a  oolumo,  should  be  ooostant,  the  int^ration  beinff 

taken  with  respect  to  r.      This  gives -^^^i^ffl^  +  ^  (^  ^  (^ 

equal  to  a  constant ;  and  i)of(0)  is  determined.  Thus  Newton's 
principle  is  also  satisfied.  But  by  Art  301  the  fluid  cannot  be  in 
equilibrium  under  the  law  of  force  which  we  have  assigned. 

S06.  Cluraut's  fourth  Chapter  occnpieB  pages  33. ..39;  it 
determines  the  form  of  a  mass  of  fluid  in  relative  equilibrium 
acted  on  by  certain  forces.  Suppose  fluid  to  rotate  round  the  axis 
of  0,  with  angular  velocity  «,  undw  forces  of  which  the  acceleration 

parallel  to  the  axis  of  n;  is  X,  that  parallel  to  the  axis  of  y  is  — ?,  and 

that  patsllel  to  the  axis  of  «  is  — ;  where  r'  =  y*  +  «*:  then  the 
Equation  to  the  free  surface  when  there  ia  relative  equilibrium  is 

|(Xfe  +  fi<fr)  +  ^  =  constant, 

and  the  condition  -j-  =^-  must  hold. 
ar      aas 

This  is  not  quite  Clairaut's  notation,  but  the  difference  is 
ttoimportant. 

18-4 
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The  demoDHtratioD  of  these  results  will  be  found  in  ouv 
ordinary  treatises  on  Hydrostatics.  I  du  not  r^;ard  Clair&ut's 
process  as  quite  satisfactory  until  it  is  trandated  into  our  modem 
language 

Clairaut,  after  giving  the  equation  of  condition  which  we  expresB 

as  --7-  =  -^ ,  says  briefly  and  authoritatively  :  "  Toutes  les  fois  que 

cette  ^uation  aura  lieu,  on  sera  sflr  qu'il  j  aura  ^uiUbre  dans  le 
fiuide."  To  me  there  appears  some  difficulty  at  this  point  in  the 
theory  of  the  equilibrium  of  Buids.  We  can  shew  clearly  that 
certain  conditions  must  hold  for  equihbrium ;  but  it  is  not  quite 
obvious  that  if  these  conditions  are  satisfied  there  will  be  equili- 
brium. Our  modem  writers  seem  to  shrink  from  making  thepod- 
^ve  assertion  of  Gliuiaut,  though  perhi^  sometimes  it  is  implicitly 
adopted.  But  it  is  obvious  that  Cluraut  asserts  too  much.  Sup- 
pose for  simplicity  we  restrict  ourselves  to  one  plane,  and  put 
X  and  Y  as  usual  for  the  forces :  it  is  not  «ti§icient  for  equilibrium 

that  -^  -  =  J- .     For  example  take  X=   .^  j,  and  Y^  — i — ;: 
dy      dx  '^  a?+y"  a!*4y* 

let  p  denote  the  pressure,  and  p  the  density  as  usual.  Then  we 
get  '^p*=p^->  V  J  )  **"J  therefore  p  —  —  p tan"  -  +  coastant. 
But  this  value  of  j>  is  not  admissible,  for  it  would  involve  discon- 
tinuity, that  is  more  than  one  value  of  p  at  the  same  point.  See 
D'Alembert's  Opuscules  Math^matiqves,  Vol.  T.  page  10.  In  fact 
Clairaut's  own  pages  83.. .90  are  eufficient  to  shew  thai  his  lan- 
guage is  too  positive. 

307.     .... 3-.   ^ 

complete  differential.  The  notion  of  a  complete  differential,  and 
the  appropriate  condition,  seem  to  have  been  first  introduced  by 
Clairaut  himself:  he  refers  to  his  memoir  on  the  Integral  Calculus 
in  the  Paris  Mimmres  for  1740. 

Clairaut  expltuns  thus,  in  a  note  on  his  page  38,  one  of  the 
eymbols  which  he  uses :  "  On  entend  pax  ~j-  la  diff^irentieUe  de  la 
foDction  P,  prisS  en  supposant  x  seulement  variable,  et  dont  on  a 
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dt^  les  (£e."  It  seems  more  natural  to  take  the  differential  coefficimt 
as  the  prior  and  simpler  conception,  and  not  the  differential,  atf 
Clairaut  liere  does. 

308.  Clairout's  fifth  Chapter  occupies  pt^es  40. ..62;  it 
introduces  the  use  of  Level  Sur/acea ;  these  were  first  considered 
hy  ifaclaurin ;  see  Art.  248.  Clairaut  calls  a  level  surface  a 
surface  courbe  de  niveau;  and  the  space  comprised  between  two 
level  surfaces  he  calls  a  couche  de  niveau, 

Clairaut  gives  the  following  proposition:  suppose  a  mass  of 
fluid  divided  into  an  infinite  number  of  infinitesimal  shells ;  if  at 
any  point  of  every  shell  the  thickness  of  the  shell  is  inversely 
proportional  to  the  resultant  accelerating  force,  the  fluid  will  be  in 
equilibrium.  I  cannot  say  that  Clairaut's  reasoning  satisfies  me. 
Indeed  even  with  the  modem  methods,  although  it  is  easy  to  shew 
that  when  fluid  is  in  equilibrium  the  thickness  of  the  infinitesimal 
shells  must  follow  the  law  assigned,  yet  to  shew  decisively  that 
when  this  law  of  thicknesB  holds  the  fluid  must  be  in  equilibrium 
seems  far  &om  easy :  see  Art.  306.  Some  remarks  on  Clairaut's 
reasoning  will  be  found  in  the  Cajnbridffe  Mathematical  Journal, 
Vol  n.  pages  18. ..22. 

However,  granting  the  proposition,  Clairaut  very  ingeniously 
deduces  the  same  equation  as  before  for  the  free  sur&ce  of  a  mass 
of  fluid  in  relative  equilibrium ;  and  also  the  same  condition  as 
before  connecting  the  forces ':  see  Art.  306. 

Another  example  of  the  strange  mode  of  expression  which  we 
find  in  the  book  occurs  on  Clairaut's  page  51.  IF  we  take  an 
infinitesimal  canal  within  an  infinitesimal  level  shell  we  say  in 
modem  lai^uage  that  the  pressure  ia  constant  throughout  the 
canal ;  Clairaut  speaks  of  la  Hqv^ur. . .,  ne  pesant  point. 

309.  Clairaut's  sixth  Chapter  occupies  pi^es  52.. .63;  it 
supplies  examples  in  which  the  equation  to  the  free  surface  of 
fluid  in  relative  equilibrium  is  found  when  given  forces  act.  In 
one  example  fluid  is  supposed  to  rotate  round  a  vertical  axis,  the 
velocity  of  rotation  being  a  function  of  the  distance  from  the  axis. 
Clairaut  refers  to  two  solutions  which  had  already  been  proposed 
for  this  problem;  namely,  a  correct  solution  by  Daniel  Bernoulli 
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on  pages  S44>  ^S  of  his  Bydrodynamica,  and  an  iDCorrect  sola- 
(ion  by  Hennaim  on  page  372  of  his  Phoronomia :  see  Arts.  98 
And  230. 

In  another  example  Clairaut  supposes  the  fluid  to  be  attracted 
to  any  number  of  fixed  centres. 

In  another  example  ClaJraut  supposes  the  particles  of  fluid  to 
attract  each  other  with  a  force  varying  as  the  distance  ;  and  the 
fluid  to  rotate  round  an  axis :  in  this  case  the  iree  surface  is  that 
of  an  oblatum.  Clui'aut  uses  the  known  theorem  that  under  such 
a  lav  of  attraction  the  resultant  attraction  vaiies  as  the  distance 
from  the  centre  of  gravity  of  the  whole  attracting  body:  see 
Art  12. 

810.  C^airaut's  seventh  Chapter  occupies  pages  63... 77;  it 
discusses  a  problem  in  fluid  equilibrium  proposed  by  Bouguer. 
We  will  give  an  account  of  the  substance  of  the  problem  by  the 
modem  method. 

Let  0^  y,  «  be  the  coordinates  of  any  point  of  a  fluid ;  let  the 
shortest  straight  line  be  drawn  from  this  point  to  a  given  surface ; 
let  r  be  the  length  of  this  straight  line,  and  x,  j/,  /  the  coordi- 
nates of  the  point  where  it  meets  the  given  surface.  Let  the  force 
acting  on  the  fluid  at  {x,  y,  e)  be  along  the  line  of  r,  and  be 
denoted  by/  It  is  required  to  determine  the  pressure  at  any 
point,  and  the  form  of  the  free  surface. 

In  modem  notation  we  have 

\dp_^x'-x,      Idp^j/  -y.      ldp_x'~K. 
pda        r    '^'     p  dy'^     r    ^'      p  dt       r   •^' 

Now 
rdr~(af-x)(da'~dx)  +  (i/'-y){di/~d^)+(e'~g){ds'-dg); 
tod  (fl^  -  «)  (to'  +  (y'  -  y)  rfy  +  (is'  -  «)  de'  =  0, 

because  r  is  the  shortest  distance  between  {x,  y,  e)  and  the  given 
surface ;  hence 

rdr-'~{x'  —  x)dx—(y'  —  y)dy~(js'~9)de; 
therefore  -  rf^  -  -fdr. 
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Hence /muat  be  a  constant,  or  a  function  of  r;  8&y/e^(r), 
and  £  =  -  >ft(r)  -t  constant, 

wbere  -^  (r)  is  the  int^^pral  of  <f>  (r). 

Thas  the  pressure  at  auy  point  of  the  fluid  mase  is  determined, 
and  the  form  of  the  free  surface  is  found  l^  nn^lriijg  the  pressure 
constant- 

Of  course  this  is  not  Cliuraut's  method,  as  we  have  aheady 
remarked  that  he  does  not  use  a  symbol  for  the  pressure.  He 
restricts  himself  to  the  case  in  which  the  given  surface  Is  a  surface 
of  revolution. 

Clairaut  considers  that  in  order  to  render  the  hypothesis 
natural  we  must  Buppoae  there  to  be  a  eentnU  ioHd  maas;  for 
otherwise  we  should  have  some  particles  of  fluid  indefinitely  close 
to  each  other,  and  yet  acted  ou  by  forces  the  directions  of  which 
.  include  a  finite  angle,  ce  qui  est  choquaat 

311.  Clairaut  ^ves  a  second  solution  of  the  problem  by  a 
kind  of  general  reasoning ;  see  his  page  69.  He  restricts  himself 
to  the  case  in  which  the  given  surface  is  a  surface  of  revolution ; 
and  so,  instead  of  coDBtderiog  normals  to  a  surface  as  we  did  in 
the  preceding  Article,  he  considers  normals  to  a  given  curve. 
Take  a  second  curve,  the  points  of  which  have  a  constant  shortest 
distance  &om  the  given  curve ;  that  is,  take  a  second  curve  which 
has  the  same  evolute  as  the  given  curve :  then  it  follows  from  the 
preceding  Article  that  the  pressure  is  constant  throughout  the 
second  curve.  Clairaut  arrives,  in  his  own  way,  at  a  result  which 
corresponds  to  this ;  he  expresses  it,  however,  by  saying  that 
te  poids  de  OT  doit  &re  tad;  where  OT  denotes  an  infinite- 
Eomal  canal  in  the  form  of  our  second  curve. 

312.  Clairaut's  eighth  Chapter  occupies  pages  78.. .93;  in 
modem  language,  we  may  say,  that  it  is  a  modification  of  the 
uzth  Chapter,  by  using  polar  coordinates  instead  of  rectangular : 
thus  confining  ourselves  to  one  plane,  instead  of  Xdx  +  7dy  we 
now  get  Bdr  +  JVtW. 

The  most  interesting  part  of  the  Chapter  is  what  Claiiaat 
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calls  the  explanatioD  of  a  species  of  paradox.  The  general  equa- 
tion to  the  free  sorlace  of  the  fiuid  is  i  Rdr  +  i  7V^6  =  amaUait ; 
the  paradox  consists  in  this,  that  Newton's  prindple  of  halancing 
columns  gives  /  Bdr  =  constant  for  the  equation  to  the  fr«e  sur- 
face, which  may  in  some  cases  differ  from  liie  fonner  result. 

We  will  omit  aU  reference  to  the  lolation  of  the  fluid.  Sup- 
pose, for  example,  that  S  =  rS^,  and  T=r0;   then  the  two  re- 

Bults agree :  «J|>1B0  they .gree  if  B-;jj^^^ ,  and  r- ^j^i^. 

But  suppose  that  B  =  ,,  ,  ,-;^  ,  and  T==  — rrs — s: :  then  ao- 
'J{r'  +  tr)  r  VCr"  +  *F) 

cording  to   Newton's  principle    of   balancing   columns    we    get 

t/(t'  +  6^  —  6  =  couBtaii.t;    while  the  other  result  is  v'(*'+^ 

a:  constant 

Churaut's  explanation  consists  of  reasoning  to  shew  that  the 

latter  result  is  correct ;  but  it  does  not  appear  to  me  that  he  is 

happy  in  his  explanation.     Such  a  force  as  ■■■  ■;■■. — -^  is  incon- 

ceivable  when  r  =  0 ;  and  thus  to  render  hie  problem  reasonable^ 
a  portion  of  the  Suid  round  the  origin  must  be  supposed  to 
become  solid ;  and  then  Newton's  principle  of  columns  balancing 
at  the  centre  is  no  longer  applicable.  D'Alembert  objects,  with 
justice,  to  Clairaut'e  explanation :  see  the  Opusades  Mathimaiiquea, 
Vol,  T.  pages  11  and  15, 

Similar  remarks  to  those  in  Art.  306  are  applicable  here.  It 
is  not  suffxsient  for  equilibrium  that  fidr-t-  TVdB  should  be  a 
perfect  difiEerentiaL  Suppose,  for  instance,  that  this  is  the  differ- 
ential of  a  function  f{r,  $)  j  then  if,  when  r  =  0,  the  value  of 
/(r,  6)  still  ioTolvee  0,  the  pressure  ie  not  the  same  in  all  direc- 
tions round  the  origin. 

Not  one  of  Claimut's  three  examples  could  correspond  to  the 
equilibrium  of  a  free  surface.  Suppose,  for  instance,  that  T'esr^; 
then  when  B  increases  by  2ir,  we  get  a  different  value  of  T  at  the 
game  point  But  there  might  be  equilibiium  in  a  portion  of  the 
fluid  confined,  when  necessaiy,  by  fixed  planee. 
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313.  Clairaut's  nintli  Chapter  occupies  pages  94.. .105;  in 
this  Chapter  the  results  are  eziended  to  space  of  three  dimen- 
sioDs,  which  in  the  previous  Chapters  had  practically  been  applied 
only  to  space  of  two  dimensions.  Thus  with  the  modem  usual 
notation  Clairaut  tiuds  that  the  iree  surface  of  the  fluid  in  equili- 
brium must  be  such  as  to  make  the  integral  of  Xdx  +  Ydy  +  Zds 
a  constant ;  and,  moreorer,  the  following  conditions  must  hold : 

dX^dY  dX^dZ  dY_dZ 
dg  da'  dx  da'  ^  dy' 
These  conditions  are  satisfied  for  such  forces  as  occur  in  nature; 
BO  that  Clairaut  arrives  substantially  at  this  result :  a  mass  of 
hom(^neou8  fluid,  under  the  influence  of  such  forces  as  occur  in 
nature,  will  be  in  equilibrium  if  Huygena's  principle  of  the  plumb- 
line  holds  at  the  free  surface. 

314.  Clairant's  tenth  Chapter  occupies  pages  105.. .128;  it  is 
on  capillary  attraction.  Clairaut  gives  only  extreme  generalities. 
He  may  be  said  to  shew  that  it  is  not  impossible,  and  even  not 
improbable,  that  the  phenomena  may  be  explained  by  supposing 
particles  of  fluid  and  particles  of  a  solid  tube  to  attract  an  ad- 
jacent particle  ctf  fluid  with  forces  which  are  sensible  only  at 
a  very  small  distance.  But  the  Chapter  is  too  remote  from  my 
subject  to  warrant  me  in  examining  it  closely.  Laplace  devotes 
a' paragraph  to  Clairaut's  theory  of  capillary  attraction  in  the 
Micxmique  Cileate,  Livre  xi.  §  1 ;  Laplace's  opinion  is  not  favour- 
able, he  says :  "  cettti  th^orie  me  parait  insigniflante. . .." 

315.  Clairaut's  eleventh  Chapter  occupies  pages  128.. .138;  it 
treats  of  the  equilibrium  of  fluid  whidi  is  not  homogeneous. 
In  modem  language,  Clairaut  undertakes  to  shew  that  level  sur- 
faces  must  be  surfaces  of  equal  density :  we  now  know  that  this 
proposition  is  not  necessarily  true,  unless  Xdx  +  Tdy  +  Zdi  is  a 
perfect  differential.  To  this  lyAlembert  seems  to  refer  in  hia 
Traits... dea  Flutdea,  second  edition,  p^e  50. 

When  a  mass  of  fluid,  like  a  planet,  is  not  homogeneous,  but 
yet  is  in  equilibrium,  Cliuraut  considers  that  the  denser  shells 
must  be  below  the  rai^r ;  see  his  pages  134,  138,  280,  292,    He 
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doea  not  demonstoate  ihh  ooDdition,  Thich  is  theAreticaUy  not 
necessary  for  equilibrium,  tliougb  it  may  be  esBentiol  for  ttable 
equilibrium. 

316.  Clairaut's  twelfth  Chapter  occupies  p^es  139...151;  it 
sliewB  how  we  may  determiae  the  law  of  attraction  at  the  surface 
of  the  Elarth,  from  the  results  given  by  observation.  By  pendulum 
experiments  we  determine  the  force  of  gravity  at  any  point  on  the 
Euth's  etuface ;  by  measuring  various  lengths  of  degrees  of  the 
meridian  we  ascertain  the  form  of  the  Earth's  surface,  and  thus 
we  can  deduce  the  effect  of  the  centrifugal  force  at  any  point: 
then  knowing  the  values  of  gravity  and  of  centrifugal  force  at  any 
point,  we  can  obtain  the  attraction  at  that  point.  But  this  does 
not  determine  the  law  of  attraction  within  the  surface  of  the 
Earth ;  so  that  on  this  point  we  must  endeavour  to  make  some 
natural  hypothesis  by  the  aid  of  the  theory  of  fluid  equilibrium. 

Assuming  that  the  Earth  is  a  homi^eneouB  fluid,  and  that  the 
direction  of  attraction  always  passes  through  the  centre,  Cluraut 
gives  a  simple  proof  that  the  ratio  of  the  axes  must  be  very 
approximately  that  of  576  to  577,  whatever  be  the  lata  of  siffrac- 
iion;  see  Art.  56.  Hence,  assuming  that  the  ratio  of  the  axes  as 
determined  hy  the  French  and  Lapland  arcs  is  really  that  of 
177  to  178,  it  follows  that  the  direction  of  attraction  cannot  always 
pass  through  the  centre. 

As  an  example  Clairaut  takes  the  ratio  of  the  axes  of  the 
Earth  to  be  that  of  177  to  178 ;  and  he  assumes  that  the  dimi- 
nution of  gravity  in  passing  from  the  pole  to  the  equator  varies  as 
the  square  of  the  cosine  of  the  latitude,  the  total  diminution  being 

SKSs  <*f  ^^  polar  gravity :   these  facts  depend  on  observations  in 

France  and  Ijapland.  Then  he  shews  that  these  data  are  con- 
sistent with  an  hypothesis  of  the  law  of  force  belonging  to 
Bouguer's  class :  see  Art  310.  This  example  is  worked  out  in 
detail  by  Clairaut ;  but  though  not  destitute  of  interest  theoreti- 
cally, it  is  of  no  practical  value. 

317.  We  now  arrive  at  Clairaut's  second  part,  which  is  that 
with  whidi  wa  a^  i^ieoially  concerned.    It  consists  of  some  intro- 
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ductory  observations,  foUoned  by  five  Chapters.  Tlie  introdaotojy 
ObservatioQS  occupy  pages  162.. .158. 

Clairaat  refers  to  Iiis  own  former  memoirs  in  the  I^iloeophicai 
Transactions,  which  we  have  noticed  in  our  Chapter  VI.  Claiiaut'a 
reeearches  on  the  figure  of  the  Earth,  considered  homogeneous, 
arose  from  his  desire  to  demonstrate  Newton's  postulate:  'see 
Ark  44.  Clairaut's  researches  on  the  figure  of  the  Earth,  con- 
sidered heterogeneous,  arose  from  his  desire  to  test  and  correct 
a  remark  made  by  Newton,  namely,  that  the  Earth  if  denser 
towards  the  centre  would  be  nmre  flattened  than  if  it  were  homo- 
geneous :  see  Art  30, 

Although  the  case  of  the  homogeneous  figure  of  the  Earth 
could  be  deduced  by  a  single  substitution  ftom  the  formulae  given 
by  Olairaut  for  the  heterogeneous  figure,  yet  he  judged  it  con- 
venient to  treat  separately  the  hom<^eneouB  figure ;  and  for  this 
purpose  to  abandon  his  own  method  and  follow  that  ^ven  in 
Jlaclauriu's  Fluxions, 

318.  Clairaut's  first  Chapter  occupies  pages  158.. .198;  it 
contains  the  theory  of  the  homogeneous  figure  of  the  Earth  or  a 
planet.  This  is  essentially  the  same  theory  as  Maclauiin  gave ; 
but  it  is  more  easy  to  follow  by  being  broken  up  into  short  seo- 
tious,  and  printed  in  a  more  pleasing  manner. 

The  exact  values  of  the  components  of  the  attraction  of  an 
oblatum  on  a  particle  at  its  sur&ce  ore  ^vec;  the  components 
being  estimated  parallel  and  perpendicular  to  the  axis  of  revo- 
lution. 

Clairaut  holds  that  a  rotating  mass  of  fluid  in  relative  equi- 
librium must  assume  the  form  of  an  oblatum  ^  see  his  page  171. 
We  have  already  observed  that  Maclaurin  and  Thomas  Simpson  in 
like  manner  asserted  more  than  they  were  able  to  demonstrate: 
see  Articles  249  and  283, 

On  his  pages  188.. .190  Clairaut  shews  that  the  gravity  variea 
as  PO,  to  use  our  notation  in  Art.  153;  but  instead  of  the  simple 
method  which  we  adopt  there,  Clairaut  first  demonstrates  the 
propositicHi  of  Art  S3,  and  then  deduces  the  required  result. 
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The  relation  which  connects  the  ellipticity  of  the  Earth  with  the 
value  of  the  ratio  of  Uie  centrifugal  force  to  the  attraction  can  be 
9zpresaed  exactly,  or  approximately  in  various  forms,  according 
to  the  notation  adopted:  see  Arte.  262  and  283. 

The  following  is  the  approximate  result  in  Clairaut's  notation : 
he  takes  the  ratio  of  the  equatorial  axis  to  the  polar  axis  to  be 
that  of  1  +  £  to  1 ;  and  be  uses  ^  to  express  the  ratio  of  the 
centrifugal  foi-ce  at  the  equator  to  the  gravity  there,  not  to  the 
aitraction:  then 


am  which  S  =  -0  +  _0>+^^0»... 

His  i  is  our  -771—5;  -  1 :  and  his  A  is  our  rr^. . 
He  finds  -  _..,  for  the  value  of  0 ;   see  his  page  194,  from 


319.  On  his  pages  195.. .198,  Clairaut  applies  his  formula  to 
determine  the  ellipticity  of  Jupiter;  he  arrives  at  the  conclusion 
that  the  ratio  of  the  axes  is  that  of  100|  to  90jl.  This  differs  very 
little  &om  Newton's  final  value :  see  Art  29. 

Modem  observation  gives  a  much  smaller  value  to  Jupiter's 
ellipticity  than  that  which  Newton  and  Clairaut  derived  from 
theory.  Sir  J.  Herschel  in  his  OuUinss  of  Astronomy,  1849, 
Art.  612,  states  the  ratio  of  the  axes  as  that  of  107  to  100; 
he  adds: 

And  to  coufirm,  in  the  fltrongeet  nunner,  the  truth  of  Hioee  prin^- 
ples  on  which  our  former  conclusiona  have  been  fbonded,  and  fully  to 
anilioriEe  their  extanaion  to  this  remote  nyBtem,  it  appears,  on  calcula- 
tion, that  this  is  really  the  d^;ree  of  oblateness  which  correnponda,  on 
those  prindples,  to  the  dimensions  of  Jnpiter,  and  to  the  time  of  his 
rotation. 

In  the  edition  of  1869  the  ratio  is  changed  to  that  of  106  to 
100 ;    but   the  passage  just  quoted   remains   unchanged.     It  is 
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obvious  that  the  remark  cannot  be  accepted.  For  la  the  first 
place,  if  we  consider  Jupiter  to  be  homogeneous,  theory  and 
observation  are  by  no  means  in  correspondence ;  secondly,  if  ire 
Bupposfi  Jupiter  not  to  be  homogeneous,  ne  shall  be  compelled  to 
make  some  arbitrary  hypothesis  respecting  the  internal  constitution 
of  the  planet,  and  cannot  therefore  appeal  to  the  result  as  con- 
firming in  the  strongest  manner  the  truth  of  our  principles ;  and 

7 
thirdly,  if  a  calculation  once  gave  =^  as  the  ratio  of  the  difference 

of  the  axes  to  the  minor  axis,  we  cannot  ailerwards  assert  that  the 

calculation  gives  ^^  as  the  ratio. 

320.  CUiraut's  second  Chapter  ocaipies  pages  198.. .232;  it 
treats  of  the  relative  equilibrium  of  rotating  homogeneous  fluid 
which  surrounds  a  spheroid  composed  of  strata  of  TatyiDg  density. 

We  have  first  a  theorem  respecting  the  attraction  of  a  circuit 
lamina  on  an  external  particle  which  is  so  situated  that  its 
projection  on  the  lamina  is  very  near  the  centre.  Take  the  centre 
of  the  circle  as  the  origin;  let  the  axis  of  x  pass  through  the 
projection  of  the  attracted  particle,  and  let  A  denote  the  distance 
of  tbia  projection  trora  the  centre,  and  k  the  distance  of  the 
particle  firom  Its  projection ;  let  r  denote  the  radius  of  the  circle, 
T  the  thickness  of  the  lamina,  and  p  the  density. 

Then  the  attraction  resolved  parallel  to  the  axis  of  x,  estimated 
toioaardx  the  origin, 

the  int^ration  being  taken  over  the  area  of  the  circle. 

Integrate  first  with  respect  to  x ;  the  limits  may  be  denoted 
by  —  f  and  f :  thus  we  get 

^n  Uv'+ft'+cf-A)'}*  ~  [y+A?+,{e+A)')U  • 

The  process  is  exact  up  to  this  point.  If  we  suppose  h  Tfliy 
small,  we  may  expand  the  expression  under  the  integral  sign  19 
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powers  of  A;    aad  thus  we  get   iprhl— — ^——^^   that   is 
— ^ — i  /{%.     But   2  hdi/  18  equal  to  the  area  of  the*  rarcle; 


a  obtain  finally 
prh 


X  the  area  of  the  circle. 


The  investigatioQ  would  apply  to  a  lamina  which  ia  nearly 
though  not  exactly  circular,  and  leads  to  the  aame  result. 

Clairaut's  own  process  is  given  in  a  geometrical  form,  hut  it  is 
eubstantially  equivalent  to  ours.  We  proceed  to  make  use  of  the 
result. 

821,  Clairaut  requires  the  approximate  value  of  the  attraction 
of  a  nearly  spherical  oblatum  on  an  external  partide.  Let  G 
denote  the  centre  of  the  oblatum,  and  Jf  the  external  paiticla 
The  attraction  may  be  reaolved  into  compononta  along  MC,  and  at 
right  angles  to  MG.  It  is  sufficient  for  Clidraut's  purpose  to 
consider  the  attraction  along  MC  to  be  the  same  as  if  the  mass 
of  the  oblatum  were  collected  at  G.  To  find  the  attraction  at 
right  angles  to  ifC,  he  calculates  the  E^gregate  eSect  by  the  tud 
of  the  result  in  Art.  320. 

Let  the  diagram  represent  the  ellipse  which  is  obtained  by  a 
meridian  section  of  the  oblatum  paasing  through  J£  Throt^h  any 
point  £in  GM  draw  a  chord  at  right  angles  to  GM;  the  middle 
points  of  all  such  chords  will  be  on  a  diameter.  liet  CK  be  the 
direction  of  this  diameter,  so  that  MK  is  the  k  of  Art  320,  the 
jchord  itself  being  the  intersection  of  a  lamina  at  right  angles 
to  CS  with  the  mendiaa  plane. 

Let  CS~x,  and  the  angle  SGK  =  0,  eo  that  ^  =  a;  tan  ^. 
Let  CN^  c,  and  GM^  y.  Now  k  is  very  small,  because  tan  ff  is 
very  sniallj  and  thus,  without  introducing  any  error  to  the  order 
of  accuracy  which  we  adopt,  we  can  use  certain  approximate  values 
of  the  f*+  ft*,  and  the  area,  which  occur  in  Art  820.  We  take 
ir(rf-a?)forthearcffl,  and  (7 -«)*  +  ()■ -a;»  for  the  »'  +  *■.    These 
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approximations  amount  to  neglecting  the  ellipticit  j  iif  Ui«  oblatnm ; 
and  as  we  have  the  common  fisictor  tan  0,  our  error  is  of  the  order 
of  the  prod  uct  of  tan  0  into  the  ellipticity. 


Hence  by  Art.  320  we  have  for  the  attraction  of  the  whole 
oUatum  at  M  in  the  direction  at  right  angles  to  MC  and  towards 
CK, 

a  ( J  -  jQ  (fa? 


vpisafi 


-{(r-^r+c*-"*]*' 


-*C 


d^raut  himself  obtains  it  by  a  peculiar  artifice.     By  modem 
methods  we  may  proceed  thus : 

Put  f/  +  c*  ~  8731  =  »*,  and  let  o  =  7  -  (^  and  5  =  7  +  c ;  then 
we  find  that 


Int^rate  by  parts,  observing  Hat 


v)(«^-/)J 
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(huB  we  find  that  the  integral 

Thus  the  required  attraction  is  — ^^-j .     The  angle  ff  is 

exactly  the  same  as  the  angle  between  the  diameter  CK  and  the 
normal  at  its  extremity,  and  is  therefore  very  approximately  equal 
to  the  angle  between  CNaad  the  normal  at  If. 

322.  Clairaut  introduces  and  defines  the  term  ellipticitif  of  a 
,  spheroid  on  his  pc^  209 ;  with  him  it  denotes  the  ratio  of  the 

difference  of  th«  equatori^  and  polar  diameters  to  the  polar 
diameter :  so  that  taking  2a  for  the  equatorial  diameter  and  S6  for 

the  polar  diameter  the  ellipticity  is  —r — .  To  the  order  however 
which  is  sufficient  for  our  subject  we  might  also  define  the  ellip- 
ticity as  ,  and  this  is  the  sense  in  which  we  prefer  to  use 

the  term. 

323.  We  can  now  give  an  outline  of  Clairaut's  investigations ; 
we  shall  however  change  his  notation  for  a  more  modem  one. 

Suppose  the  central  part  of  the  Earth  solid,  consisting  of  strata 
nearly  spherical ;  and  outside  this  let  there  be  homogeneous  fluid. 
Let  r  denote  strictly  the  polar  semiaxis  of  a  stratum,  but  with 
sufficient  approximation  in  many  cases  the  radius  drawn  from  the 
centre  in  any  direction  to  the  stratum.  Let  p  denote  the  density 
and  e  the  ellipticity  of  this  stratum ;  let  «*  denote  the  ellipticity 
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of  the  stratum  which  forms  the  boundary  of  the  solid  part.  Xiet 
p,  denote  the  density  of  the  fluid,  and  e^  the  ellipticity  of  the  aur- 
fece  of  the  fluid.  Let  r  be  the  value  of  r  at  the  boundary  of  the 
solid  part,  and  r^  the  value  of  r  at  the  surface  of  the  fluid.  Let  ^, 
be  the  angle  at  the  point  corresponding  to  r,  between  the  normal 
to  the  stratum  and  r^,  Thus  the  subscript  1  always  indicates  a 
value  relative  to  the  sui'face  of  the  fluid. 

Since  the  fluid  is  homogeneous  Huygens'a  principle  furnishes 
us  with  the  necessary  and  sufficient  condition  for  equilibrium.  At  ■ 
any  point  of  the  surface  of  the  fluid  we  have  a  central  force  which 
we  will  call  F,  and  a  force  in  the  meridian  plane  at  right  angles 
to  the  radius  vector  towards  the  equator  which  we  will  call  T; 
there  is  also  the  centrifugal  force  which  at  the  equator  would  he 
jFin  our  usual  notation,  and  which  will  he  jPsin  \  at  the  place 
considered,  if  X  denote  the  angle  between  the  radius  vector  and 
the  polar  semiaxis.  Hence  resolving  all  the  forces  along  the  tan- 
gent to  the  meridian  we  have  as  the  condition  of  equilibrium 

.F8in0,-2'-jJ'sinA.cosA.=  O , (1). 

We  must  now  develope  this  equation.  With  regard  to  ,F  it 
will  be  sufficient  to  consider  the  whole  mass  as  made  up  of  spheri- 
cal strata  of  .varying  density ;  and  thus 


?/>*• 


Next  consider  71     If  there  were  a  homogeneous  oblatum  of 

density  p  this  for«e,  by  Art  321,  would  be      ^^^«      ■,  where  r 

denotes  the  radius  vector  of  the  oblatum  in  the  direction  of  r,. 
For  such  an  oblatum  in  which  the  radius  vector  isr  +  dr  the  force 

would  be  ^]tanj8r'  + J-  (tanjSr^dri.     Hence  the  force  arising 

fix>m  a  shell  of  which  p  is  the  density  and  dr  the  thickness  in  the 

direction  of  r,  is  -^,  -r-  (tan  ffr')dr. 


e  obtain 


5r/J.  ' 
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where  p,  now  Bupposed  variable,  indicates  the  density  of  the  stra- 
tum corresponding  to  r. 

Thia  method  of  treating  strata  of  varying  density  occurs  very 
frequently  in  our  subject  and  should  he  carefully  noticed. 

Now  hy  the  nature  of  an  ellipse  it  follows  that  to  the  order  of 
approximation  which  we  here  retain  tan  )3  or  sin  ^  is  equal  to 
2esinX  cosX;  and  to  that  order  ^,  has  the  same  meaniug  as  ^,. 
Hence  by  simplifying  we  get  from  (1) 

(2>,-J)/,V*-5^./,"pJ:M* (2). 

The  form  of  (2)  may  be  modified  hy  separating  the  integral 
into  two  parts,  one  extending  from  0  to  r',  and  the  other  from  r 
to  r, ;  in  the  second  interval  the  density  is  constant  and  is  de- 
noted by  p,.    Thus 

ppr'dr  =  j'  p^dr +  ^-^^!^^^ , 

If  we  employ  the  second  of  these  modifications,  {2}  becomes 

If  we  put  A  for  /  pr'dr,  and-  /)  for  I  p -r-  (er')  dr  we  get,  by 
employing  also  the  first  modification, 

p  (6i)-6p,e'r")  +j  (ISA  +  5p,r,'-  5p.r") 

*'"  30i+4p,r/-10/j,r'*  ^^'■ 

This  is  a  very  important  formula  in  our  subject;  it  agrees 
with  that  given  by  Clairaut  on  his  page  217,  allowing  for  a  mis- 
print with  him:  the  investigation  is  substantially  like  his  though 
in  form  rather  different. 

324.  The  general  result  (3)  of  the  preceding  Article  is  applied 
by  Clairaut  on  his  pages  218. ..222  to  some  special  cases. 
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L     Suppose  the  whole  mass  homogeneous ;  then 

and  we  obtain  ^i~a.' 

this  as  far  as  it  goes  agrees  with  Art.  318. 

IL  Suppose  the  solid  part  homogeneous  as  well  as  the  fluid 
part,  but  the  densities  of  the  two  parts  different.  Let  the  density 
of  the  solid  part  be  denoted  by  p,(l  +  «) ;  then 


and  we  obtain 


10/0--  + 4r; 

We  shall  find  hereafter  that  this  result  reappeais  In  the  M^ni<[ue 
Celeste,  Vol  T.  page  30. 

Clairaut  remarks  that  if  we  consider  e,  to  be  known  by  obser- 
vation, this  formula  will  guide  us  in  making  suitable  hypotheses 
as  to  the  radius,  the  ellipticity,  and  the  density  of  the  aasumfid 
solid  central, part.  He  warns  us  that  if  we  suppose  «  to  be 
negative  we  must  remember  that  it  is  to  be  numerically  less  than 
unity ;  but  the  result  shews  us  that  this  is  an  inadequate  i-estnc- 
tion  ;  'for  if  k  be  negative  it  must  not  be  numerically  nearly  equal 

to  :j^,i ,  and  this  might  be  much  less  than  unity  if  r  were  nearly 

equal  to  r,.  The  truth  is  that  if  «  be  poaiUve  the  above  result 
may  be  accepted  without  scruple ;  but  if  x  be  n^;ative  we  must 
carefully  examine  whether  the  value  of  e,  obtained  from  the 
formula  is  a  small  quantity. 

If  in  the  above  formula  for  e,  we  suppose  e  =  0,  and  x  negative, 


HI.    Suppose  as  a  particular  case  of  11.  that  the  solid  part  is  to 
be  similar  to  the  whole  mass,  and  that  we  require  the  ellipticity 

X4— 2 
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to  be  greater  than  it  ia  when  the  whole  mass  is  homogeneous. 

Then  put  e,  =  e 

thus  we  deduce 


Then  put  €,  =  «'  =  -^  (1  +p),  where  p  is  gome  positive  quantity ; 


so  that  K  is  necessarily  negative. 

lY.  In  the  preceding  result,  suppose  that  the  difference 
between  r!  and  r,  is  infinitesimal ;  put  r'  »■  r,  (1  —  \),  where  X  is 
infinitesimal:  then 

BO  that  w  differs  only  infinitesimolly  from  unity.  Thus  we  have 
the  case  of  a  film  of  fiuid  which  surrounds  a  soUd  body  of  infini- 
tesimal density ;  the  outer  and  inner  surfaces  of  the  film  are 
^milar,  similarly  situated,  and  concentric  oblata. 

Y.  Instead  of  being  a  film  as  in  IV.  let  us  suppose  the  planei 
to  be  a  shell  of  finite  thickness ;  and  let  the  internal  part,  though 
hard,  he  supposed  of  no  density  or  of  no  attracting  power :  then  we 
must  solve  the  equation 

and  take  for  —  a  positive  value  less  than  unity,  if  such  a  value 

should  occur  among  the  roots  of  the  equation. 

VL  Now  return  to  the  suppositions  in  IL  If  the  density  of 
the  central  part  is  to  be  greater  than  the  density  of  the  fiuid, 

and  «,  to  be  greater  than  -^ ,  then  «'  must  be  greater  than  ^^ . 

For  put  ^  =  (e,  +  7)  -V ,  and  substitute  in  the  result  given  in 
II. ;  thus  we  get 

'      4^2«-'"  +  2r," 
and  the  second  term  will  not  be  positive  unless  y  is  positive. 
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325.     Cluraut  applies  the  last  result  of  the  preceding  Article 
to  two  criticisma  on  Newton. 

In  the  case  of  the  Earth,  if  we  wish  to  have  e,  greater  than 

-^ ,  it  is  tu>t  sujicient  taerely  to  suppose  a  solid  nucleus  of  greater 

density  than  the  fluid ;  it  is  necessary  to  have  the  eltipticity  of  this 

aohd  nucleus  greater  than  -^ :  see  Art  37. 

In  the  case  of  Jupiter,  if  we  wish  to  have  e,  leas  than  -^,  it  is 

itot  necessary  to  suppose  that  the  equatorial  parts  have  heeu 
scorched  hy  the  Sun  into  a  greater  density  than  the  other  parts ; 
it  is  sufficient  to  suppose  that  the  solid  nucleus  is  denser  than  the 


326.  Clairaut  shews  in  his  pages  234  and  225,  that  an 
oblongum  may  be  a  form  of  relative  equilibrium. 

For  in  case  IL  of  Art.  324,  if  e'  is  negative  and  numerically 
greater  than  ----^^    ,1*--'- ,  then  e,  is  negative. 

But  even  if  «'  is  positive,  it  will  be  possible  to  have  f,  negative 
if  K  be  negative ;  Clairaut  does  not  make  this  remark,  to  which 
D'Alembert  seems  to  attach  great  importance ;  see  the  OpusouUs 
JUath^natiqusa,  Vol.  VI.  page  77.  The  fact  simply  is  that  Cliuraut's 
general  formula  contains  somewhat  more  than  he  himself  verbally 
drew  from  it. 

327.  Suppose  the  depth  of  the  sea  to  be  not  greater  thaii  the 
height  of  the  mountalos;  then  Clairaut  considers  that  we  may 
without  sensible  error  regard  the  earth  as  an  oblatum  covered 
with  a  film  of  water ;  see  his  page  225.  In  this  case  he  take? 
€^  s  <',  and  «*,  =  r' ;  and  so  the  equation  (3)  of  Art.  323  becomes 
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328.  It  haa  been  objected  that  Clairaut  ougbt  not  to  bave 
supposed  e^—e:  see  lyAlemLert's  Opuscules  Math^matiques,  VoL  TI. 
page  75,  and  Cousin's  AstronoTine  F^f/§igue,  jt&gs  164.  If  then  we 
put  r,  =  '/,  but  do  not  put  e^^^,  the  eqintMu  ^3)  of  Art.  323 
becomes 

(1 0.4  -  2p.O  ^  =  ^  (Z>  -  p/r,")  +  &AJ. 

As  before  then  we  may  say  that  Clairaut's  general  formula 
contains  more  than  he  was  contented  to  draw  from  it.  But  we 
must  observe  that  if  we  suppose  the  stratum  of  fluid  to  be  very 
thin,  but  do  not  take  e,  =  ^,  the  fluid  will  not  necesaarily  cover  all 
the  soUd :  cither  the  polar  parts  or  the  equatorial  parts  may  be 
left  without  fluid. 

329.  Chiiraut  applies  his  result  which  we  have  given  in 
Art.  327  to  shew  that  if  e=  e,  (  j  ~  "1  •  where  »  is  positive,  and 

the  density  diminishes  continually  from  the  centra  the  ellipticity 
will  be  less  than  when  the  mass  is  homc^neous. 
For,  using  this  expression  for  «,  we  have 

^-/."'"a^t"'^''''-^'''''/."'^*— ■/.''''^t''"^* 

=  Se^r'A  —  e,  ff  say, 
wbere  O  is  some  positive  quantity,  since  by  supposition  -^  is 
negative. 

Tlius  we  obtain, 

10A;-eAi,  +  ^i,e-SAj, 

Botbat  ,,-^  L__ 

irtiic^  iq  lees  than  -4-. 
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Clainwit  expresses  bia  result  very  awkwardly  in  words ;  he  says 
\3tat  the  spheroid  will  be  leas  flattened  than  in  the  homogeneouB 
case,  unless  the  ellipticity  of  the  strata  diminishes  from  the  centre 
to  the  circumference,  and  in  a  greater  ratio  than  the  squares  of  the 
distances.  The  langua^  would  imply  that  the  squares  of  the 
distances  diminish  from  the  centre  to  the  circumference.  He 
should  have  said,  provided  the  product  of  the  ellipticity  into  the 
eqjiare  of  the  distance  is  never  greater  than  at  the  surface. 

Clairaut  on  his  pages  228. ..232  gives  some  special  cases  of  the 
general  result  in  Art.  328,  by  assuming  special  laws  of  density ; 
bis  results  are  accurate,  aud  he  points  out  the  objection  to  some 
corresponding  investigations  of  Maclauriti :  see  Art.  267. 

330.  Clairaut's  third  Chapter  occupies  pages  233.. .262;  it 
discusses  the  law  of  the  variation  of  gravity  at  the  surface  of  a 
spheroid  of  revolution  composed  of  strata  of  varying  density  and 
ellipticity.  Clairaut  shews  that  the  diminution  of  gravity  in 
passing  from  the  pole  to  the  equator  varies  as  the  square  of  the 
oostne  of  the  latitude ;  and  he  establishes  the  theorem  which  we 
DOW  call  Clairatit's  Theorem.   We  will  proceed  to  give  some  details. 

331.  Suppose  a  particle  placed  outside  a  circular  lamina; 
when  the  projection  of  the  particle  on  the  lamina  is  very  near  the 
centre  of  the  circle,  the  resultant  attraction  on  the  particle  is  very 
nearly  the  same  as  if  the  particle  were  at  the  same  distance  from 
the  centre  of  the  circle,  but  had  its  projection  coincident  with  the 
centre :  Clairaut  shews  this  briefly  by  general  reasoning.  If  we 
proceed  analytically  as  in  Art.  320,  we  shall  find  that  when  the 
particle  is  displaced  so  that  its  projection  moves  from  the  centre  to 
a  distance  A  from  the  centre,  the  attraction  perpendicular  to  the 
lamina  is  not  changed  to  the  order  h,  while  there  is  a  transverse 
attraction  produced  of  the  order  h ;  so  that  the  change  in  the 
resultant  attraction  is  of  the  order  A*. 

The  result  holds  also  for  an  ellipse  or  any  other  central  curve. 

332.  If  a  circular  latnina,  and  an  oval  lamina  which  is  nearly 
circular,  have  the  same  centre  and  the  same  plane  and  equal  areas, 
they  exert  approximately  the  same  attraction  on  a  particle,  the 
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projection  of  which   would   coincide   with   the   common  centre : 
Clairaut  shews  this  briefly  hy  general  reasoning. 

333.  The  propositions  of  the  two  preceding  Articles  lead 
Clairaut  to  the  following  general  result. 

Let  C  be  the  centre  of  an  ellipsoid  of  revolution  nearly 
spherical,  and  M  an  external  particle  ;  let  MC  cut  the  solid  at  N, 
and  let  MO  produced  cut  the  solid  at  n ;  the  attraction  of  the  solid 
on  a  particle  at  M  is  approximately  the  same  as  that  of  an 
ellipsoid  of  revolution  of  equal  volume  having  A^n  for  its  azis  of 
revolution. 

The  original  solid  may  be  an  oblatum  or  an  obloDgum ;  which- 
ever it  be  the  derived  solid  will  be  sometimes  an  oblatum  and 
sometimes  an  oblongum,  according  to  the  position  of  the  stnught 
line  CM. 

It  must  be  observed  that  the  approximation  holds  as  far  as 
(he  first  power  of  the  elUpticity  inclusive;  in  fact  the  errors  in 
Arts.  331  and  332  are  of  the  order  of  the  square  of  the  ellipticity. 

334.  Clairaut  then  finds  the  attraction  of  an  ellipsoid  of 
revolution  which  is  nearly  spherical  on  a  particle  which  ia  on  the 
prolongation  of  the  axis  of  revolution.  I  have  already  adverted  to 
the  method  which  he  uses :  see  Art.  165.  The  result  is  correct  to 
the  first  power  of  the  ellipticity  inclusive. 

335.  The  pi^es  233.  ..213  of  Clairaut's  work  which  we  have 
just  considered  were,  in  substance,  origiually  published  in  the 
Philosophical  Transactions ;  see  Art.  16i :  these  pages  well  deserve 
perusal  as  a  good  specimen  of  the  ingenuity  and  simplicity  of 
Clairaut's  investigations. 

A  modem  student  will  probably  like  to  verify  by  analysis  the 
important  result  in  Art.  333..  The  simplest  way  perhaps  is  to  find 
the  potential  of  the  original  ellipsoid  of  revolution  on  the  particle 
at  M,  and  shew  that  it  is  equal  to  the  potential  of  the  derived 
ellipsoid  of  revolution,  so  far  as  terms  of  the  first  order  inclusive. 

Take  C  for  the  origin,  CN  for  the  axis  of  e ;  let  the  axis  of  y  be 
the  diameter  which  is  conjugate  to  Nn  in  the  meridian  plane  of 
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the  ^veD  elHpeoid  which  contains  CM;  let  the  asis  of  x  he  at  right 
angles  to  those  of  y  and  s. 

Let  CM=  7 ;    let  ;^  denote  the  angle  between  the  ases  of  y 
and  2.     Then  the  potential  of  the  given  ellipsoid  is 
D  ■xdx  dy  dz 


llh 


the  limits  of  the  integration  are  determined  hy  the  equation  to  the 
given  ellipsoid,  which  we  may  take  as 

a*     A*     (? 

Put  r*  for  a^  +  y*  +  (a  —  7)' ;  then  we  may  espand  the  term 
under  the  integral  signs  in  the  form 

1     y(g-7)  coax  ■  3  .v'(^-7)'coJx  . 

The  second  of  these  terms  gives  zero  as  the  result  when  inte- 
grated, because  y  is  as  often  negative  as  positive.-  Thus  if  we 
reject  the  squares  and  the  h^her  powers  of  the  small  quantity 
cos  x>  the  potential  becomes 

fff         dxdydz 

Assume  x  =  a^,  y  =  bri,  2  —  c^;  then  the  potential  can  be 
transfoinaed  to 


d^dyd^ 


err a^atjct 


.(l). 


where    V  stands  for  abc  sin  Xt  <uid  the  limits  of  integration  are 
determined  by 

Now  when  we  form  the  potential  of  the  derived  ellipsoid  we 
obtain,  if  A  denote  the  two  equal  semiaxee, 


D„;„.db,G00glc 


218  CUiBAUT. 

the  limits  being  the  same  as  before.     And  by  tbe  conditioD  of 
equal  volumes  we  have 

aho  sia  j(^  =  h*o  (S). 

Since  the  original  ellipsoid  is  nearly  spherical  we  have 
a  =  c{l+\)    and   i  =  c(l  +  /i) 
where  \  and  fi  are  small,  being  of  the  order  of  the  elfiptlcities. 
Thus  hma  (3)  we  hne 

A*=c'(l+X  +  /»)Binx, 
but  sin  X  being  the  sine  of  an  angle,  nearly  a  right  angle,  we  shall 
find  that  it  differs  from  unity  by  a  quantity  which  is  of  the  order 
of  the  squares  of  the  ellipticities.     Thus  to  our  order 

and  so  we  have  to  our  order 

„                     ,     a'  +  J"     a'-J*  ,    ,,     o'+fi"     a'-J' 

Hence  sLqce  a= — s 1 ^ — ,    and   e  =  — 

ve  see  that  to  our  order  (1)  becomes 

dfdyiK 


2 


Expand  the  denominator  under  the  integral  sign  in  powers  of 
~"9 — ii'~v')t  then  the  term  under  the  integral  sign  which 
involves  the  first  power  of  this  small  quantity  obviously  vanishes 
by  symmetry :  so  if  we  neglect  the  square  of  o'  —  i*,  the  expres- 
sion (1)  reduces  to  the  form  {2).     This  is  the  required  resnlt. 

336.  We  are  now  prepared  to  find  the  value  of  gravity  at  any 
point  of  the  surface  of  our  hypothetical  EWth. 

Suppose  r  the  polar  radius,  r  (1  +  e)  the  equatorial  radius  of 
an  oblatum,  where  «  is  small;  let  p  be  the  density.  We  shall 
first  determine  the  attraction  on  a  particle  at  the  distance  R  from 
the  centre,  the  direction  of  R  making  with  the  polar  axis  an  angle 
whose  sine  is  s. 
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By  Clairaat's  proposition  in  Art.  333,  we  substitute  instead  of 
the  oblatum,  a  certain  ellipsoid  of  revolution  of  equal  mass.  Let 
o  denote  the  polar  semiaxia,  and  \  the  ellipticity  of  this  derived 
ellipsoid.     The  attraction  which  it  exerta 

_  mass  of  oblatum  /-       6\c*\ 

this  may  be  deduced  Rixnn  ATt.%1,  imuMMfing  Xpouiive;  or  it 
may  be  obtained  in  Clairaut's  manner,  to  which  we  have  referred 
in  Art.  334,  and  then  it  will  be  found  to  hold  whether  \  be  posi- 
tive or  n^ative. 

Now  to  our  order  of  approximation 

o  =  r  (1  +  M*) ; 

and  the  condition  of  equal  masses  gives 

»■•(!  +  2e)  =  c"  {1  +  2X)  =  r*  (1  +  3e8^(l  +  2X) ; 

sothat  \=(l~^e. 

Also,  supposing  the  attracted  particle  to  be  on  a  concentric  and 
similarly  situated  oblatum,  the  dimensions  of  which  are  given  by 
r,  and  «,,  we  have 

The  maaa  of  the  oblatum  =  — =—  (1  +  2e)  p. 
flence  the  attraction  of  the  oblatum 

.^(l  +  2.)(l-2,.^,|l-^.(l-|^.} 

Let  us  denote  this  for  a  moment  by  p/(r) ;  then  for  the 
attraction  of  the  shell  of  density  p,  comprised  between  the  suriaces 

which  correspoad  to  r  and  r+  dr,  we  have  p^,  —dr. 
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Hence,  if  we  suppose  the  density  of  each  shell  to  be  umfonn, 
but  the  density  to  vary  fi-om  shell  to  shell,  we  have  for  the  whole 
attraction 

dr 

...  „-j   /-^''    n.{"JJ^. 

the  attraction  is 


UlA.jy,'dr.  S^jy^dr,   D.jy^dr.then 


We  must  now  introduce  the  centrifugal  force.  The  centri- 
fugal force  at  the  equator  is  a|^rozimately  ^^j— ;  and  therefore 
it  is  — -i—  at  the  point  under  consideration :  the  resolved  part 

of  this  along  the  radius  is <-—  ,  which  must  be  subtracted  &om 

the  attraction  to  obtain  the  gravity. 

Hence  the  gravity  at  the  point  under  consideration 

r,  ^  '  '  3r/       6r*  ^  '  r* 

Let  P  denote  the  gravity  at  the  pole,  y  the  gravity  at  the 
point  under  consideration;  then 

Thus  F—g  varies  as  8*;  that  is,  the  diminution  of  gravity  in 
passing  from  the  pole  to  the  equator  varies  as  the  square  of  the 
cosiae  of  the  latitude. 

Let  E  denote  the  gravity  at  the  equator ;  then 


Divide  this  by  E;   then  on  the  right-hand  side  it  will  be 
>  that 

^^'     5Ar'' 
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-s—p—'- 

This  remarkable  result  is  cidled  Ctairavt's  Theorem.  The  frac- 
tion -    -,,  -  we  shall  call  ClairauCa  fraction,  as  in  Art.  171,  and 

shall  denote  it  by  v;   so  that  we  have 
5  . 

We  know  hy  Art.  28  that  ^j  is  twice  the  ellipticity  of  the 
earth,  supposed  homogeneous ;  and  this  ia  the  fonn  in  which 
Clalraut  himself  expresses  this  term. 

337.  The  assumptions  on  which  Clairaut's  demonstration  of 
his  famous  theorem  rests  should  be  carefully  noticed.  The  strata 
are  supposed  to  be  ellipsoidal,  and  of  revolution  round  a  common 
axis,  and  nearly  spherical.  Each  stratum  is  homogeneous,  but 
there  is  no  limitation  on  the  law  by  which  the  density  varies  from 
stratum  to  stratum :  the  density  may  change  discontinuously  if 
we  please.  It  is  not  assumed  that  the  strata  were  originally  fluid; 
but  it  is  assumed  that  the  swperfidal  stratum  has  the  same  form 
as  if  it  were  fluid  and  in  relative  equilibrium  when  rotating  with 
uniform  angular  \eIocity.  There  is  no  limitation  on  the  law  by 
which  the  ellipticity  varies  from  stratum  to  stratum,  except  that 
the  ellipticity  must  be  continuous,  and  at  the  surface  must  be 
such  as  would  correspond  to  the  relative  equilibrium  of  a  film 
of  rotating  fluid. 

We  shall  find  that  D'Alembert  in  1756  mistook  the  range  of 
Clairaut's  demonstration:  see  the  Becherches  eur...8y^^me  du 
Monde,  Vol.  Ul.  pi^e  187. 

In  some  modem  works  there  has  been  a  want  of  strict  accu- 
racy as  to  the  Theorem,  owing  perhaps  to  an  undue  regard  to 
brevity.  Thus  we  read  in  one  that  Clairaut  established  his 
Theorem  on  "  the  hypothesis  of  the  Earth  being  a  fluid  mass " ; 
and  we  read  in  another  that  Clairaut  discovered  his  Theorem  for 
"  the  case  of  a  rotating  fluid  mass,  or  solid  with  density  distri- 
buted as  if  fluid." 
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338.  Clairaut  on  his  pages  251... 259  usea  his  theorem  to  sup- 
port certain  criticisms  on  Newton,  David  Gregory,  and  Maclaurin. 
We  have  already  noticed  these  criticisms:  see  Arts.  30,  84,  and  271. 

On  his  pages  260.. .262  Clairaut  in  like  manner  uses  his 
theorem  in  relation  to  Cassini's  hypothesis  that  the  earth  was  an 

oblongum  with  an  ellipticitj  of  ^  .  In  Art.  336  put  e,  =  —  g-, 
a»dj  =  2^;  then  we  get  approximately  "  =  93  +  115  =51  • 
But,  as  Clairaut  observes,  this  is  a  far  greater  value  of  v  than 
pendulum  observations  warrant.  Cassini's  number  however  seems 
to  have  been  95  not  93 :  see  Art  101. 

339.  Clairaut's  fourth  Chapter  occupies  pages  262.. .296;  it 
considers  the  figure  of  the  Earth,  supposed  to  have  been  originally 
Suid,  and  composed  of  strata  of  varying  densities.  In  fact  Clair- 
aut now  proposes  to  investigate  the  connection  between  the  density 
and  the  ellipticity  in  order  that  strata  of  the  kind  considered  in 
the  preceding  Chapter  may  he  in  relative  equilibrium  if  they  are 
fluid.  A  process  like  that  of  Art.  S23  must  now  be  applied  to 
each  stratum. 

340.  Suppose  a  shell  of  density  p  hounded  by  two  concentric 
and  similarly  situated  oblata ;  let  ^^  be  the  ellipticity  of  the  inner 
sur&)£e,  and  ^  the  ellipticity  of  the  outer  surface.  Suppose  a 
particle  situated  on  the  inner  surface  of  the  shell ;  we  shall  deter- 
mine the  attraction  which  the  shell  exerts  on  this  particle  in  the 
direction  at  right  angles  to  the  radius  vector  from  the  centre  of 
the  shell  to  the  particle.  This  problem  is  solved  by  Clairaut  on 
his  pages  262.. .265.     Our  solution  is  substantially  the  sama 

The  attraction  of  the  shell  is  of  course  equal  to  the  difference 
of  the  attractions  of  the  ohlatum  which  is  bounded  by  the  outer 
surface,  and  the  ohlatnm  which  is  bounded  by  the  inner  surface. 
We  will  consider  these  bodies  separately,  beginning  with  the  larger. 

The  larger  oblatum  produces  the  same  effect  as  would  be  pro- 
duced by  a  similar,  similarly  situated,  and  concentric  oblatum, 
having  the  particle  on  its  eurt'ace  ;  for  the  difference  of  these  two 
similar,  similarly  situated,  and  concentric  oblata  produces  no  effect 
by  Art.  13. 
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Hence  the  attraction  of  the  larger  oblatum  in  the  assigned 
direction  ia  — ^— ^ — —  in  the  notation  of  Art.  321 ;  for  now  7  =  0. 

And,  as  in  Art.  323,  we  have  tan  j3  =  2j;^  sin  X  cos  \,  so  that  the 

,  &iracL  sin  X  cos  \ 

attraction  becomes  - —        k  ~"~" —  • 

In  like  manner  the  attraction  of  the  smaller  oblatum  in  the 

,  ,.      ,.      .   STTpct  sinXcosX 
assigned  direction  is  — - — — v . 

Thus  it  follows  that  the  required  attraction  of  the  shell  in  the 
assigned  direction  is  — lz}^ — ^ , 

Now  suppose  that  there  is  an  infinitesimally  thin  shell  of  the 
density  p;  let  r  be  the  polar  semiaxis  of  the  inner  surface,  and  e 

the  ellipticity  of  this  surface ;  then'e  +  -j-dr  will  denote  the  ellip- 

ticity  of  the  outer  surface.    Therefore  the  attraction,  in  the  direc- 
tion at  right  angles  to  the  radius  vector,  of  this  shell  on  the  inside 

particle  is  -^  c  sin  X  cos  X  -1-  dr ;  this  is  obvious  from  the  preced-  ' 

ing  investigation. 

341.  We  now  proceed  to  apply  a  process  like  that  of  Art,  323 
to  any  stratum. 

Let  there  be  a  particle  of  fluid  in  any  stratum  at  the  distance 
r  &om  the  centre ;  let  X  be  the  angle  between  the  radius  vector 
to  the  particle  and  the  polar  semiaxis. 

The  central  attraction  on  the  particle  is  -,,  I  pr'dr,  approxi- 
mately; for  the  strata  beyond  the  particle  produce  no  central  effect 
to  the  order  of  accuracy  which  we  have  to  consider.  This  central 
attraction  gives  rise  to  a  component  in  the  meridian  plane,  at 
right  angles  to   the   radius   vector,  towards  the   pole  equal  to 

2e  sinXcosXx-^     pT^dr.     We   will  call  this   a   transverse  at- 
traction. 
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The  transverse  attraction  on  the  particle  from  the  strata  below 

by  Art.  323. 

The  transverse  attraction  on  the  particle  from  the  strata  be- 
yond the  particle  towards  the  equator  is  — ^ I     p-j-dr, 

by  Art  340. 

Let  ft)  denote  the  angular  velocity ;  then  the  transverse  com- 
ponent of  the  centrifugal  force  is  a>V  sin  \  cos  X. 

Hence,  as  in  Art.  323,  equating  to  zero  the  whole  transverse 
force,  and  dividing  by  4rtr  sin  X  cos  X  we  obtain 


2e'  f'    . .         2    (•''     rf  ,    ,,  ,       2r'  f'-i    de  , 
-jj^dr-^^j^  p^^(^)dr-^j^p^^dr- 


4»r 


If  as  usual  we  denote  by  j  the  ratio  of  the  centrifugal  force  at 
the  equator  at  the  sui-foce  of  the  fluid  to  the  attraction  there,  we 
have  to  the  order  of  accuracy  which  we  require 


3—^]^  P^dr. 


Substituting  this  value  of  to*  our  equation  becomes 

This  important  equation  occurs  for  the  first  time  in  Clairaut's 
page  273 ;  it  has  ever  since  been  permanently  associated  with  the 
subject :  I  shall  call  it  Clairaufs  primary  equation.  Whether  we 
leave  w'  in  the  equation,  or  substitute  for  it  in  the  manner  just 
esplained,  is  of  no  consequence. 

342.  If  e  and  p  are  taken  so  as  to  satisfy  Clairaut's  primary 
equation  we  have  a  possible  constitution  for  the  earth.  Clairaut 
however  asserts  more  than  this  on  his  page  265,  namely  that  if  J 
be  very  small  the  strata  loill  be  elliptical  spheroids.  Even  Laplace 
has  scarcely  arrived  at  this  point ;  he  has  only  shewn  that  if  the 
strata  are  aaswmed  to  be  nearly  spherical  they  must  be  elliptical 
spheroids. 
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343.  Clairaut  transforms  his  primaiy  equation.  It  will  nofc 
lead  to  any  confusion  if  we  now  drop  the  acoeDt  from  r  and  irom 
e' :  we  may  then  write  the  equation  thus : 

Differentiate  with  respect  to  r ;  thus 

Simplify,  and  divide  by  lOr'  i  tliua 
DifTereDtiate  again'  witli  i«8pect  to  r ;  tbuB 


This  I  shall  call  Cknraula  derived  equation. 

344.    Cliuraut  puts  his  derived  equation  in  another  form. 
Let  -  t:  be  denoted  by  « ;  so  that  ^"eu. 

mL  d't  t    ,       du 

Then  ^  =  „.  +  .^. 

*  j  p.'dr    "^    j  pr-ir 


15 

lb,  Google 


Put  u  +  ~ =  ( ;  and  then  we  obtain 

^* 
•t  ,f  <?■■    ,  6 

*  j'p^dr     •"' 

Jo 

Clairaut  observes  that  this  equation  falls  under  the  case  of 
^  +  j^dxta  Xdx,  where  X  is  a  function  of  x ;  and  that  what  wo 
now  call  the  separation  of  the  variahles  had  not  yet  been  effected 
in  generaL  Accordingly  he  does'  not  propose  to  seek  for  the 
ellipticitieB  which  correspond  to  a  given  law  of  density,  except  in 
the  case  in  which  p  varies  as  r".    See  his  page  276. 

845.  Suppose  then  that  p  varies  as  r".  We  have  by  the 
preceding  Article 

dr        ^         r'        ' 
This  becomes  homogeneons  and  easily  int^mble  by  patting  a 


2  '*'  ^     2gar-^ 

where  5  =  ^fn'+ 3n  + -y-),  aad  o  is  an  arbitrary  constant. 
With  this  value  of  t  we  find 

wliere  h  is  another  arbitrary  constuit. 

This  value  of  e  then  satisfies  Clairaut'e  derived  equation ;  vre 
must  examine  if  it  also  satisfies  the  primary  equation.  Substitute 
the  value  of  «,  and  we  find  aiter  simpUfication  that  the  primary 
equation  is  satisfied  provided  the  following  relation  holds  between 
the  constants : 

(j-i-«)6r.'"-fc»(5+l+»)r.l--|r.-. 
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Thus  there  is  only  one  relation  between  two  constants,  and  bo 
it  would  appear  that  the  solution  is  not  detenninate.  Clairaut 
offers  an  explanation  on  this  point.  It  has  heen  asBumed  through- 
out that  the  ellipticity  of  the  strata  is  small ;  moreover  he  considers 
that  n  must  he  negative  in  order  that  the  density  may  diminieh 
from  the  centre  to  the  circumference,  which  he  says  the  laws  of 
hydrostaticR  require :  see  Art.  315.  Hence  we  must  have  a  =  0 ; 
for  otherwise  e  would  be  infinite  at  the  centre. 

Also  even  if  n  be  considered  positive  we  must  have  a  =  0 ;  in 
this  case  e  would  be  finite  at  the  centre,  but  re  wohld  be  infini- 
tesimal :  see  Clairaut's  page  281. 

For  a  particular  case  suppose  n  =  0,  then  <[  =  s;  and  after 
putting  a  *=  0  we  obtain  6  =  ^ ;  and  then  ««=  6=  ~  as  it  should  be. 
346.    ClMraut's  derived  equation  may  be  put  in  the  fonn 


2rc  +  2r*^     V  pr'dr 

Then  if  <  be  given  as  a  function  of  r,  the  left-hand  member  of 
the  equation  becomes  a  known  function  of  r;  denote  it  by  P; 

from  this  we  deduce  pt*=Pt^       which  gives  p.    See  Clairaut's 


347.  The  formulse  which  have  been  investigated  for  the  case 
of  an  infinite  number  of  indefinitely  thin  strata  may  be  applied  to 
the  case  of  a  finite  number  of  shells  surrounding  a  central  part, 
the  density  changing  abruptly  from  the  central  part  to  the 
adjacent  shell,  and  then  from  shell  to  shell.  Gairaut  considers 
this  on  his  page8  286...293;  taking  the  deusity  constant  throughout 
the  central  part,  and  throughout  each  shell. 

He  shews  that  the  ellipticities  increase  from  the  centre  to  the 
surface,  assuming  that  the  den^ties  diminish  from  the  centre  to 
the  surface :  see  his  page  292. 

16—2 
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Clairaut  takes  for  an  example  the  case  in  which  the  whole 
mass  is  supposed  to  conairt  of  two  parts  throughout  each  of  which 
the  density  is  constaiit  Let  p,  be  the  density  of  the  outer  part, 
e  the  ellipticity  of  the  outer' surface,  r,  the  polar  semiaiis ;  let 
p.,  «,.  and  r,  be  corresponding  quantities  for  the  inner  part.  Then 
in  the  int^rations  which  occur  in  Clairaut's  primary  equation  we 
have  to  make  p  =  p,  from  r  =  0  to  r  =  r„  and  p  =  p,  from  r  =  r,  to 
r  =  r,.    Put  X  for  ^,  and  suppose  p,=p,+  o-.    Then  apply  Clairaut's 

primary  equation  first  to  the  extreme  stratum  of  the  inner  part, 
and  next  to  the  extreme  stratum  of  the  outer  part ;  thus  we  obtain 
after  reductions 

e,  (10ft  +  itr)  -  6ej>,  =  5j  (p.  +  aX'), 
e,  (4p,  +  Wax')  -  6e,<rX'  =  5;'  (p,  +  aX*). 
From  these  equations  we  deduce 

f ,  (p,  +  <rX')  =  «!  (Pi  +  5  "^  +  5  ''^'j  • 

25;(p,  +  ffX')* 

» "  (lOp,  +  itr)  C2p,  +  5aX')  -  18p,<rX" " 

348.  In  his  pa^^  294  and  295,  Clairaut  points  out  two  limits 
for  the  ellipticity  of  a  planet,  assuming  that  the  planet  was  origi- 
nally fluid,  and  that  the  denser  strata  are  the  nearer  to  the  centre. 
One  limit  is  the  ellipticity  which  corresponds  to  the  case  of  a 
homogeneous  mass.  The  oth^  limit  is  that  in  which  the  atti-action 
at  any  point  is  directed  towards  the  centre,  and  varies  inveiwly  as 
the  square  of  the  distance  from  the  centre,  for  this  may  he  regarded 
as  equivalent  to  having  the  density  infinite  at  the  centre:  see 
Arts.  64  and  173. 

Clairaut  states  on  his  page  296  that  the  theorem  which  we 
now  call  CUUrau^s  Theorem,  holds  for  the  case  in  which  the  earth 
is  supposed  to  have  been  originally  a  fluid  of  the  nature  which  he 
has  considered.  This  is  obvious  from  the  demonstration  already 
given :  see  Art.  336. 
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34d.  Clairaut's  fiflli  Chapter  occupies  pages  296.. .304;  it  is 
on  the  comparison  of  the  theory  with  observation. 

Clairaiit  considers  that  the  obserrations  of  the  diminution  of 
gravity  in  passing  from  the  pole  to  the  equator  i^ree  sufficiently 
well  with  his  theory.     But  the  comparison  of  the  French  and 

Lapland  arcs  gave  the  ellipticity  apparently  greater  than   =»»< 

whereas  his  theory  required  the  ellipticity  to  be  lesa  than  ^^ . 

But,  as  he  justly  says,  the  comparison  of  these  arcs  was  sufficient 
to  establish  the  oblateness  of  the  earth,  but  not  to  determine 
accurately  the  ratio  of  the  axes ;  for  the  latter  purpose  the 
measurement  of  more  distant  degrees  was  required.  He  alludes 
to  the  operations  in  Peru,  the  result  of  which  was  now  expected ; 
this  became  known  soon  after  the  publication  of  Clairaut's  work. 
The  comparison  of  the  French  and  Peruvian  area  would  have  given 
a  smaller  eUipticity,  and  therefore  more  favourable  to  Clairaut's 
Theory :  see  Boscovich  Be  Litteraria  ExpediHone,  page  601. 

Some  yeai^  later  Cluraut  made  an  attempt  to  explain  the 
confiict  between  theory  and  observation  as  to  the  Figure  of  the 
Earth  in  an  Essay  which  received  a  prize  fiom  the  Academy  of 
Toulouse ;  but  this  Essay  seems  never  to  have  attracted  any  atten- 
tion :  I  shall  give  some  notice  of  it  in  Chapter  XV. 

3^0,  Clairaut's  work  is  one  of  the  most  interesting  and 
remarkable  in  the  literature  of  mixed  mathematics.  Laplace  says 
in  the  M^nique  Celeste,  Vol  V.  page  7,  after  an  analysis  of  the 
work: 

L'iraportance  de  tous  ces  rSsultate  et  r€t€ganoe  avec  laqaelle  ils  sont 
}tr€«eut6B,  plaoent  cet  onvrage  an  rang  des  plus  belles  prodnotions 
math£roatiqnes. 

In  the  Figure  of  the  Earth  no  other  person  has  accomplished 
so  much  as  Clairaut ;  and  the  subject  remains  at  present  substan- 
tially as  he  left  it,  though  the  form  is  different  The  splendid 
analysis  which  Laplace  suj^lied  adorned,  but  did  not  really  alter, 
the  theory  which  started  from  the  creative  hands  of  Clairaut. 
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FhTEtcal  astronomy  he^La  with  Newton  in  England;  tbe 
memoirs  which  Maupertuis  and  Clairaut  contributed  to  the  Philo- 
sophical TransacHone  may  be  regarded  as  a  graceful  tribute  to  the 
country  which  gave  birth  to  the  greatest  of  scientific  men. 
Newton,  according  to  Bailly,  reigned  alone;  but  at  his  death, 
his  empire,  like  that  of  Alexander,  wae  divided :  and  Cliuraut, 
D'Alombert  and  Euler  succeeded.  Hittoire  de  FAttrontymie 
Mu^n-vr.  Vol.  ui.  page  16'4.  Perhaps  the  names  of  Maclaurin  and 
of  1'homas  SimpBOn  ought  to  be  recorded  among  the  successors  of 
Newton,  but  I  fear  it  cannot  be  denied  that  on  the  whole  his 
countrymen  have  left  to  foreigners  the  glory  of  continuing  and 
extending  his  empire.  England  has  produced  numerous  patient 
and  able  obeerrers,  but  for  the  modem  theory  of  physical  astronomy 
we  must  chiefly  study  the  great  French  writers,  including  among 
them  two  Italians,  Lagrange  and  Plana,  who  in  language  have 
associated  themselves  with  I^place. 
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ABC  OF  THE  MERIDIA17  MEABURED  IN  PERU. 


351.  We  have  seen  in  Chapter  YII.  that  the  expedition  for 
measuring  an  arc  of  the  meridian  in  Lapland  started  from  PariB 
after  that  which  went  to  Peru ;  nevertheless,  the  question  as  to 
the  oblate  or  oblong  form  of  the  Earth  was  settled  hy  the  Arctic 
company  before  any  result  had  been  obtiuned  at  the  Equator, 
la  accordance  with  the  plan  of  the  present  work,  we  might, 
therefore,  leave  the  operations  in  Peru  without  further  notice; 
but  their  extent  and  importahce  will  justify  us  in  devoting  some 
space  to  a  brief  sketch  of  their  course  and  conclusion. 

35^  It  will  be  convenient  to  collect  together  the  titles  of  the 
original  works,  accompanied  with  an  indication  of  the  nature  of 
their  contents.  They  will  be  arranged  in  the  order  of  publication, 
and  distinguished  by  Roman  numerals,  for  the  sake  of  easy 
reference. 

I.  La  Condamine.  Belation  ahrigie  Sun  Voyage  fait  dans 
rittt^riear  de  SAmirique  MiridionaU.     8vo.  Paris,  1745. 

This  gives  an  account  of  the  voyage  which  La  Condamine  made 
down  the  river  Amazon  on  his  return  home ;  it  is  a  very  interest- 
ing volume,  but  does  not  relate  to  our  subject. 

II.  A  Spanish  translation  of  I.,  or  of  part  of  L,  with  some 
additions,  seems  to  have  been  published  at  Amsterdam  in  17^ : 
see  a  note  on  page  x.  of  XIII. ;  and  also  the  life  of  La  Condamine, 
by  Biot,  in  the  Biographie  Vhiveraelie,  republished  in  Riot's  2£^- 
kayes  SdetUifiquea  et  Litt^aires,  Tol.  IIL 
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IIL  La  CVmdamtne.  Lettre,..awr  VEmeute  popviaire  era»<^ 
tnla  Villa de  Cuen^a 

Thia  aeems  to  have  been  pabHshed  at  Farin  in  17M  in  octavo. 
It  contains  an  account  of  a  tumult  at  Cuen^a  in  1739,  which  led 
to  the  death  of  Seniergues  the  sui^on  of  the  Frencli  expedition. 
La  Condamine  encountered  great  trouble  in  carrying  on  the  prose- 
cutioQ  of  the  guilty  persons. 

IV.    Ad  English  translation  of  I.  was  pnbliahed  at  London  in 

1747.  According  to  Biot,  cited  under  IL,  there  was  also  a  Dutch 
translation. 

y,     Bouguer.     In  the  Paris  M^moires  for  1744.  published  in 

1748,  there  is  a  memoir  entitled  BelcOion  ahrigie  du  Voyage  faii 
au  Pirou....  The  memoir  occupies  pages  249.  .297  of  the  volume ; 
it  was  read  on  the  14th  of  November,  1744.  There  is  an  account 
of  the  memoir  on  p^es  33... 40  of  the  historical  portion  of  the 
volume. 

The  memoir  consists  of  two  partft  The  first  part  relates  to 
the  voyage ;  and  this  is  an  abridgement  of  the  introductory  por- 
tion of  IX.  The  second  part  is  an  outline  of  the  operations 
described  at  full  in  the  body  of  IX. 

Bouguer  is  rather  rash  on  his  page  296  *,  he  made  some  obser- 
vations with  a  common  quadrant  in  1738,  and  says :  "je  vis  assez 
clairement  que  Taplatisaement  alloit  aussi  loin  que  I'a  pr^tendu  ce 
grand  homme  [Newton]'...  Thus  he  saw  clearly  what  we  now 
know  did  not  exist,  The  passage  does  not  appear  to  he  repro- 
duced in  IX. 

I«  Condamine  was  more  cautious  than  Bouguer  as  to  this 
matter.    XIU.  63,  XTIII.  64. 

YL  Juan  and  Ulloa.  Rdadon  Btstorxca  del  Viage  a  la 
Jmerica  Meridional..  A  vols.  4to.  Madrid,  1748.  The  first  volume 
contains  pages  1...404,  besides  Half-title,  Frontispiece,  Title, 
Preface,  and  Table  of  Contents.  The  second  volume  contains 
pages  405...682,  besides  Half-title  and  Title.  The  third  volume 
contains  pages  1,,.379,  besides  Half-title,  Frontispiece,  Title, 
Table   of  Contents,  and   Eirata.      The  fourth   volume   contuns 
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pages  380.. .603  and  i...cxCT,  besides  Half-title  and  Title.  In  tli6 
first  and  second  volumes  there  are  plates  aud  maps,  wMch  are 
numbered  from  i  to  zxi.  continuously.  In  the  third  and  fourth 
volumes  there  are  plates  and  maps,  which  are  numbered  &om 
i.  to  xiL  continuously ;  and  also  a  sheet  containing  the  portr^ts  of 
twenty-two  emperors  of  Peru,  beginning  with  Manco-Capac,  the 
&bled  child  of  the  sun,  and  ending  with  Ferdinand  the  Sixth  of 
Spain. 

These  four  volumes  give  the  account  of  the  occupations  of  the 
two  Spanish  officers,  and  a  description  of  the  coimtries  of  Fern  and 
Chili  and  of  their  inhabitants ;  they  were  drawn  up  by  Ulloa. 
They  form  an  interesting  work,  which,  however,  is  very  slightly 
connected  with  our  subject. 

VII.  Juan  and  Ulloa.  Obeervaeiones  Astrojiomicaa,  y  Phm- 
caa.. ..-tto.  Madrid,  17*8.  Pp.  xxviii+396,  beaidefl  Half-title, 
Frontispiece,  Title,  Preface,  Table  of  Contents  and  Index.  There 
are  plates  numbered  continuously  from  i.  to  viii. ;  besides  a  map 
of  the  moon.  This  volume  contains  the  detail  of  the  geodetical  and 
astronomical  work,  drawn  up  by  Juan ;  it  is  an  essentiJEtl  adjunct 
to  YL,  though  copies  of  YI,  are  sometimes  found  without  YU. 

We  will  return  to  this  volume :  see  Art.  3C2. 

YIII.  La  Condamine.  In  the  Paris  M^moires  for  17*3,  pub- 
lished in  1749,  there  is  a  memoir  entitled  Relation  abr^^  (fun 
voyage  fait  dans  linUriewr  de  tAm^rique  Af&idionale...  The 
memoir  occupies  pi^es  391. ..492  of  the  volume:  it  was  read  on 
the  28th  of  April,  1745.  There  is  an  account  of  the  memoir  on 
pages  63.  ..73  of  the  historical  portion  of  the  volume. 

This  memoir  agrees  substantially  with  I. ;  but  the  two  are  not 
identicaL  A  few  passages  occur  in  the  memoir  which  are  not  in 
the  book.  Perhaps  the  book,  which  was  published  Grst,  coincides 
with  the  discourse  actually  read  to  the  Academy ;  and  then  the 
memoir  received  the  slight  additions  before  the  volume  for  1745 
appeared.  The  memoir  contains  a  plate  which  is  not  given  in  the 
book.  This  consists  of  a  chart  and  a  view  of  a  remarkable  part  of 
the  Amazon,  where  the  river  runs  in  a  narrow  channel  between 
high  rocks. 
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IX.  Bouguer.  La  Figure  de  la  Terre...  iio.  Paris,  1749. 
Pp.  ex  +  394,  besides  Title,  Avertisaement,  Table,  and  Errata. 

This  is  the  most  elaborate  work  for  our  purpose  to  which  the 
expedition  gave  rise ;  we  will  return  to  it :   see  Art  363. 

X.  Bouguer.  In  the  Paris  MSmoires  for  1746,  published  in 
1751,  there  is  a  memoir  entitled  Suite  de  la  Relation  abrfgie, 
donnfy  en  1744,,..  The  memoir  occupies  pages  569. ..606  of  the 
volume :  it  was  read  on  the  18th  of  February,  1750. 

This  ccmtuns  the  geodetical  measurements  and  the  astrono- 
mical observations :  it  is  an  abridgement  of  the  correspODding 
part  of  IX.  to  which  Bouguer  refers  for  full  information. 

XI.  La  Condamine.  In  the  Paris  MSmmrea  for  1746,  pub- 
lished in  1751,  there  is  a  memoir  entitled  Extrait  des  operations 
Trigonomitriquea,  et  des  observationa  Astronomiques...  The  me- 
moir occupies  pages  618. ..688  of  the  volume:  it  was  read  on  the 
27th  of  May,  1750. 

This  is  an  abridgement  of  XII.,  which  was  just  about  to  be 
published.  La  Condamine  says :  "  J'ai  us^  du  droit  d'auteur  en 
faisant  mon  extrait,  et  on  y  trouvera  quelques  particularity  omises 
dans  le  livre  mSme."  These  additions  to  XII.,  however,  are  small 
and  not  important. 

XII.  La  Condamine.  Mesure  des  trots  premiers  degrA  du 
MMdien...  4to.  Paris,  1751.  Pp.  266  +  x, beBidea  Title,  Averttsae- 
ment,  and  Table. 

This  is  La  Condamine's  account  of  the  scientific  operations. 
It  is  divided  into  two  parts ;  the  first  part  relates  to  the  geode- 
tical measurements,  and  the  second  to  the  astronomical  observa- 
tions. The  pages  239.. .258  contain  an  important  discussion  of 
Picard's  operations. 

XIII.  La  Condamine.  Journal  da  Voyage  fait  par  ordre  du 
Soi...     4to.  Paris,  1751.     Pp.  xxxvi  +  280  +  xv,  besides  Titla 

This  is  La  Condamine's  accouut  of  the  voyage  and  the  resi- 
dence in  Peru. 

XIV.  A  French  translation  of  VL  and  VII,  was  published  at 
Amaterdam  and  Leipaic  in  1752,  2  vols.  4ta    The  first  volume 
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contains  Frootispiece,  Title,  Dedication,  PubliBber's  Advertisement, 
Preface,  Table  of  Contents,  and  Errata,  and  then  654  pages  of  text 
The  second  volume  contains  Frontispiece,  Title,  and  Table,  and  then 
316  pi^es  of  text,  with  an  index  for  the  history  of  Peru.  This 
brings  lis  to  the  end  of  the  translation  of  VI. ;  and  the  remainder 
of  the  volume  is  devoted  to  VII. :  this  consists  of  Title,  Preface, 
Table  of  Contents,  309  pages  of  text,  and  an  Index.  The  transla- 
tion has  the  same  plates  and  maps  as  the  original,  except  the 
sheet  with  the  portraits  of  the  emperors  of  Peru.  The  translation 
has  in  addition  plans  of  Cape  Frani^is  and  of  Louisbourg ;  and 
also  eight  plates  which  are  intended  to  illustrate  the  early  history 
of  Peru. 

We  learn  firom  the  Publisher's  Advertisement  that  this  trans- 
lation was  not  allowed  to  be  published  at  Paris. 

The  translation  of  VII.  is  very  unsatisfactory ;  many  pasa^es 
are  here  perverted  into  absolute  nonsense,  which  are  quite  in- 
telligible in  the  Spanish  original, 

XV.  There  is  an  Bnglish  translation  of  VI.  I  have  not  seen 
any  edition  except  the  third,  which  is  dated  1772,  and  was  pub- 
lished at  London.  This  is  in  two  octavo  volumes.  The  first 
contains  xxiv  +  479  pages ;  the  second  contains  419  pages,  besides 
the  Title,  Contents,  and  Index.  There  are  plates  and  maps  which 
are  numbered  &om  i.  to  vU.  continuously ;  these  reproduce  on  a 
small  scale  most  of  the  illustrations  of  the  original  work. 

The  Ei^lisb  translation  omits  the  following  portions  of  the 
original:  the  explanation  of  the  construction  and  uee  of  the 
sextant,  YoL  l.  pt^es  196. ..213;  the  description  of  the  map  of  the 
western  coast  of  South  America,  VoL  iv.  pages  469. -.486;  and 
the  sketch  of  Peruvian  history,  VoL  IV.  pages  i,..cxcv.  Moreover, 
TJtloa  in  returning  to  Spain  was  taken  prisoner  by  the  English ; 
and  he  complains  of  the  barbaroos  treatment  he  received  from 
thoee  who  captured  him.  Vol.  IT.  pages  447  and  517:  these  com* 
plaintfl  are  omitted  in  the  English  translation. 

XVI.  Bouguer.  Juatijieation  de  j^usitwa  faita...  4ta  Paris, 
1752.  Pp.  viii  +  54,  besides  a  double  Title,  and  a  leaf  containing 
the  Approbation,  PrivHige  du  Boi,  and  Errata. 
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This  is  an  attack  on  La  Condamine ;  it  is  of  no  sdentific 
value,  for  it  does  not  bear  on  any  of  the  results  obtained  by  the 
expedition,  hut  only  on  trifling  personal  matters.  For  example, 
Bouguer's  first  twenty-one  pages  are  spent  on  maintaining  that  the 
other  Academicians  were  disposed  to  begin  by  measuring  an  arc 
of  the  Equator,  before  the  orders  from  France  were  received 
which  required  them  to  confine  themselves  to  an  arc  of  the 
meridian.  Even  if  Bouguer  established  this  point,  which  is  not 
certun,  there  cannot  be  any  importance  attached  to  it. 

XVII.  La  Condamin&  SuppUmetit  au  Journal  Historique.,. 
Premiire  Partie.  4ta  Paris,  1752.  Pp.  viii  +  52,  besides  the 
Title  and  Approbation. 

XVIIL  La  Coadamine.  Suppl^mejUau  Jotimal  Sistorique... 
Seconde  Partie.  ito.  Paris,  1754.  Pp.  222  +  xxviii,  besides  the 
Title,  Avertiasement  and  Approbation.  There  are  also  two  pi^es 
containing  supplements  to  the  Errata  for  XII.  and  XHL 

In  XVII.  and  XVIIL  we  have  the  reply  of  La  Condamine 
to  XVI. 

XIX.  Bouguer.  Lettre-.-dieera  points  i^ Astronomie  pra- 
tique... 4to.  Paris,  1754.  Pp.  51  besides  the  Title  and  Approba- 
tion.    This  is  a  rejoinder  to  XVII.  and  XVIIL 

XX.  R4ponse  de  Monaiear  "*  d  la  Lettre  de  M.  Bouguer, 
gur  divers  points...    Pp.  11. 

I  have  seen  only  one  copy  of  this  publication ;  and  that  had 
no  indication  of  date  or  place.  It  contains  a  page  by  an  anony- 
mous writer,  which  introduces  a  letter  from  La  Condamine,  con- 
stituting a  rejoinder  to  XIX. 

XXI.  La  Condamine.  Relation  alrdgie...  8vo.  Maestricht, 
1778.     Pp.  xvi  +  379,  besides  Title  and  ApprtAaiion. 

This  consists  of  a  reprint  of  I.  and  II.,  augmented  by  two 
letters.  One  letter  is  from  La  Condamine,  and  contains  a  sket«h 
of  the  fortunes  of  the  members  of  the  arctic  and  equatorial 
expeditions  up  to  about  1773.  The  other  letter  is  from  one  of 
the  subordinate  members  of  the  equatorial  expedition,  Qodin  des 
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Odonais ;  it  gives  an  account  of  the  calamities  which  befell  his  wife 
on  her  return  to  Europe  down  the  Amazon.  In  the  Quarterly 
Seview,  VoL  57,  1836,  will  be  found  a  description  of  two  modem 
voyages  down  the  Amazon  by  English  explorers,  and  also  some 
notice  of  the  euffeFings  of  Madame  Qodin  des  Odonus. 

XXII.  There  ie  a  reprint  of  XVI.  also  in  4to.  Paris,  1809. 
This  is  in  rather  smaller  type  than  the  original,  aod  coutaina 
vi  +44  "pttgee,  besides  the  Title.  I  am  at  a  loss  to  imagine  what 
could  have  been  the  motive  for  reprinting  this  controversial  piece 
po  many  yean  after  all  the  persons  concerned  had  passed  away. 

353.  We  will  now  give  a  brief  account  of  the  operations  of  the 
expedition,  and  the  results  obtained ;  we  shall  cite  the  pages  of 
the  original  works  from  which  our  statements  are  derived. 

The  French  expedition  left  Bochelle  on  the  I6th  of  May,  1735, 
and  arrived  at  Carthagena  on  the  16th  of  November;  the  two 
Spanish  officers  had  already  been  waiting  there  for  several  montha 
The  party  reached  Panama  on  the  29th  of  December,   XIIL  3, 5, 8. 

A  base  was  measured  during  October,  173(>,  near  Quito ;  the 
whole  party  was  divided  into  two  bands :  one  band  measured 
from  the  north  end  to  the  south,  and  the  other  from  the  south 
end  to  the  north.  The  difference  between  the  two  measurements 
was  less  than  three  inches  in  6273  toises.     XII.  5. 

The  geodetical  angles  were  observed  with  quadranta  La 
Condamine's  quadrant  had  a  radius  of  three  feet,  Bouguer's  about 
two  feet  and  a  half,  Qodin's  not  quite  two  feetj  the  Spanish 
officers,  after  their  arrival  in  Peru,  received  from  Paris  a  quadrant 
intermediate  in  size  between  Oodin's  and  Bouguer's.  IX.  60, 
XII.  13.  There  were  two  series  of  triai^les ;  one  was  measured 
by  Qodin  and  Juan;  the  other  was  measured  by  Bouguer  and 
TJlloa,  aod  also  by  La  Condamtne.  The  two  series  had  about  half 
their  triangles  common ;  differing  only  towards  the  extremities  of 
the  arc  Thus  three  separate  Trigonometrict^  measurements  were 
obtained,  each  of  which  may  be  considered  complete  and  inde- 
pendent. Every  angle  was  observed;  each  person  obeerying  at 
least  two  angles  of  every  triangle.    XII.  12.. ,15. 
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354.  The  geodetical  work  was  carried  on  with  great  difScult; 
owing  to  the  nature  of  the  country.  There  was  a  narrow  valley 
running  nearly  in  the  direction  of  the  meridian,  between  two  lofty 
chains  of  mountains.  On  the  elevated  pointa,  which  were  chosen 
for  stations,  the  observers  suffered  much  from  the  inclemency  of 
the  weather;  and  they  were  often  compelled  to  remain  for  several 
days  or  even  weeks,  to  obtdn  a  glimpse  of  the  points  for  which 
they  were  lookii^,  as  these  points  were  usually  enveloped  in  mist. 
XIII.  62.  More  thim  once  a  report  was  current  that  the  ob- 
servers had  perished.  On  the  occasion  of  one  very  severe  storm, 
to  which  they  were  exposed,  public  prayers  were  offered  for  them ; 
or  as  La  Condamine  cautiously  adds,  "  du  moins  on  nous  Tassura." 
TL  first  VoL  314,  XIII.  81.  The  Indians  caused  much  trouble 
by  deserting  in  critical  circumstances,  and  by  incurable  dis- 
honesty. XIII.  50,  52,  72.  The  upper  classes,  who  were  of  course 
Spaniards,  at  least  by  descent,  seem  to  have  received  the  expedition 
in  general  with  politeness  and  kindness.  XIIL  65, 75.  But  on  the 
other  hand  we  must  place  the  tumult  excited  at  Ouen^a,  by 
which  the  French  surgeon  lost  bis  life.  Moreover,  a  frivolous 
charge  of  acting  contrary  to  the  orders  of  the  king  of  Spain,  was 
on  one  occasion  brought  against  La  Condamine ;  and  on  another 
occasion  he  was  disturbed  by  a  nocturnal  visit  of  a  police  o£Scia1. 
XIII.  26. ..30,  101.  Ia  Condamine  seems  to  have  had  great 
trouble  and  anxiety  respecting  matters  which  ought  not  to  have 
been  thrown  on  a  person  fully  occupied  with  his  proper  scientific 
work.  He  bad  at  the  commencement  of  the  operations  to  un- 
dertake a  voyage  to  Lima,  in  order  to  procure  money  for  the 
expenses.  XIII.  19. ..25.  He  had  to  engage  in  tedious  proceed- 
ings at  law  in  order  to  prosecute  the  persons  who  bad  caused  the 
death  of  the  surgeon.  XIII.  86.  He  was  also  involved  in  a 
vexatious  business  connected  with  the  erection  of  two  pyra- 
mids to  mark  the  extremities  of  the  measured  base,  and  with  the 
inscriptions  to  be  placed  on  them :  these  pyramids  were  finally 
destroyed  by  orders  from  Spun.  La  Condamine  devotes  a  large 
space  to  the  history  of  the  pyramids,  prefixing  the  motto  "EHam 
periire  ruince."  XIIL  219. ..280.  According  to  the  Avertiaaemeni 
to  XIV.  TTUoa  was  about  to  issue  a  history  of  the  transactions  rela- 
tive to  the  pyramids :  Z  do  not  know  whether  this  ever  appeared. 
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355.  Near  the  South  eod  of  the  arc  a  base  of  verification  was 
measured.  Bouguer  and  Ulloa  measured  it  from  South  to  North ; 
La  Coadamine  and  Yerguin,  the  draughteman  to  the  expedition, 
measured  it  from  North  to  South.  The  two  measures  agreed 
within  two  iuches  in  5259  toises.  Part  of  this  base  was  measured 
across  a  shallow  pool ;  the  measuring  rods  floated  on  the  surfaca 
The  calculated  length  of  the  base  of  verification  differed  from  the 
measured  length  by  about  a  toise.  ZII.  72,  85 ;  XIII.  83.  Oodin 
and  Juan  also  measured  a  base  of  verification,  near  the  South 
end  of  the  arc,  but  not  the  same  as  that  just  noticed.  TIL  165 ; 
XIIL8S. 

356.  The  astronomical  part  of  the  operations  was  naturally 
the  most  difficult  and  the  most  important:  we  must  now  for  a  time 
fix  our  attention  on  Bouguer  and  La  Condamine.  Any  sketch 
will  give  but  a  feint  idea  of  the  obstacles  which  had  to  be  over- 
come, and  of  the  assiduity  of  the  observers ;  and,  indeed,  there  is 
danger  lest  a  sketch  should  contain  or  suggest  some  erroneous 
notions. 

The  star  e  of  Orion  was  selected  for  observation  at  both  ends 
of  the  arc  At  the  North  end  this  star  crossed  the  meridian  to 
the  South  of  the  zenith,  and  at  the  South  end  it  crossed  the 
meridian  to  the  North  of  the  zenith.  Thus  the  two  zenith 
distances  had  to  be  found,  and  their  sum  gave  the  amplitude 
of  the  are. 

A  sector  of  12  feet  radius,  with  an  arc  of  30*,  had  been 
brought  from  France ;  this  was  used  in  some  observations  for 
.  determining  the  obliquity  of  the  ecliptic  at  the  early  part  of  the 
residence  in  Peru.  But  the  arc  was  far  longer  than  was  neces- 
sary for  the  zenith  distance  of  the  selected  star ;  and  so  Bouguer 
and  La  Condamine  substituted  a  new  arc.  The  most  remarkable 
circumstance  connected  with  the  new  arc  is,  that  it  was  not 
graduated.  The  zenith  distance  of  the  star  was  known  approx- 
imately; an  arc  was  taken  nearly  equal  to  this  known  value, 
and  having  its  chord  a  certain  submultiple  of  the  radius :  this 
arc  was  set  oS  on  the  limb  of  the  instrument.  Then  the  differ- 
ence between  this  arc  and  the  actual  zenith  distance  of  the  star  was 
determined  by  the  aid  of  a  micrometer,  XII.  108.    Some  dispute 
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arose  afterwardB  as  to  the  person  to  whom  the  credit  of  this  con- 
trivance was  due.    XII.  120;   XVL36;  XVm.  111. 

357.  Obeerrations  were  made  by  Bonguer  and  La  Condandiie 
at  Tarqiii,  the  eouthem  station,  in  December,  1739,  and  Jaouajy, 
1740;  and  at  Cotchesqui,  the  northern  station,  in  February, 
March,  and  April,  1740.  They  appear  to  have  been  at  the  time 
contented  with  their  results,  and  to  bare  considered  the  object  of 
the  expedition  fulfilled.    XII.  165. 

X  do  not  perceive  any  distinct  statement  of  the  causes  whi<^ 
led  Bouguer  and  La  Condamine  to  suspect  the  accuracy  of  the 
astronomical  observations  of  1739  and  1740,  and  in  consequence  to 
postpone  their  return  to  Europe.  Perhaps  La  Condamine  was 
detained  by  the  affairs  of  the  death  of  the  French  surgeon,  and  of 
the  pyramids.  They  naturally  wished  before  they  left  Peru  to 
compare  their  result  with  Godin's;  and  Qodin  had  not  yet  ar- 
rived at  his  conclusions.  XIII.  105.  However,  Bouguer  made 
more  observations  at  Tarqui ;  and  towards  the  end  of  1741  he 
announced  to  La  Condamine  that  the  work  which  they  had 
imagined  to  have  been  finishud  more  than  a  year  since  must  still 
be  continued  for  several  months :  the  old  observations  at  Tarqai 
were  to  be  rejected  because  the.y  differed  so  much  &om  the  more 
recent  observations.    SIII.  128. 

The  untmstworthinese  of  the  early  observations  seems  to  have 
been  due  mainly  to  a  want  of  rigidity  in  the  whole  instrument, 
composed  of  radius,  limb,  and  telescope.  One  unfortunate  circum- 
stance, for  example,  was  that  the  radius  had  been  constructed  in 
two  pieces  for  ^ility  of  transport  from  France;  and  when  the 
instrument  was  to  be  used,  the  screws  could  not  be  found  which 
were  to  fasten  the  two  parts  firmly  together.  XVIH.  42.  The 
necessary  rigidity  was  finally  secured  by  the  lud  of  strengthenii^; 
bars  and  wire.  But  even  after  his  return  to  France  La  Condamine 
considered  that  the  matter  was  not  fully  explained.  XYIIL  73. 

It  is  obvious  also  that  the  optical  defects  of  the  telescope  gave 
great  trouble  The  single  object-glass  could  not  bring  all  the 
different  coloured  rays  to  the  same  focus ;  and  thus  in  the  use  of 
the  micrometer  there  was  an  opening  for  serious  error.     Both 
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iBouguer  anti  La  (JoDdamiuti  treat  at  length  oa  this  matter,  but  not 
with  perfect  clearness.     IX.  202. ..211;  XII.  196.. .215. 

358.  Finally,  simultaneous  observations  of  the  star  were  made 
by  La  Condamine  at  Tarqui  and  by  Bouguer  at  Cotchesqui, 
towards  the  end  of  1742  and  the  beginning  of  1743.  Those  by 
Bouguer  were  made  with  a  new  sector  of  8  feet  radius,  con- 
structed under  his  own  direction  and  inspection.  Those  by 
La  Condamine  were  made  with  the  12  feet  sector,  improved 
successively  by  Bouguer  and  himself.  XII,  185,  190.  By  taking 
simultaneous  observations,  the  corrections  for  precession,  nutation, 
and  aberration,  were  rendered  unnecessary.  The  aberration  of 
light  was  known,  but  not  the  laws  of  the  correction  which  it 
involved  for  observations  of  the  stars.    XII.  139,  220. 

The  amplitude  of  the  arc  was  found  to  be  about  3"  7'  1". 
La  Condamine  obtaioa  56749  toises  for  the  length  of  the  first 
degree  of  the  meridian  reduced  to'  the  level  of  the  sea.  XII.  229. 
Bouguer  gives  56753  toises,  IX,  273.  Delambre  recalculated  the 
astrODomical  work  of  Bouguer  aud  La  Condamine ;  and  lised  the 
amplitude  at  SC  T  3",  He  took  a  mean  between  the  lengths 
assigned  by  Bouguer  and  La  Condamine,  aud  thus  obtained,  for 
the  length  of  the  arc  reduced  to  the  level  of  the  sea,  176877 
toises.  See  Base  du  Systime  Metrique,...  Vol.  Ili,  page  133.  Tho 
corresponding  length  of  a  degree  is  about  56737  toises. 

359.  We  stated  at  the  commencement  of  Article  356  that  we 
confined  ourselves  to  the  proceedings  of  Bouguer  and  La  Con- 
damine.    Let  us  now  advert  to  the  other  members  of  the  party. 

Qodin  himself  published  no  account  of  his  operations;  uor 
have  I  ever  seen  any  reference  to  manuscripts  which  he  may  have 
left.  Much  of  his  work,  however,  was  executed  in  association 
with  Juan;  and  there  is  good  reason  to  conclude  that  his  re- 
sults must  have  agreed  substantially  with  those  of  Bouguer  and 
La  Condamine.    XII.  231 ;   XIII.  140. 

The  arc  on  which  the  Spanish  result  depends  fell  rather  short 

of  the  arc  of  Bouguer  and  La  Condamine  at  tho  southern  end,  but 

went  beyond  it  at  the  northern  end.     The  extension  of  tho  arc 

northwards  introduced  five  new  triangles;  Juan  and  Ulloa  were 

T.  M.  A.  16 
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both  concerned  in  tliis  extennos,  and  I  |H«enme  that  Qodin  also 
vas  with  them.  TIL  167,  224 ;  XIL  231.  The  details  connected 
with  the  triangleB  as  observed  and  calculated  both  by  Jnau  and 
Ulloa  are  recorded.   Vn.  144.,  214. 

For  the  astronomical  work  Oodin  constructed  a  very  large 
sector;  this  ia  said  in  varionfi  places  to  have  had  a  radius  of 
20  feet:  but  La  Condamine  correcting  his  former  statementa 
put  it  ultimately  at  18  feet  TIL  272 ;  IK.  273 ;  Xin.  85,  99 ; 
XTL38;  XTUL  77. 

Observations  of  three  stars,  e  of  Oricoi,  6  of  Antiaons,  and  a  of 
Aquarius  were  made  at  Cuen^a,  the  southern  station,  in  August 
and  September,  1740,  by  Qodin,  Juan,  and  Ulloa,  The  Spanish 
observers  were  then  withdrawn  from  their  scientific  occupa- 
tions, and  employed  in  the  naval  service,  to  assist  in  defending 
the  country  against  the  expected  attacks  of  the  English.  Hence 
the  observations  at  Pueblo  Viejo,  the  northern  station,  were  not 
made  by  them  uutil  April  and  May,  1744;  Qodin  did  not  assist 
at  these.  TIL  283.  The  amplitude  of  the  arc  was  finally  settled 
at  3*  26'  52f'. 

We  do  not  see  in  the  Spanish  accoimt  anything  corresponding 
to  the  excessive  trouble  which  Bouguer  and  La  Condamine  ex- 
perienced in  their  astronomical  observations ;  we  learn  little  more 
than  this,  that  the  first  laige  sector  which  was  made  was  unsatis- 
factory, and  BO  another  was  made.    Til.  271. 

The  Spanish  result  gave  56768  totses  for  the  length  of  the 
degree  of  the  meridian.    TIL  295 ;   XIL  234. 

360.  Bouguer  arrived  in  Faria  towards  the  end  of  June,  1744, 
about  e^ht  months  before  La  Condamine.  XUL  215.  A  violent 
eontroverfiy  subsequently  arose  between  them ;  and  this  leads  ua 
to  enquire  on  what  terms  the  Academicians  had  been  during  their 
operations.  Qodin  separated  himself  from  the  other  two  in  Peru. 
XTIII.  43.  Bouguer  seems  to  have  been  displeased  at  this,  but 
La  Condamine  does  not  record  any  disapprobation,  IX.  228 ; 
Xn.  106 :   see  also  XTIIL  6. 

La  Condamine  asserts  that  he  had  been  on  good  terms  with 
Bouguer  during  the  ten  yearo  of  the  expedition,  and  for  three 
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years  afterwarde.  XVIL  iii :  see  ako  XVII.  28,  30 ;  XVm.  180, 
203,  206.  But  on  the  other  hand  there  are  statements  which 
imply  that  there  must  have  been  a  want  of  perfect  cordiality 
between  theee  two,  even  in  Peru.  XVIIL  6, 62,  64, 143,  175, 182j 
XIX.  18, 49.  Each  of  them  claima  to  have  been  on  good  terms  with 
Oodin.  XVI.  39;  XVIIL  43;  XIX.  38.  The  date  of  the  pubKc 
explosion  is  November  1748 ;  the  cause  was  the  charge  made  by 
Bouguer,  that  his  colleagues  were  inclined  to  measure  a  degree  of 
the  equator,  instead  of  a  degree  of  the  meridian,  until  arrested  by 
ordere  from  France.  XVIIL  67,  212.  The  strife  extends  over 
the  series  of  works  XVL...XX. ;  but  even  these  seem  to  have 
formed  but  a  small  portion  of  the  statements,  verbal  and  written, 
which  were  brought  before  the  Paris  Academy.  There  waa 
scarcely  any  exaggeration  in  Ja  Condamine's  complaint,  that  ten 
years  of  labour  in  the  new  world  were  followed  by  aa  many  of 
controversy  in  the  old.  XVIII.  iii,  190.  The  quarrel  seems  to 
me  remarkable,  alike  for  its  fierceness  and  for  the  triviality  of  the 
matters  in  dispute.  Thus,  besides  the  measuring  of  an  arc  of  the 
equator,  to  which  we  have  already  alluded,  there  is  much  conten- 
tion as  to  the  origin  and  value  of  certain  suggestions  in  optics  and 
practical  astronomy.  A  sketch  of  the  history  of  the  quarrel, 
followed  by  a  summary  of  the  m^n  points,  is  given  in  XVIIL 
205. ..221.  My  own  sympathy  is  on  the  side  of  La  Oondamine, 
although  I  consider  Bouguer  to  have  been  by  far  the  superior 
as  a  mathematician  and  an  astronomer. 

361.  We  may  give  a  cursory  notice  to  some  miscellaneous 
points. 

The  equatorial  expedition  was  suggested  by  Godin ;  see  IX.  iv, 
and  Bailly'a  Histotre  de  VAstronomie  Modeme,  Vol.  m.  page  11, 
note.  Godin  seems  to  have  proposed  it  to  the  Paris  Academy  in 
1734;  but  even  in  1733  La  Condamine  had  offered  to  measure 
degrees  near  the  equator  at  Cayenne.  IX.  iv ;  XVIL  28 ; 
XVIIL  190.  When  La  Condamine,  on  his  return  home,  arrived 
at  Guyana,  he  came  to  the  conclusion  that  the  country  was  well 
adapted  for  trigonometrical  operations.  XXI.  188;  XIIL194, 201. 
And  at  a  laler  period  he  bitterly  regretted  that  his  original 
design  had  not  been  carried  out,  and  then  he  would  not  have 
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lost  the  ten  most  precious  years  of  bis  life  id  jn^parii^  aer- 
ations for  ten  ooore.    XVIII.  190. 

Spherical  trigonometry  waa  now  employed,  apparently  for  the 
first  time,  in  geodetical  calculations ;  this  improvement  is  claimed 
byBonguer.     IX.  131 ;  X.584;   VIL  255. 

To  Boaguer  Is  also  due  the  idea  of  making  observations  with 
the  view  of  determining  the  attraction  of  the  mountain  Chim- 
b(»^zo;  La  Condamine  contributed  a  valuable  suggestion  in  the 
practical  operation.    XVIII.  146. 

We  shall  now  give  more  details  respecting  the  works  VlL 
and  IX. 

362.  The  Spaaish  volume  of  obeervatitMia  and  experiments 
begioB  with  a  Preliminary  Discourse,  which  consists  oi  a  history 
of  opinions  and  investigations  with  respect  to  the  Fignre  of 
the  Earth. 

After  having  explained  the  views  of  Newton  and  Huygens, 
which  involved  the  hypothesis  of  the  rotation  of  the  Earth, 
Juan  says; 

Aasi  discnirian  eatoa  grandee  ingenios  en  la  Hypotesis  del  movimiento 
diumo  de  la  Tiem ;  p«To  aimqoe  eata  HjpatheAis  sea  falsa,  .  .  . 

The  French  translation  supplies  the  following  significant  note : 

On  doit  se  Bouvenir  que  TAuteur  de  cet  Ouvrage,  ne  parle  pas  en 

Math€maticien  quand  il  suppose  CaMX  le  sentimeut  de  ceux  qui  affirment 

que  la  Terre  tourae,  mads  en  Homme  qui  €cnt  en  Espagne,  c'est-il-dire 

dans  un  Fays  oil  U  y  a  une  Inquisition. 

The  volume  is  divided  into  nine  hooks,  which  treat  on  the 
following  subjects :  the  obliquity  of  the  ecliptic,  observations  of 
latitude,  observations  of  longitude,  expansion  and  contraction  of 
metals,  barometrical  experiments,  the  velocity  of  sound,  the 
length  of  the  degree  of  the  meridian,  pendulum  experiments, 
navigation  on  the  surface  of  the  oblatum.  • 

Juan  holds  that  the  Earth  is  an  oblatum,  and  that  the  ano- 
malies which  seem  to  occur  may  fairly  be  attributed  to  errors  of 
observation. 
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.Id  order  to  obtain  the  ellipticity  of  tbe  Eavth,  Juan  aeeumes 
that  in  paflsing  from  the  Pole  to  the  Equator  the  seconds  pendu- 
lum increases  216  llue&.     Hence  by  using  Claimut'a  theorem  he 


lines  is,  I  presume,  an  arbitrary  value ;  for  although  it  would 
appear  from  his  page  34--l^,  that  this  is  in  exact  confonnity  with 
the  observations  of  Maupertuis  in  Lapland,  yet  this  must  be  a 
misprint,  as  we  see  by  page  331. 

An  investigation  is  given  on  pages  337. -.345  for  the  rectifi- 
cation of  the  ellipse.  Two  infinite  series  are  obtained,  one  for 
the  length  of  an  are  measured  from  the  end  of  the  minor  axis, 
and  the  other  for  the  length  of  an  arc  measured  from  the  end 
of  the  major  axis ;  the  former  is  nearly  correct,  the  latter  very 
much  less  so.    The  mathematical  process  is  rather  clumsy;  for  to 

expand  -■■ ,■  in  powers  of  a,  Juan  in  effect  expands  (1  — a^', 

and  then  divides  unity  by  the  series;  instead  of  simply  expand- 
ing (1  - 1*)''.  To  ensure  tolerably  rapid  convergency,  Juan 
proposes  to  calculate  the  arc  from  the  end  of  the  minor  axis  up  to 
a  certtun  point  by  his  first  formula,  aad  the  arc  from  this  point  to 
end  of  the  major  axis  by  his  second  formula.  However  he  finally 
in  his  numerical  work  retains  only  vhat  we  should  call  the  square  * 
of  the  excentricity,  and  it  is  easy  to  see  that  to  this  order  of 
accuracy,  he  might  have  avoided  infinite  series  altogether,  and 
expressed  his  required  result  in  a  simple  finite  form. 

In  treating  on  navigation  Juan  refers  to  a  work  by  Murdoch, 
of  which  we  shall  give  some  account  hereafter.  Juan  supplies 
tables  of  Meridional  Partt,  like  Murdoch's,  but  much  more 
copious,  as  they  are  calcuUted  to  evety  minute  instead  of  to 

every  d^rea     Juan  adopts  in  his  Tables  ^^  for  the  ellipticity. 

863.     Let  us  now  turn  to  Bother's  Figure  de  la  Terre. 

The  ex.  preliminary  pages  give  an  account  of  the  voyage  and  a 
description  of  the  physical  peculiarities  of  Peru,  and  the  character 
of  the  inhabitants. 
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The  394  pages  of  text  are  divided  into  seveB  sections. 

The  fii'St  section  is  mainly  devoted  to  shewing  that  it  was 
advisable  to  determine  the  length  of  a  degree  of  the  meridian 
rather  than  the  length  of  a  degree  of  the  equator. 

The  second  section  gives  an  account  of  the  triangles,  including 
the  measurement  of  the  base. 

The  third  section  treats  of  the  reduction  of  the  triangles  to 
the  plane  of  the  horizon,  and  the  determination  of  the  sitnation 
of  the  sides  with  respect  to  the  meridian. 

The  fourth  section  relates  to  the  precautions  taken  with  re- 
spect to  the  astronomical  observations. 

The  fifth  section  contains  the  astronomical  observations.  The 
pages  227... 258,  however,  do  not  belong  to  our  subject;  they 
relate  to  the  observations  for  determining  the  obliquity  of  the 
ecliptic  which  were  made  during  the  early  part  of  the  residence 
in  Peru. 

The  sixth  section  is  thus- entitled:  ^t  contient  diverses  re- 
cherchea  aur  la  Figure  de  la  Terre  et  anr  lea  propriety  de  cette 
Figure. 

The  investigations  of  this  section  are  interesting,  though 
rather  speculative  than  practical. 

Bouguer  considers  the  curve  which  represents  the  meridian 
of  the  Earth  as  unknown;  but  from  this  curve  he  supposes 
another  deduced  by  the  perpetual  intersection  of  the  tiormab, 
and  he  calls  the  deduced  curve  the  gravicenfy-ique :  it  is  the 
evolide  of  the  meridian  curve  in  the  language  of  modem  mathe- 
matics. 

Bouguer  investigates  properties  of  the  gramcenirique  on  the 
supposition  that  the  length  of  it  measured  from  the  equator 
varies  as  the  m**'  power  of  the  sine  of  the  latitude.  He  specially 
considers  the  cases  in  which  m=2,  m=  3,  and  m  =  4:  see  his 
pages  284. ..289.  The  law  for  the  length  of  the  gravicentriqua 
is  also  the  law  for  the  increase  of  the  radius  of  curvature  of  the 
meridian  in  passing  from  the  equator  to  the  pole. 

The  results  of  observation  which  bad  to  be  satisfied  were  the 
lengths  of  a  degree  of  the  meridian  in  Peru,  France,  and  Lap- 
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land.     Bouguer  at  first  adopted  the  usual  hypotheiiia  of  in » 8, 

and  obtained  ^^  for  the  ellipticity:    Bee  his  p^e  297.     But 

after  the  French  degree  had  been  corrected,  this  hypothesis  did 
not  seem  to  him  to  egree  with  the  observations ;   accordingly  he 

supposed  ffl  =  4,  and  obtained  ^1=-  for  the  ellipticity :    see  his 

page  303.  Besides  the  three  degrees  of  the  meridian,  he  also 
pays  attention  to  the  d^^ree  of  longitude  which  had  been  mea- 
sured towards  the  South  of  France. 

Bouguer's  hypothesis  of  m  =  4  is  quite  arbitrary.  It  had, 
however,  Bufficieut  vitality  to  experience  the  adverse  criticism  of 
Ijaplace,  who  shews  that  it  is  inconsistent  with  pendulum  obser- 
vations.   Micanique  Celeste,  Livre  tti.  §  33. 

Bouguer  in  his  pages  319.. .326  explains  the  nature  of  the 
changes  which  must  be  made  in  certain  tables  constructed  for 
navigation,  on  the  hypothesis  that  the  Earth  is  E^berical,  in  order 
to  adjust  them  to  the  actual  iacL 

Bouguer's  seventh  section  is  entitled  Ditail  d^  Exp4riertce» 
cm  Obaervatuma  sur  la  graoUation,  avec  dea  remarquea  ntr  let 
eausea  de  la  Figure  de  la  Tare. 

This  section  cantains  some  very  interesting  matter,  although 
there  is  nothing  as  to  what  we  usually  understand  by  the  theory 
of  the  Figure  of  the  Earth.    Bouguer  says  on  his  page  327 : 

"Saves  n'entreprendrons  point  de  nooti  61ever  jnsqu'^  one  Throne 
eomp1ett«  de  la  Figure  de  la  Terre ;  paroe  qne  nous  ne  voulona  rien 
doaaer  a'il  rat  possible  it  nos  conjectures, 

Bou^er  describes  the  way  in  which  he  made  his  pendulam 
experiments ;  and  then  considers  what  reductions  must  be  applied 
to  the  immediate  results.  He  allows  fur  the  diminution  of  the 
weight  of  the  pendulum  caused  by  the  air  which  it  displacea;  he 
says  that  this  correction  is  now  made  for  tlfe  first  time :  see  bis 
psge  340.  He  adverts  to  the  effect  of  the  resistance  of  the  air ; 
and  he  states  as  a  result  which  could  be  obtained  by  investiga- 
tion, that  the  time  occupied  in  the  ascending  part  of  an  osciUation 
will  be  diminished  as  much  as  the  time  occupied  in  the  descend- 
ing port  is  increased.    This  we  find  established  in  the  modem 
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works  on  Dynamics :  see  PoIrsoh's  Traits  de  M^canigue,  Vol.  I. 
pages  348.. .361. 

Bouguer  treats  on  the  diminutioD  of  attraction  at  diSerent 
heights  above  the  level  of  the  sea.  He  finds  that  on  a  mountain 
at  the  height  h  above  the  level  of  the  sea,  the  attraction  is  pro- 

porlional  to  (r  —  2S)  A  +  ^  ^'8,  where  r  is  the  Earth's  radius,  A  the 

Earth's  mean  density,  and  S  the  density  of  the  mountain.  This  is 
the  first  appearance  of  the  formula,  which  bas  now  passed  into 
elementary  books ;   see  Statics,  Art  219, 

On  pages  3G4...394we  have  an  account  of  the  ol>servation8 
made  by  Bouguer  and  La  Condamine  to  determine  the  attraction 
of  the  mountain  Chimborazo.  A  deviation  of  about  7J"  in  the 
situation  of  the  plumb-line  seemed  to  be  produced;  but  this  was 
much  less  than  might  have  been  expected.  The  mountain  there- 
fore must  contain  great  cavities,  or  be  composed  of  materials  of 
con:paratively  small  density.  It  is  plain,  however,  from  the 
account  that  the  observations  were  scarcely  adequate  to  settle  the 
matter ;  nor  does  Bouguer  himself  appear  to  lay  much  stress  on  them. 

The  work  of  Bouguer  exhibits  some  tendency  towards  un- 
necessary speculative  refinements,  and  will  require  careful  atten- 
tion in  order  to  master  its  complexity ;  but  nevertheless,  both 
on  practical  and  theoretical  grounds,  it  may  be  justly  considered 
the  most  important  of  all  which  the  Peruvian  expedition  occa- 
sioned, and  aa  that  which  should  be  selected  by  a  student  who 
desires  to  confine  himself  to  one  of  the  original  accounts. 

364.  If  we  consider  the  whole  transaction  we  shall  have 
—abundant  reason  to  commend  the  patience  and  devetion  which 
the  history  of  the  expedition  clearly  manifests.  Ten  years  of 
exile  from  Paris,  for  a  Frenchman  and  an  Academician,  formed  a 
costly  sacrifice  to  eclAice ;  and  in  this  case  the  exile  was  aggra- 
vated by  incessant 'labour,  anxiety,  and  suffering.  The  result 
remains  to  this  day  one  of  the  principal  elements  in  the  numeri- 
cal facts  of  the  subject;  and  while  we  must  be  grateful  to  the  two 
who  mainly  obtained  it,  we  may  pardon  them  if  by  contests  which 
harassed  only  themselves  they  shewed  how  easy  it  is  for  human 
infirmity  to  tarnish  the  noblest  names  and  tho  brightest  deeds. 
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D'ALEMBERT. 

365.  The  subjects  of  Attraction  and  the  Figure  of  the  Earth 
engj^ed  much  of  the  attention  of  D'AJembert:  in  the  present 
Chapter  and  a  subsequent  Chapter  we  shall  consider  his  researches 
in  order. 

We  begin  with  his  TraitS  de  V^quilihre  et  du  mouvement  des 
fluides.  The  first  edition  was  published  in  1744;  the  second  in 
1770 :  both  are  in  quarto.  The  first  edition  has  a  Preface  which 
occupies  xxjcii  pages,  including  the  Title-leaf;  then  a  TaMe  des 
Titree;  then  the  test  of  458  pages,  followed  by  a  page  of  Correc- 
tions. The  second  edition  has  an  Avertissement  which  occupies 
a  page,  followed  by  a  reprint  of  the  preface  to  the  first  edition, 
and  a  TaHe  dea  TVirea ;  then  the  text  of  476  pages.  The  text  of 
the  second  edition  is  a  reprint  of  that  of  the  first,  with  some  ad- 
ditions which  furnish  references  to  researches  made  by  D'Alembert 
since  the  publication  of  the  first  edition  of  the  work. 

366.  The  only  part  of  the  edition  of  1744  which  directly 
concerns  us  is  a  section  on  pages  47. ..51,  entitled  De  H^quilibre 
des  Fluides,  dont  la  surface  supdrieure  eat  Courbe.  D'Alembert 
says  that  this  matter  is  important  on  account  of  its  connexion 
with  the  question  of  the  Figure  of  the  Earth.  Huygens  had 
taken  for  the  principle  of  equilibrium  the  perpendicularity  of 
gravity  at  the  surface.  Newton  used  the  principle  of  the  equi- 
librium of  central  columns.  Bouguer  and  Maupertuis  shewed 
that  both  principles  must  hold  for  equilibrium.  Clairaut  had  used 
the  principle  of  canals ;  and  had  also  shewn  that  the  thickness  of 
a  level  film  must  be  inversely  proportional  to  the  resultant  force 
&t  the  point. 
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It  vill  be  seen  that  in  this  brief  sketch  D'Alembert  names 
Huygens  before  Newton :  see  Art.  65, 

367.  After  his  brief  sketch  of  the  history  of  the  theory  of 
fluid  equilibrium  D'Alembert  says  on  his  page  48 : 

Lea  difiSreotea  Loix  d'^oilibre,  dficouTertes  par  lea  SaTana  Geom^ 
tres  que  nous  venons  de  rater,  paroissent  Stre  les  seulee  auxquelles  noos 
deviona  nona  arrSter  pour  le  prfisent,  juBqa'&  oe  que  1' Experience,  ou  une 
connoissonce  plus  parfaite  de  la  nature  des  Fluides  nous  ait  perauad£ 
qu'il  n'y  en  a  point  d'autrea,  ou  peut4tre  nous  en  feaae  dficouvrird'autrea. 

It  will  be  seen  from  this  extract  that  D'Alembert  knew  that 
certain  conditions  were  necessary  for  fluid  equilibrium,  but  did 
not  know  what  conditions  were  suffuAent  He  proceeds  to  ofler 
certain  conjectures  which  we  now  know  to  be  inadmissible.  He 
seems  half  inclined  to  believe  that  when  fluid  is  in  equilibrium 
the  bounding  surface  must  be  plane  or  spherical,  and  the  resultant 
force  constant  at  all  points  of  the  surfaca 

D'Alembert  says  that  one  of  the  best  methods  of  deciding  the 
question,  at  least  in  part,  would  be  to  shew  that  the  Figure  of  the 
Earth  found  by  theory  agrees  with  that  found  by  actual  measure- 
ment.    He  adds  on  his  page  61: 

Car  on  ne  sauroit  douter  que  la  Terrs  ne  soit  applatia  vers  lea 

Fdles,  apr^  lea  operations  si  exoctea  qui  out  6t£  faitea  au  N'ord,  opera- 
tions confirmees  par  celle  qu'a  faite  M.  Caanni  lU  Thwry  en  1740,  et  de 
laquetle  11  a  condu  Tapplatissenient  de  la  Terre,  sans  Sgard  pour  plusienra 
meeures  precedentes,  d'oil  r^aultoit  le  oontraire,  et  qu'apparemment  il 
n'a  pas  cm  assez  exactes. 

368,  It  will  be  convenient  to  notice  here  the  additional  re- 
marks on  our  subject  which  occur  in  the  edition  of  1770 ;  although 
we  thus  disturb  the  order  of  chronology. 

On  his  page  36,  D'Alembert  objects  to  Clairaut's  apparent 
belief  that  the  laws  of  Hydrostatics  required  the  denser  strata 
of  the  Earth  to  be  the  nearer  to  the  centre;  D'Alembert  refers 
to  page  280  of  Clairaut's  work,  and  he  might  also  have  referred 
to  other  pagea    See  Art  315. 
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The  section  which  ire  have  cited  in  Art  866  is  enUi^d  in  the 
second  edition.  The  names  of  Maclanrin  and  Daniel  Bernoulli 
are  mentioned  as  having  in  effect  before  Clairaut  given  the  prin- 
ciple that  the  fluid  in  any  canal  with  its  ends  at  the  surface  of 
the  fluid  must  be  in  equilibrium.  But  D'Alembert  allows  that 
Clairaut  was  the  first  to  develop  the  use  of  the  principle. 
D'Alemhert  adds,  with  reference  to  Clairaut,  on  his  page  60: 

Je  orois  aii  reate,  que  oe  Savant  s'est  tromp£,  qoaitd  il  a  av&ncfi  que 
dana  nn  Flmde  hgt^rogine,  lea  couches  de  diSgre&te  deimt6  devoient 
toutes  etre  de  oiveau.  Toy ez  i  ce  Bujet  I'art.  86  de  mea  Secherehet  tur  la 
caiiM  dtt  vents,  et  mon  Enai  twr  la  Jieaiitance  da  Flvidet,  art  165,  166 
et  167.  II  est  vral  que  je  me  auia  ausai  tromp£  moi-mSme,  en  croyant 
que  dana  le  aystSme  de  I'AttraotiuD,  lee  couohee  de  la  Terre  ponrroient 
n'fitre  pas  de  niveau.  Ceat  ce  que  le  c61^bre  M,  d«  la  Orange  a  remar- 
qu€  dana  le  aecond  volume  dea  M^moires  de  la  Soci^t^  Koyale  des  Sciences 
de  Turin,  et  ce  que  je  pronvend  moi-m^e  aillenra  plus  en  detail. 
Maia  il  n'eu  est  paa  moina  vrtu,  que  dana  un  grand  nnmbre  d'hypothdsea, 
un  Flaide  pent  €tre  en  ^nllibre,  sana  que  les  particules  d'une  mSme 
density  ae  trouvent  n^cessairemeat  plac^  dona  une  coucbe  de  nireau. 
Quoi  qu'il  en  soit,  il  est  constant,  suivant  le  Principe  g€nSral  dont  on 
vient  de  parler  [tbe  principle  of  canals],  que  cbaque  couche  de  niveau 
doit  Stre  ^galenient  presage  en  tons  aes  paints ;  et  qu'ainsi  I'^paisseur  en 
chaqne  point  doit  6tre  en  raison  inverse  du  prodait  de  la  density  par  la 
pesanteuT. 

See  Art.  315.  D'Alemhert  in  fact  admitted  his  error  in  1768: 
see  his  Opuscules  Mathimatiques,  YoL  V.  page  2.  I  have  not 
found  where  he  returns  to  the  subject  after  1770,  as  we  might 
expect  he  would  from  his  words  above,  "jo  prouverai  moi-mfime..." 
Perhaps  it  really  refers  to  what  he  gave  in  the  fifth  volume  of 
the  Opiusffules  Maihdmatiquet,  and  was  written  before,  though 
published  after,  that  volume.  There  is  another  memoir  on  Fluids 
in  tiie  eighth  volume  of  the  Opuscules  Math^matiqaea,  hut  it  does 
not  seem  to  bear  on  this  point. 

369.  I  will  notice  some  matters  of  interest  which  have  pre- 
sented themselves  in  reading  the  Articles  1...58  of  D'Alembert's 
TraiU...des  Fluides. 

In  bis  Article  2  he  criticises,  and  I  think  jusUy,  a  demon- 
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etration  given  by  Newton,  oaraely,  the  second  case  of  Proposition 
19  in  tlie  second  Book  of  the  Principia. 

In  hia  Article  13  there  are  some  remarks  to  shew  the  insuf- 
ficiency of  two  common  demonstrations  of  the  proposition  that  the 
resultant  force  at  any  point  of  the  surface  of  a  fluid  in  equilibrium 
must  be  perpendicular  to  the  surface  at  that  point. 

The  first  demonstration  stands  thus :  if  the  force  be  not  per- 
pendicular the  tangential  component  will  tend  to  move  tlie  particle 
on  which  it  acts,  and  the  fluid  will,  as  it  were,  descend  aa  inclined 
plane.  D'Alembert  objects  that  a  set  of  equal  balls  might  be 
placed,  one  above  the  other,  and  be  in  equilibrium  on  an  inclined 
plane;  so  that  if  a  fluid  be  composed  of  such  particles  it  would 
appear  that  the  fluid  might  be  in  equilibrium  with  its  upper 
surface  inclined  to  the  horizon  instead  of  being  horizontal. 

The  second  demonstration  rests  on  the  assumption  that  for 
equilibrium  the  centre  of  gravity  should  be  as  low  as  possible. 
D'Alembert  brings  forward  two  exceptions ;  in  one  the  centre  of 
gravity  is  at  a  maximum  height,  and  in  the  other  some  forces  act 
besides  gravity.  Thus  in  fact  D'Alembert's  objections  hold  against 
the  improper  extension  of  a  certain  theorem,  and  not  against  the 
proper  enunciation  of  the  theorem.     See  Statics,  Chapter  Xiv. 

A  remark  made  by  D'Alembert  in  his  Article  18  deserves, 
I  think,  the  attention  of  luoderu  elementaiy  writers.  Suppose  we 
have  a  conical  vessel  and  a  cylindrical  vessel  with  equal  bases; 
let  them  be  filled  with  water  to  the  same  height :  then  the  pres- 
sures on  the  bases  will  be  equal.  A  popular  mode  of  establishing 
this  proposition  amounts  to  taking  the  cylindrical  vessel  with  its 
water,  and  then  supposing  a  certain  part  to  become  solid,  so  as  to 
leave  a  conical  interior  of  fluid.  D'Alembert  says  in  substance 
that  we  ought  not  to  assume  that  the  pressure  is  unaltered  by 
this  solidification  of  part  of  the  fluid  :  for  suppose  we  solidify  a 
complete  horizontal  lamina  of  the  fluid,  we  can  thus  in  effect 
remove  from  the  base  the  pressure  of  all  the  fluid  above  this 
lamina. 

I  observe  some  modem  writers  adopt  the  reverse  order;  they 
b^n  with  the  conical  vessel  and  afterwards  dissolve  the  aides. 
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instead  of  beginning  with  the  cylindrical  vessel  and  solidifying : 
bnt  it  may  be  fairly  doubted  if  the  process  is  more  satiafactoiy 
in  this  way. 

D'Alembert's  Article  26  calls  for  some  observations.  We  will 
give  an  account  of  his  investigation  in  modern  language. 

Let  a  mass  of  fluid  be  acted  on  by  a  force  the  direction  of 
which  is  constant,  but  not  necessarily  the  intensity.  Take  the 
axis  of  X  parallel  to  this  fixed  direction ;  let  X  denote  the  force  at 
the  distance  x  from  the  uri^n,  p  the  pressure  there,  and  p  the 
density.     We  have  then,  as  is  well  known, 

therefoi^  p=  \pXdx  =  -^{x)  say. 

Suppose  the  fluid  to  be  enclosed  in  a  vessel  of  any  shape,  the 
ends  being  plane  figores  at  right  angles  to  the  axis  of  a;.  Take 
^(;i;)  Buch  that  it  vanishes  at  one  end.  If  -^  [x)  is  such  that  it 
vanishes  also  at  the  other  end,  and  is  never  negative,  the  ends 
may  be  removed  without  destroying  the  equilibrium :  this  is 
obvious.  But  if  ^{x)  can  become  negative,  equihbrium  will  not 
hold  when  the  ends  are  removed :  this  ia  also  obvious.  Suppose 
then  the  ends  to  remain. 

D'Alembert  says  that  the  pressure  at  the  end  for  which  ^{x) 
vanishes  will  be  numerically  equal  to  the  greatest  n^ative  value 
of  -^{x).  This  is  inaccurate.  The  pressure  cannot  indeed  be  less 
than  this,  but  may  be  as  much  greater  as  we  please.  In  fact  we 
may  take  p=C ■^■■^{x),  where  0  is  an  arbitrary  constant:  and 
provided  C  be  large  enough  to  ensure  that  p  is  always  positive, 
equilibrium  will  subsist. 

The  value  of  the  pressure  at  the  other  end  will  then  be  deter- 
mined by  ascribing  the  proper  value  to  £C  in  the  expression 
C+-^(x);  but  D'Alembert  seems  to  say  that  the  pressure  will 
be  ■^(k). 

370.  The  next  work  by  D'Alembert  which  we  have  to  exa- 
mine is  his  Eiflexiona  nwr  la  Cauw  g^n^rale  dea  Vents.    lliiB  work 
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was  published  in  1747;  it  gained  the  pr^ze  proposed  by  the 
Berlin  Academy  for  1746.  The  work  is  in  quarto.  There  is  a 
Title-page,  a  Dedication,  and  an  Avertisaem&it ;  &a  Introduction 
of  zxviii  pages ;  then  194  pagea  which  contain  a  French  transla- 
tion of  the  original  essay  with  some  addiUons ;  and  lastly, 
138  pages  which  contain^  the  original  essay  in  LatitL  In  our 
remarks  we  shall  confine  ourselves  to  the  French  translation. 

371.  The  dedication  is  to  Frederic,  called  the  Great;  and  is 
in  the  usual  adulatory  strain  of  these  objectionable  compositions. 

The  introduction  ^ves  a  general  account  of  the  contents  of  the 
essay,  intended  for  the  use  of  readers  with  little  mathematical 
knowledge.  Two  sentences  are  of  sufficient  interest  to  be  re- 
produced. 

One  sentence  ofTers  a  curious  reason  for  referring  the  winds  to 
the  action  of  the  Sun  and  the  Moon ;  it  occurs  on  page  ii.  After 
stating  that  the  ebb  and  flow  of  the  tide  are  admitted  to  be  due 
to  this  action,  D'Alembert  saya : 

Quel  que  soitleprincipe  decette  action,  il  est  inoonteetable  que 

pour  se  tranamettre  jusqu'^  I'Oooan,  elle  doit  ttavereer  auparavant  la 
masse  d'air  dont  il  est  enrtroDn^,  et  que  par  consilient  elle  doit  rnou- 
Toir  lea  parties  qui  composunt  cett«  masse. 

The  other  sentence  relates  to  the  difficulty  which  the  Cartesians 
found  in  admitting  that  the  attraction  of  the  Sun  or  of  the  Moon 
could  produce  high  wat«r  simultaneously  on  the  meridian  under 
the  attracting  body,  and  on  the  opposite  meridian.  lyAlembert 
says,  with  zeal  amounting  to  anger,  on  his  page  z: 

La  preuve  simple  et  facile  que  je  vieuB  do  donner  du  oontraire. 

Bans  figure  et  sans  calcul,  an&mtira  p«ut-4tre  enfin  pour  toujours  ime 
objection  aussi  friTole,  qui  est  pourtant  uue  des  principales  de  cette  Secte 
centre  la  Thterie  de  la  grH^dtation  imiverBelle. 

372.  In  the  work  itself  we  first  notice  pages  11.  ..17.  These 
contain  an  approximate  solution  of  what  we  may  call  a  companion 
to  Huygens's  problem.  D'Alembert  enunciates  it  in  the  most 
general  form,  namely,  where  the  attractive  force  is  any  function  of 
the  diatance  &om  a  fixed  point;  but  in  his  solution  he  finds  it 
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sufficient  to  take  the  force  coDstaiit.  See  Arts.  55,  66,  and  173. 
Let  m  denote  the  angular  velocity,  f  the  constaDt  central  force, 
c  the  radius  of  the  sphere  which  the  fluid  would  form  if  there 
were  no  rotation ;  then  assuming  that  to'c  is  small  compared  with 
f,  the  surface  will  be  a  spheroid,  and  the  equation  to  the  gener- 
ating curve  will  be 

where  r  is  the  radius  vector  from  the  centre  of  force,  and  6  is  the 
angle  which  r  makes  with  the  axis  of  revolution.  This  result  may 
be  easily  deduced  from  that  given  in  Art.  55.  B'AIembert  him- 
self solves  the  problem  by  what  we  should  now  call  a  method  of 
Virtual  Yelocitiea. 

D'Alembert  finds  the  volume  of  the  solid  bounded  by  the  sphe- 
roid, the  sphere  of  radius  c,  and  the  double  cone  haviug  its  vertex 
at  the  common  centre,  and  having  the  semi-vertical  angle  Q :  see 

,.  1-    FIT.  u-  i  *-      ■    S^rfflV  cos  tf  sin*  tf     ... 

his  pagelo.  The  result  in  our  notation  is s^ ;  this 

**/ 
may  be  easily  verified.     In  this  expression  some  of  the  volume  is 
estimated  negative  if  ^  be  so  great  that  we  get  beyond  the  value 
for  which  the  sphere  and  the  spheroid  intersect. 

373.  We  have  no  concern  with  the  discussions  on  the  motion 
of  a  fluid,  to  vhich  D'Alembert  now  proceed^  bo  that  we  pass  on 
to  pages  33... 45  of  his  work. 

D'Alembert  determines  the  form  of  relative  equilibrium  of  a 
thin  layer  of  fluid  spread  over  a  solid  spherical  mass  ;  taking  the 
action  of  the  fluid  itself  into  account,  and  supposing  uniform 
rotation. 

D'Alembert  requires  the  attraction  of  a  hom<^neous  oblatom, 
which  is  nearly  spherical,  on  a  particle  situated  at  any  point  of 
its  surface.     This  he  obt^ns  by  three  steps. 

(1)  He  quotes  a  theorem  given  by  Maclaurin  in  his  Estay  on 
the  Tides,  by  which  the  attraction  on  a  particle  at  any  point  is 
known,  when  it  is  known  for  a  particle  at  the  pole  and  for  a 
particle  at  tiie  equator.    See  Art.  244. 
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(2)  He  has  an  approximate  investigation  for  finding  tbe  at> 
traction  on  a  particle  at  the  pole.  This  was  originally  given  by 
Clairaut,  but  B'Alembert  does  not  refer  to  him.    See  Art  233. 

(3)  He  has  an  approximate  investigatioQ  for  finding  the  at- 
traction on  a  particle  at  the  equator.  He  mentions  Daniel 
Bernoulli  in  connexion  with  this;  but  the  principle  is  the  same  as 
in  the  investigation  for  the  particle  at  the  pole,  first  given  by 
Clairaut. 

374.  We  will  now  furnish  in  moderu  language,  and  in  our 
own  notation,  an  equivalent  to  D'Alembert's  process.  Suppose  « 
the  radius,  and  a  the  density  of  the  central  sphere,  and  p  the 
density  of  the  fluid.  Wa  may  consider  that  there  is  an  oblatum  of 
density  p,  and  also  a  sphere  of  density  tr  —  p. 

Let  the  ellipticity  of  the  oblatum  be  e,  which  is  supposed 
small ;  let  x  and  s  be  the  coordinates  of  a  point  parallel  respect- 
ively to  the  major  and  minor  axes  of  the  generating  ellipse ;  then 
the  attractions  of  the  oblatum  in  these  directions  will  be,  by 
Art  261,  respectively 

Put  the  first  in  the  form  *J?  (l  +  ^Vc  -  ^  a.  Then  on 
the  whole  we  have  a  force  towards  the  centre,  the  value  of  which 
is  the  product  ofathe  distance  into  —^  { 1  +  -^I ;   together  with 

the  force  — :;—  x  parallel  to  the  major  axis  outwards  from  the 
minor  axis. 

Thus  we  see  that  we  can  avail  ourselves  of  the  solution  of  the 
companion  to  Huygens's  problem,  provided  we  add  —^-  to  the  «', 
and  use  the  proper  value  of  the  central  force.  This  central  force 
at  the  distance  r  will  be  ^  (l+  ^W  +  *J^  (<r-p)  ^  . 
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Heace,  as  by  Art.  55  we  have  e  =  ~  ,  we  now  obtain 

rto* 
therefore  ga  i     .  — ■■■ .  j     J       ■ 

For  an  approximation  we  reject  -^  in  compariBon  with  unity  in 

the  denominator;   and  indeed  our  inrestigatioa  is  not  accurate 
enough  to  justify  ub  in  retaining  this  term :   thus 


lyAlembert's  own  proceae  is  ruder  and  he  has  ~  instead  of  our 

p  in  OUT  notation. 

Ab  yet  we  have  not  introduced  the  condition  that  the  layer  of 
fluid  is  thin ;  suppose  it  bo  thin  that  a  may  be  taken  equal  to  r  in 
the  denominator :  thus 


'FD 


where  i;  is  what  would  be  the  ellipticity  if  the  attracticm  of  tha 
fluid  itself  were  entirely  neglected. 

375.    On  his  page  40  D'Alembert  proceeds  to  some  remarks 
on  the  Figure  of  the  Earth ;  for  these  he  had  prepared  us  on  his 
page.  10,  saying,  "...oii  je  d^montre  pluaieurs  v^rit^a  fort  para- 
dozes  sur  cette  matiere."    The  remarks  amount  in  substance  to 
T.  M.  A.  17 
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the  two  obvious  statements  that  the  value  just  found  for  e  is  veiy 
large  if  3p  is  nearly  equal  to  5<r,  and  will  be  negative  if  Sp  is 
greater  than  60-.  If  e  is  not  numerically  small,  our  approxima^ 
tions  do  not  hold.  If  e  is  negative  and  numerically  small  our 
supposed  oblatum  is  really  an  oblongum. 

IVAlembert  seems  to  consider  it  rather  singular  that  an  ob- 
longum should  be  a  possible  form  for  the  surfiace.   See  his  page  41. 

376.  D'AIembert  next  considers  the  case  in  which  the  nucleus 
is  not  a  sphere  but  an  oblatum ;  the  process  is  less  satisfactory 
than  that  in  Art  374,  because  we  have  now  to  deal  with  the 
attraction  of  an  oblatum  on  an  external  particle.  Suppose,  how- 
ever, that  the  layer  of  fluid  is  very  thin ;  let  the  ellipticity  d*  the 
solid  oblatum  be  small,  and  denote  it  by  <'.  Then  we  see  that  we 
shall  obtain  an  approximation  to  the  required  result  by  adding 

-V-  (ff  —  p) «'  to  «* ;    so  that 


«»'  , 


yt'-")-'  "-U'-l)' 
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877.  The  result  just  obtained  is  one  to  which  D'AIembert 
seems  to  have  attached  great  importance.  It  must  be  observed, 
however,  that  it  ia  only  a  particular  case  of  a  general  formula 
given  by  Clfuraut  Take  the  final  result  of  Art  323:  in  the  inte- 
grals represented  by  A  and  I>  let  the  density  be  constant,  and 
denote  it  by  <t.     Thus 

^-2f.      D-,r,r-; 
therefore, 
«,  C10<rr"  +  ip^r*  -  10/j,r")  =  -j  (cr  -p,)  «'r"+  6j  (or'*  +  p,r,'  -  p/*) ; 

this  is  iu  fact  given  in  Case  II.  of  Art.  324.  We  have  here  then 
the  more  accurate  form :  if  we  now  suppose  that  the  difference 
between  r'  and  r,  may  be  n^lected,  we  obtain 

«,  (10<r  -  6/j,)  =  6e'  (<r  -  /)J  +  Bj<r, 
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■wbicli  i^eeB  with  D'Alembert'a  result ;  it  is  mora  simple  but  less 
accurate  than  the  immediately  preceding  form.  D'Alembert  him- 
self subsequently  obtained  the  more  accurate  form:  see  his 
Beclierckes. . .  SystirM  da  Monde,  Vol  iii.  p^e  225.  Clairsut  was 
content  with  somewhat  less  than  he  might  have  deduced  from 
his  own  formula ;  see  Art.  S28. 

378.  The  value  of  e  obtained  in  Art  376  may  be  negative;  it 

will  be  negative  if  the  numerator  is  positive  and  -—  is  greater 

than  unity.     D'Alembert  says  on  his  page  42, 

...  Dodo  alia  Terre  ^toit im  Sph^roide  allong6,  il  ne seroit pas absola- 
ment  n^ceaaaire  d'avoir  recours  pour  expliquer  ce  Fhenom^ne,  b  un 
noyau 'mt^rionr  allong6.  Car  il  pourroit  se  ^re  que  oe  noyau  ^t 
applati,  et  que  la  Terre  f&t  aUong6e  -ven  les  Fdles. 

This  remark  is  probably  aimed  at  Cluraut ;  see  Boscovicb  De 
Litteraria  Expeditwne,..  page  464  :  Tve  have,  however,  shewn  in 
Art  326,  that  Olairaut  might  have  drawn  the  same  inference  if 
he  pleased.  But  Clairaut  had  a  conviction  of  the  propriety  of 
assuming  the  Earth  to  be  densest  at  the  centre ;  and  thus  he 
would  naturally  neglect  any  hypothesis  which^was  inconsistent 
vith  this  conviction. 

With  respect  to  the  formula  of  Art  376,  D'Alembert  remarks 

that  if  6ff--3/)-0,  and  also  17  +  =  [l  -  ^J  e'  =  0,   then  «  may 

have  an;  value  we  please,  provided  only  it  be  small :  he  repeats 
this  remark  in  his  Recherckea ...  Byat^me  du  Monde,  Vol.  in., 
page  190. 

379.  D'Alembert  makes  a  statement  at  the  top  of  his  page  44 
which  I  do  not  verify.  He  proposes  to  estimate  the  force  on  the 
fluid  in  the  direction  of  a  tangent  at  any  point  of  the  meridian  of 
the  nucleus.  Let  f  denote  the  force  to  the  centre,  ff  the  angle 
between  the  axis  and  the  radius  vector  to  the  point,  then  the  re- 
quired force  is  the  product  of  sin  ^  cos  ^  into 


17—2 
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2/(e-0  8iii«co8«, 

87  +  5  I'-W' 


■■-  ■      2  siQ  5  COB  ft 


taogent   must  vanish   if   e  =  e ;     but    B'AIembert's    expression 
would  never  allow  it  to  vanish. 

380.  We  proceed  to  pages  161. -.168  of  the  Riflexiona  »ur... 
Vents,  which  contain  some  new  and  interesting  matter  relating  to 
attractions.  D'Alembert  obtains,  in  effect,  formulee  for  deter- 
mining the  attraction  at  any  point  of  the  surface  of  an  ellipsoid 
which  is  nearly  spherical.  He  first  elaies  what  the  results  are 
for  points  at  the  ends  of  the  three  axes ;  be  does  not  give  his 
investigation,  which  was  probably  of  tte  kind  which  he  attri- 
buted to  Daniel  Bernoulli:  see  Art.  373.  Let  the  three  semi- 
axes  be  r,  r—  ^,  r—y,  where  fi  and  7  are  small :  it  is  easy  to 
shew  by  this  method  that  the  attraction  at  the  end  of  the  first 

axis  is  —^ i"K  ((S  +  t)'     ^f.  ft"  greater  symmetry,  we  denote 

the  semi-axes  by  r  —  o,  r  —  ^,  r  —  y,  where  a,  j8,  7  are  small,  the 


—  I .    In  order  to  express  the  attraction 


at  any  point  of  the  surface,  D'Alembert  uses,  in  effect,  the  pro- 
perty that  the  attraction  perpendicular  to  a  principal  plane  of  the 
ellipsoid  varies  as  the  distance  &om  that  plane.  This,  he  says, 
foUo^ra  from  the  principles  given  in  Maclaurin's  Essay  on  the 
Tides.  Maclaurin  himself  did  not  explicitly  go  beyond  the  case 
of  ellipsoids  of  revolution ;  but  D'Alembert's  extension  was  veiy 
obvious. 
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Let  x,}/,  z  he  the  coordinatea  of  any  point  on  the  surfoce  of 
the  ellipsoid  referred  to  the  axes-  as  axes  of  coordinates;  let 
X,  Y,  Zhe  the  attractions  parallel  to  these  axes :   then 

^=V^a  T  K 5 ;=-3-  l^  +  "-5r— j' 

and  similar  expressions  hold  for  Y  and  Z.  ^ 

381.  Then  IVAlembert  shews  that  an  ellipsoid  of  homoge- 
neous fluid,  differing  very  little  from  a  sphere,  ctmnot  be  in 
equilibrium  under  its  own  attraction ;  in  fact,  the  resultant 
force  will  not  be  at  right  angles  to  the  free  suriace.  D'Alembert's 
demonstration  is  laborious,  but  BOuilQ,  if  we  use  the  correction  of 
-  a  mistake  famished  by  himself  in  his  Opxisculea  MaOiimatiquea, 
Vol.  I.  page  252.  The  modem  method  would  be  to  form  the. 
condition  which  involves  the  direction  cosines  of  the  resultant 
force  and  of  the  normal  to  the  surface.     This  condition  is 

T,       «      _v.       y      ^j7.       g 
(r-o)*  (r-^)'  (r-7)" 

that  is,  approximately, 

•  f(-7')-f(-V^-f(-?)- 

This  condition  is  not  fulfilled. 

I^Alembert  some  years  later  supposed  that  he  had  demon- 
strated the  relative  equilibrium  of  a  rotating  ellipsoid  of  fluid 
to  be  impossible;  see  his  Ileckerohea...8rf8t^e  du  Monde,  Vol.  III. 
pagie  256 :  but  he  foi^t  that  the  so-called  centrifugal  force  must 
also  be  considered.  We  know  now  by  Jacobi's  Theorem  that  bu(^ 
relative  equilibrium  is  possible. 

Further,  D'Alembert's  demonstration  shews  that  a  fluid  ellip- 
soid which  is  nearly  spherical  cannot  be  in  equilibrium  under  its 
own  attraction;  but  it  does  not  shew  that  this  result  holds  for 
every  ellipsoid.  This  is  however  the  case ;  for  in  the  demon- 
stration of  Jacobi's  Theorem  we  shall  find  that  the  angular  ve- 
locity has  a  value  which  cannot  vanish. 
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382.  Od  his  page  156,  D'Alem'beit  proceeds  to  the  oaae  in 
-which  a  Holid  homc^eDeoiis .  ellipsoid  is  surrouaded  by  a  thin 
BtratuiD  of  fluid  of  difTereat  dendty  in  equilibrium.  The  mistake 
ah-eadf  referred  to  influenccB  this  investigation ;  and  moreover 
B'Alembert  misinterpreta  his  results,  and  infers  that  if  the  solid 
part  is  a  solid  of  revolution  it  must  be  a  sphere,  and  that  the 

density  of^tbe  solid  part  must  be  exactly  ^  of  the  density  of  the 

fluid.  This  contradicts  his  own  investigation  in  pt^es  40. ..44  of 
the  work :  see  Art.  375.  However,  in  his  Opuscules  MalhStnati- 
ques.  Vol.  I.  pages  253. -.255,  he  corrects  his  errors,  and  is  more 
successful 

I^t  o-  be  the  density  of  Hie  solid,  p  the  density  of  the  fluid ; 
let  e,  and  e,  be  the  ellipticities  of  the  two  principal  sections  of  the  • 
solid,  {I  and  ^  the  correspODding  ellipticities  of  the  two  sections  of 
the  external  fluid  surface.  D'Alembert  obtains  an  approximate 
result  which  we  may  thus  express 


So  &T  he  is  correct,  but  he  adds  that  the  solid  figure  and  the 
external  figure  are  seti^laileB,  which  is  not  admissible :  to  make 

the  figures  like  we  should  require  ^  and  ^  both  to  be  equal  to 
unity. 

383.  It  will  be  instructive  to  notice  the  principle  involved  in 
D'Alembert's  treatment  of  this  problem :  I  will  give  it  in  substance 
though  not  in  his  form. 

I  use  as  before  r—a,  r  —  0,  r  —  y  for  the  semi-axes  of  the 
external  figure ;  and  r  —  a',r  —  ^,  r—y  for  those  of  the  solid  part. 
We  may  then  consider  that  we  have  a  body  with  the  former  semi- 
axes,  of  the  density  p,  and  also  a  body  with  the  latter  semi-axes  of 
the  density  v  —  p. 

For  the  former  body  we  may  take  as  before 

lutd  similar  expressions  for  Y  and  Z. 
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For  the  latter  body  ire  take 


=(• 


and  two  similar  expressioiui.  This  amounts,  to  Buppoeing  the 
-second  body  enUiged  in  size  antil  it  just  passes  through  the 
attracted  point ;  that  is  in  fact  we  introduce  a  thin  ellipsoidal  shell 
of  density  t7  —  p.  But  no  sensible  error  is  thus  produced ;  for  the 
action  of  this  shell  is  in  ajnount  only  of  the  first  order ;  sad  is  in 
direction,  as  we  now  know,  accurately  along  the  normal  to  its 
outer  BUTface.  Hence  the  shell  would  supply  a  force  aloi^  the 
tangent  plane  to  the  fluid  surface  which  would  be  only  of 
the  second  order;  and  bo  for  our  purpose  may  be  n^lected. 
D'Alembert  leaves  hia  readers  to  think  this  point  out  for  them- 
selves, but  in  a  later  work  he  supplied  a  hint :  see  his  Opmculea 
Math^matiques,  Vol.  VI.  page  226. 

Thus  we  take  for  the  whole  attraction  parallel  to  the  axis  of  at 

Call  this  X,;  and  let  Y^  tmd  Z^  have  similar  meanings. 
We  know  that  for  equilibrium  we  must  have 

This  leads  by  easy  reduction  to 

a  —  fi       a  — 7       <r  — p 

D'Alembert  then  shews  that  if  the  whole  mass  revolve  round 
one  of  the  axes  with  uniform  angular  velocity  relative  equilibrium 
may  subsist. 

Take  the  axis  of  x  as  that  of  revolution ;  let  u  be  the  angular 
velocity :  then  we  must  put  —  «*y  to  what  we  called  Y^,  and 
—  ii»*s  to  what  we  called  ^,.    This  will  be  found  to  lead  to 


("'-tO  ("-f)  =  (j'-PJCi-t) 


8?r' 
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384.  The  oezt  work  by  lyAlembert  which  we  hare  to  ex- 
amine is  his  RecherckeB  stir  la  Precession  des  Ejainoxes,.. 

This  work  was  publbhed  ia  1749 ;  it  ie  in  quarto.  The  Title, 
Dedication  and  Introduction  occupy  xxxviii  pages;  then  follows 
a  table  of  Contents,  and  then  the  text  of  184  pages. 

There  is  a  German  translation  c^  this  work  in  octavo,  by 
Dr  G.  K.  Seuffert,  published  at  Nfirnbei^,  1857. 

385.  We  are  concerned  only  with  Chapter  ix,  of  the  wwk, 
which  is  entitled  Consequences  qui  risuUent  de  la  Th4orie  price- 
dente  par  rapport  d,  la  figure  de  la  Terre;  this  occupies  pages 
95...  105. 

By  comparing  hia  theoiy  of  Precession  with  observation, 
D'Aiembert  obtained  the  following  numerical  relation 

The  notation  will  be  nnderBtood  from  what  has  been  said 
before :  see  Art.  323. 

This  very  important  result  renuuns  almost  unchanged  in  the 

modem  theory ;  the  fraction  sht  being  replaced  by  ■00326,  which 

differs  little  from  it :  see  B^sal,  Trait4  Elimentaire  de  Micanique 
celeste,  page  226. 

386.  D'Alembert  combines  his  own  result  with  one  given  by 
Clairaut  on  his  page  226 :  it  ia  that  which  occurs  in  our  Art  327 ; 
denoting  r,  by  unity,  we  may  write  it  thus : 

io.,/;,j*-6/>^*.5,-/;,^* (')• 

Now  D'Alembert,  relying  on  the  measures  in  Lapland  and 
Fern,  takes  e,  =  ^=1,  >  ^°<^  ^  ^^  result  in  Art.  385  may  be 
written  thus : 

fi    d{^e),  174  r>    di*,  .-, 

h''-dr^=''WihPdF^' f2»- 
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Assume  /  p--j-dr  =  kj  p-y-ffr (S). 

Then  from  (1),  (2),  and  (3)  we  obtain  e,  =  .J,      „i. 

*^  324^ 

Now  we  shall  shew  presently  that  h  is  less  than  = ;  so  that  e, 
5 
IB  less  than         ■Cil.-,  that  is  less  than         ihin  *    ^^^  ^^  ^7" 

makes  e,  less  than  ^r^rr,   which   is  inconsistent  with   the   value 
z5d 

^  =  :p=2 ,  given  hy  obBervation. 

Instead  of  256  we  might  put  267. 

Thus  D'Alembert  infers  that  the  Earth  cannot  be  composed  of 
solid  elliptic  strata,  which  is  the  hypothesis  on  which  the  result 
quoted  from  Clairaut  was  obtained.     We  know  now  that  e,  cannot 

be  so  great  as  ^77  i  ^^^  '•^'^  ^^^  contradiction  which  D'Alembert 

points  out  no  longer  exists. 

387.     We  shall  now  shew,  as  we  have  stated,  that  k  is  less 

than  5.     We  have  to  shew  that 

3  1  p-j-  dr  is  less  than  5  1   p  -,—  dr. 
Jo'^  ar  J  a      or 

where  the  symbols  denote  positive  quantities.   D'Alembert  spreads 

the  demonstration  over  six  pages.     He  makes  three  cases;  that 

in  which  p  always  decreases  as  r  increases  from  0  to  I,  that  in 

which  p  always  increases,  and  that  in  which  p  sometimes  decreases 

and  sometimes  increases.     But  the  required  result  can  be  obtained 

instantaneously.     We  have  to  shew  that 

/    pr*dr  is  less  than  I    pr^dr, 

or  that  i    pr*  (r*  —  1)  dr  is  n^;ative ; 

and  this  is  obvious,  for  every  element  of  the  last  int^ral  is  negative. 


388.     We  may  also  shew  that  if  p  always  decreases  as  r  i 
from  0  to  I,  then 


I   f> -^ ar  18  less  than  I   p-j-a 


Integrate  by  parts :  let  />,  be  the  value  of  p  at  the  Burfaoe. 
Then  we  have  to  shew  that , 

p.—  I    -T- ^^  is  less  than  p^—\    -?- ^dr, 
*^'     Jo  dr  '^'     Jo  dr        ' 

orthat  I  ^1^(1 -r^A-ia  negative; 

and  this  is  obvious,  for  -p  is  n^;ative  by  supposition,  so  that  every 
element  of  the  last  int^ral  is  ne^Uve. 

389.  D'Alembert's  jMge  101  is  not  intelligible  to  me.  I 
imagine  he  means  to  say  that  perhaps  some  peraon  will  be  able  to 

shew  that  if  p  increases  constantly  from  the  centre  I    p  -j-  dr  is 
leas  than  f 5  ~ /St  I    p-j- dr,  where  /9  is  Bome  podtive  quantity. 

This  we  have  shewn  in  Art.  388,  where  ^  —  /9  is  equal  to  unity, 

2 
sothatj8=g. 

390.  D'Alembert  then  considers  on  his  pages  JOS... 105, 
whether  the  facts  and  the  theory  will  agree  on  the  suppodtion 
that  the  Earth  consists  of  a  solid  elliptic  mass  covered  with  a 
thin  layer  of  fiuid.  We  must  observe  that  the  layer  here  is  to  be 
of  finite  thickness  though  thin ;  the  case  of  an  infiniteaijnai  layer 
was  in  fact  that  which  was  dismissed  as  untenable  in  Art  386. 

D'Alembert  assumes  without  any  adequate  investigation  that 
the  action  of  the  fluid  on  the  solid  will  not  aifect  the  Precession. 
See  on  this  point  B^sal,  Traits  El^mentaire  dc  M^ni^ue  (Meete, 
pi^e8S53...366. 
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Ab  in  Art.  376,  we  have 

here  e  is  the  ellipticity  of  the  exterior  surface  of  Ae  fluid,  and 
e'  the  ellipticity  of  the  solid  nucleus.     Thus 

therefore  P^slm     578     i' ) 

IT  1  , 

Tf*-' 

If  we  take  «'  less  than  ^^  we  find  -  to  be  positive ;  the  num- 

'255" 

to  me  quite  arhitrary  to  introduce  it  here.     D'Alembert,  however, 
has  no  misgiving:  see  his  page  105. 

391,  D'Alembert  gives  the  following  inequality  on  his 
page  99: 

If  x  is  a  proper  fraction,  2  is  greater  than  a;*  (5  —  Sa?).  He 
estabhshes  it    easily    by  taking    the   differential   coefficient  of 

We  can  establish  it  by  common  Algebra.    For 

2-!B»(5-SaO  =  2(l-a^-6a^(l-«^ 
=  (1 -«){2  (1  + x  +  aj'+.t^  +  a;*)- 6^  (1 +«)} 
=  (l-ic)  (2  (1+a:)  (!-«*)+«' (2- jT-aOl; 
this  is  necessarily  positive. 

The  last  expression  may  be  put  also  as 

(I-a!)'{2Cl+a;)(l  +  a!  +  a^+x»C2  +  a;)I, 
that  is  as  (1  ~  a;)'  {2  +  4a!  +  6ic»+  Sic*}. 

392.  The  next  work  by  D'Alembert  which  we  have  to  ex- 
unine  is  his  Sstai  cTune  Nowdle  TiUorie  de  la  lUnttance  det 
Flmdea. 
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This  work  was  publialied  in  1752 ;  it  is  in  quarto.  The  Title, 
Dedication,  Introduction,  and  Title  of  Contents  occupy  zlvi  pages ; 
the  text  OGCupiea  212  pages. 

The  work  was  composed  in  competition  for  a  prize  proposed 
by  the  Academy  of  Berlin.  The  Academy  instead  of  awarding  the 
prize  requested  the  candidates  to  give  supplements  shewing  the 
agreement  of  their  theories  with  experiments.  D'Alembert  seems 
to  have  been  not  quite  satisfied  with  this  proceeding;  he  resolved 
to  abstain  &om  a  new  competition,  and  to  publish  bis  essay  at 
once.     He  adds,  on  his  page  xl : 

Je  Boahaite  par  I'int^r^t  que  je  prends  it  ravaucement  des  S(u«nceB, 
que  lee  Jogea  nomm6a  par  cette  illuatre  Compagnie,  et  qui  n'ont  pas  sans 
doute  propos€  oette  quMtion  s&os  s'uBiirer  si  la  solution  en  6toit  poaaible, 
trourent  pleinement  de  quoi  se  satiafaire  dans  lea  Ouvragas  qui  leur 
seront  eajojia  pour  le  oonoourB. 

393,  The  second  Chapter  of  the  book  is  entitled  Principes 
girU/roMa;  de  V4quilibre  dea  Fluidea ;  it  occupies  pages  13. ..18. 

D'Alembert  first  adverts  to  ihe  principle  of  CancUa;  he  de- 
duces Clairaut's  condition  with  respect  to  curved  canals  &om 
Maclaurin's  with  respect  to  straight  canals.  To  a  modem  reader 
tbe  prindple  seems  sufficiently  evident  without  any  remark. 

394.  D'Alembert  establishes  an  important  result  which  can  be 
best  explained  by  the  aid  of  the  modem  equations  for  fiuid  equi- 
librium. Confining  ourselves  for  simplicity  to  the  case  of  forces 
in  one  plane  we  bare 


&om  these  it  follows  that 

D'Alembert  demonstrates  this  cgnditioB ;  for  the  particular  case  in 
which  p  is  constant  it  was  already  known,  as  we  have  seen  in 
Art.  306.  D'Alembert'  considers  his  own  demonstration  simpler 
than  any  which  had  yet  been  given. 
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D'Alembert  himself  does  not  use  the  s^bol  p  or  speak  of  the 
pressure  of  the  fluid.  It  will  however  he  interesting  and  instmc- 
tive  to  give  the  essence  of  his  investigation  in  modem  language. 


Let  the  coordinates  of  any  point  P  be  »  and  y ;  let  the  coor* 
dinates  of  an  adjacent  point  Rhe  x  +  k  and  y+k.  Complete  the 
rectangle  PQR8,  having  its  aides  parallel  to  the  axes. 

Let  p  be  the  density  at  P,  let  />,  be  the  mean  density  along  PQ, 
and  />,  the  mean  density  along  P8. 

Let  p  be  the  pressure  at  P;  then  the  pressure  at  Q  will  ulti- 
mately be  p  +  p,  Yk,  and  the  pressure  at  8  will  ultimately  be 
p  +  p^h.  Now  we  may  form  two  expreeaions  for  the  pressure  at 
R,  one  obtained  by  passing  from  Q  Ui  R,  and  the  other  obtained 
by  passing  from  8  io  R.     The  former  expression  is  ultimately 


and  the  latter  is 

equate  these  and  we  obtain  ultimately 

This  mode  of  giving  as  it  were  a  physical  interpretaUon  to  the 
condition  just  obtained  might  be  called  I^Alembert's  hydroetatical 


270  d'alehbebt. 

principle  ;  thoagb  it  la  not  very  clearly  put  by  himself.  We  may 
say  verbally  that  the  principle  amounts  to  this :  the  cbaDge  of 
pressure  in  passing  from  one  given  point  of  a  fluid  in  equilibrium 
to  another  is  independent  of  the  path  by  which  we  proceed. 

395.  An  Appendix  entitled  B4fiexions  sur  lea  Una;  de  tEquili- 
hre  dei  Fluidm  occupies  pages  190.. .212  of  the  work. 

D'Alembert  gives  on  his  pages  190.. .194  another  demooBtra- 
tion  of  the  equation  j'  ip^=j~  (p-^ !  *^i^  demonstration  is  sound 
but  complex:  he  gives  it,  he  says,  because  it  will  supply  the  oppor- 
tunity for  some  important  remarks  on  the  laws  of  the  equilibrium 
of  fluids.  The  remarks  do  not  seem  to  me  of  great  importance ; 
but  the  reader  can  judge  for  himself  from  the  account  which  will 
now  be  given  of  them. 

396.  D'Alembert  says  on  his  page  195,  in  efl'ect,  that  if  with 
previous  writers  on  this  subject  we  suppose  the  density  to  be  con- 
stant throughout  every  level  surface  we  arrive  at  the  equation 

-T-  "="3"  instead  of  that  in  Art.  394  :  this  appears  to  him  to  re- 
quire explanation.  Along  a  surface  of  equal  density  we  have 
^  das  +  -r  dtf  =  0  ;  if  this  surface  is  also  a  level  surface  we  have 
Xdx  +  rdy  =  0 ;  hence  Y^  =  X  J ,  and  the  equation  of  Art  394 
reduces  to  -j-  =  -j~ .    So  far  he  is  right,  but  he  adds  a  remark 

which  is  quite  erroneous ;  changing  his  notation  to  that  which  we 
have  used,  his  words  are : 

Mais  il  &nt  remarquer  que  I'^nation  -r-  =-^  n'a  lieu  dans  ce  cas 

que  pour  lea  oonches aoxquelles  la  direction  dn  la  peaanteor  est  per- 

pendicnlaire,  au  lien  que  r&)aatioii  -r  {pT)  =-r  (jtX)  a  lien  gSa^nde- 

ment  pour  telle  conche  quon  vondia... 

This  is  a  strange  error:   from   the   nature   of  the   equation 
dY    dX .   . 
^  =  -T-  it  ifl  quite  independent  of  direcUon. 
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397.  D'Alembert  says  on  bis  page  ld7,  that  the  equattOD  of 
Art.  3d4  supposes  />,  X,  and  F  to  be  functions  of  x  and  y :  but  he 
does  not  see  why  we  should  be  restricted  to  this  hypothesis.  He 
proceeds  to  something  which  he  considers  more  general,  but  which 
is  really  not  so ;  in  fact  he  supposes  that  X  and  Y  are  functions  of 
(C,  y,  and  f,  where  ^  is  itself  a  definite  function  of  x  and  tf :  but  it 
is  obvious  that  this  is  practically  identical  with  the  usual  hypothe- 
sis. I  found  after  I  had  written  this  that  Lagrange  had  made  an 
equiyalent  remark  in  the  Miscellanea  Taurinensia,  Vol.  u.  p^e  282. 

.  D'Alembert  hiuiself  also  subsequently  admitted  that  this  intro- 
duction of  ^  was  superfluous :  see  his  Opvscviea  MaOi^matiquet, 
"Vol,  Tin.  page  16. 

398.  D'Alembert  makes  an  erroneous  statement  on  his  ps^  199, 
namely,  that  if  the  pressure  be  equal  at  all  points  of  the 
bounding  surface  the  force  must  be  equal  at  aU  points :  we  knov 
that  this  is  not  necessarily  the  case.  Indeed  D'Alembert  himself 
says  on  his  page  201 : 

...  A  I'Sgnrd  dn  priucipe  de  l'£gaJit£  des  forces,  il  est  Evident  que  s'il 
Stoit  admis,  tontes  les  Theories  qa'nn  a  donn^  dela  Figure  de  la  Terre, 
en  la  ooosid^nuat  comme  an  Flaide,  et  en  ayant  6gsrd  i,  rattraction  des 
parties  et  i  la  rotation  de  I'Aze,  derroient  Stre  regardSes  comme  fimsBOa, 

399.  D'Alembert  returns  to  the  matter  which  we  noticed  in 
Art  367 ;  and  seems  still  half  persuaded  of  the  truth  of  the  absurd 
opinion  stated  there.  However  he  converts  himself  from  his  error 
by  the  aid  of  an  important  principle  which  he  had  formerly  ^ven. 
The  following  is  the  substance  of  his  ailment :  it  is  obvious  that 
a  fiuid  may  be  in  motion  without  having  its  surface  plane  or 
spherical;  and  it  follows  from  what  we  cow  call  lyJXemhert'a 
Principle  that  if  any  motion  is  known  we  know  also  the  forces 
which  would  maintain  the  system  in  equilibrium  in  the  configura- 
tion which  it  has  at  any  instant ;  thus  forces  do  exist  which  would 
maintun  a  fiuid  in  equilibrium  and  give  to  the  surface  a  form 
which  is  neither  plane  nor  spherical. 

400.  D'Alembert  seems  to  attach  great  importance  to  the 
fiwt  that  if  a  fluid  be  in  equilibrium  the  sariaceB  oS  equal  density 
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ore  not  neceBEarily  level  surfaces.  We  know  now,  with  the  usaal 
notation,  that  if  Xdx  +  Ydy  +  Zdz  ia  a  perfect  differential,  the 
surfaces  of  equal  density  will  be  level  surfaces ;  moreover  for  such 
forces  as  occur  in  nature  this  condition  ie  Batisfied :  hence  for  such 
cases  as  occur  in  nature  it  is  true  that  the  surfaces  of  equal  density 
are  level  surfaces.  But  D'Alembert's  statement  is  correct,  that 
surfaces  of  equal  density  are  not  necessarily  level  surfaces.  See 
Arts.  315  and  368. 

Wl.  We  will  give  hriefly  the  example  which  D'Alemhert 
discusses,  translating  his  process  into  modem  language. 

Suppose  8  the  distance  of  a  point  &om  the  origin,  and  6  the 
angle  which  a  makes  with  a  fixed  straight  line.  Let  8  denote  the 
force  along  a,  and  T  that  at  right  angles  to  a;  and  let  <t  denote 
the  density. 

Then  the  usual  equations  for  the  equilibrium  of  a  fluid  are 

da         '  sd$         ' 

where  p  denotes  the  pressure.    Therefore 

%WS)-i(.«T) (1). 

This  condition  in  fact  agrees  with  what  D'Alembert  himself 
deduces  &om  the  principle  of  canals. 

Now  let  us  assume  that  the  fluid  is  arranged  in  strata  of  equal 
density;  let  the  curve  of  equal  density  be  determined  by  the 
equation 

a^r+apZ. (2), 

where  r  is  a  parameter  which  particularises  the  curve  we  consider, 
^  is  a  function  of  r,  and  Z  a  function  of  6 ;   and  a  is  a  very  small 
quantity,  'the  square  of  which  will  be  neglected. 
Also  suppose  that 

-S  =  /j'  +  flp"2",    and   T=ap"'Z" (3), 

where  p,  p",  and  p'"  are  functions  of  r;  and  Z'  and  Z"  are 
functions  of  6.  The  notation  is  kept  very  close  to  D'Alembert's, 
though  not  exactly  the  same. 
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Now  (1)  may  be  whtteiL 

„<Ur      da    ^^.,q,dir         dT    .  ... 

The  condition  that  o*  is  constant  along  the  curves  detenuined 
by  (2)  gives 

diT  ^  d<T  ds     . 


. ,    ,  .  dtr  ,       dZ  d<r     „ 

that  18,  25+'*3»S-''- 

Then  (i)  becomes 

,„    dZ ,    -d<r      „      dS  ,      dT 


Substitute  &om  (3),  and  neglect  the  Bquare  of  a ;  thus 
,,  do-  „,  _„        d8  ,        „„  dp'" 


,    ,dZ       ,„^,,d<r  ,„„„       d8  _        rrndci"  ... 


to  d,  supposing  a  constant;  and  so  it  is  found  hj  combining 
dS     Idf  .     _,  iA  dr  ,      „  dZ' 

„      &      /,        nda\  dr  .        dZ 

Hence,  neglecting  the  square  of  a, 

dS  dp  dZ ,      „  dZ' 

-de'-"'lirde*'i'  ~m'- 

also  if  we  neglect  the  square  of  a  we  may  put  ^  for  ^  in  (5). 

Then,  dividing  by  a,  we  obtain 

dpdZ 
'I'd^TB 

'"¥ («)■ 

18 


,    ,dZ        .„-,,.  da _     ...J...         ipi^ 
(pp-^-rp  Z)^-<Tp  Z  -'Pji^ji 
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402.     We  will   make   Bome  remarks  on  the  equation  f6). 
D'Alembert  himself  by  transposition  puts  it  in  this  form : 
dZ  d  ,      ,.      n„  d  ,      ,„.  „  dZ'  ,       ,  dp  dZ 

D'Alembert  obtains  this 'result  by  the  method  which  we  have 
exemplified  in  Art  394.  In  modem  language  we  may  say  that  he 
passes  &om  one  point  of  the  fluid  to  another  by  two  different 
routes;  and  thus  he  obtains  two  expressions  for  the  change  of 
pressure,  which  can  be  equated.  But  as  he  does  not  use  the 
"aoxA  pressure,  or  the  symbol  p,  his  method  is  somewhat  obscure. 
In  the  diagram  of  Art  394,  we  see  that 

the  increase  of  pressure  &om  P  to  Q  -f  increase  &om  QU>  R 
=  increase  from  P  to  S  +  increase  from  8^a  R. 

With  D'Alembert  the  equivalent  statement  takes  the  less 
natural  form, 

the  increase  of  pressure  from  Qio  R—  increase  from  P  to  S 
=  increase  from  8to  R~  increase  from  P  to  Q. 

Instead  of  the  words  iiKreass  of  pressure  from  P  ta  Q, 
D'Alembert  uses  such  words  as  force  of  the  column  P  Q  along  PQ  ; 
and  these  seem  scarcely  intelligible.  D'Alembert  attempts  to 
enunciate  this  case  of  his  hydrostatical  principle  in  words  in  his 
Recherchea.,.Si/8tSme  du  Monde,  Vol.  lu.  page  226,  where  he  says: 

...  il  &nt  aupposer  la  difference  de  pesantenr  de  deux  couches  de 
niveau  infiniment  proches,  ^ale  it  la  difference  de  pesauteur  de  deux 
couches  verticales  infinimeni  proches,.-. 

An  enunciation,  partly  in  words  and  partly  by  symbols,  is  also 
given  by  liagrange ;  see  the  MiaceUanea  Tauriiwnaia,  Vol.  ii. 
page  285. 

We  may  remark  that  D'Alembert's  notation  might  be  rendered 
at  once  simpler  and  more  general.  Instead  of  pZ,  where  f>  is  a 
function  of  r  and  Z&  function  of$,  put  V,  where  F  is  a  function 
of  both  r  and  6;  also  put  V  instead  of  p'Z',  and  V"  instead  of 
p"'Z".  Then  the  equation  at  the  beginning  of  this  Article  may 
be  written 

dV  d  ,    ,,     d  ,     „„,        dV 
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In  bis  Opuacvies  Math^maiiqueB,  Vol.  T.  page  6,  D'Alembert 
returns  to  the  example  of  Art.  401.  There  he  takes  />'  to  be  a 
function  of  8  instead  of  r ;  or,  which  comes  to  the  same  thing  to 
his  order  of  a^^nozimation,  he  puts  instead  of  the  first  of  equa- 
tions (3) 

-8~p'  +  -£:  apZ+  ap"Z' ; 

hence  wo  have  an  additional  term  a-f-p  "jS  '^  ^"^  '^®  right-hand 
side  of  (5) ;   and  finally,  instead  of  (6),  we  obt^n 
,dZda      y„d  ,      „..  „dZ' 

403.  I  am  not  sure  that  I  understand  D'Alemhert'a  conti- 
nuation after  the  point  which  we  reached  at  the  end  of  Art.  401 ; 
but  I  think  that  it  is  substantially  equivalent  to  the  following. 

Assume  that  the  sur&ces  of  equal  density  are  level  surfaces ; 
then  the  force  along  the  tangent  to  the  curve  considered  must 
vanish.     Thus  we  obtain  to  our  order  of  approximaUon 

pp'  az     „,„„ 

Now  p'  and  p  are  functions  of  r  only,  and  ^and  Z'  are  func- 
tions of  6  only ;  so  we  must  have 

e^-V,  r.0% (7), 

where  C  is  some  constant. 

Substituting  in  (6)  we  obtain 

{n(  ■"  ,     ^P"'\        dp'\dZ  ^    .,dZ'     . 
\0[P    +r^)-pf'^^+p   ^=0; 

which,  B8  before,  leads  to 

dZ'     „dZ        „/•„,.     dp'"\       dp'        _„         „. 

where  B  is  some  constant 

Thus  we  have  the  four  equations  (7)  and  (8)  holdiDg  in  place 
of  the  single  equation  (4). 

IB— 9 
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From  the  first  of  (S)  we  have 

Z'^BZ+S", 
irhere  S'  is  some  constant. 

From  the  first  of  (7)  and  the  second  of  (8)  we  get 


djp'p)  _    dp' 


-Bp". 


BO  that  —Bp"  =  p'^. 

Thus,  finally, 

Miai  is, 

where  £,  is  some  constant. 

These  resulte  are  of  course  less  general  than  the  single  equa- 
tion (4). 

•  404.  D'Alemhert  finishes  the  Appendix  with  some  matter 
which  is  very  closely  connected  with  our  subject.  He  says  on 
bis  pages  208  and  209: 

Je  remarqneru  k  cette  occasion,  qu'il  me  Bemble  qu'oti  n'a  point 
eacora  rfooln  d'une  maiu&e  asBes  g£n6rale  le  ProblSme  de  la  figure  da  la 
Terre,  dans  I'liypotheee  que  I'attractioii  soit  en  raiaon  inverae  dn  qaarr€ 
des  dtatanoes,  et  que  la  Terre  soit  compost  d'on  amaa  de  Fluidea  de 
diffirentee  den&it6B. 

Accordingly,  D'Alemhert  proposes  his  more  general  solution  of 
the  problem  of  the  Figure  of  the  Earth.  It  would  not  be  ad- 
visable to  devote  much  space  to  shew  that  D'Alembert's  additions 
to  Clairaut's  investigations  are  worthless ;  but  as  we  have  already- 
given  the  principal  formulae  which  are  necessary,  we  shall  be  able 
with  brevity  to  justify  this  opinion.  D'Alemhert  himself  refers,  as 
we  shall  do,  to  Clairaut,  for  some  formalee  which  are  necessary. 
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We  adopt  Qairaut's  hypotbesis  that  the  Earth  con^ste  of 
eHipsoidal  fluid  strata  of  varying  density  and  ellipticity.  Let 
p  denote  the  density ;   take  the  known  equation  of  Art  401, 

Im'^m (1). 

Here  the  quantities  are  supposed  to  he  expressed  in  terms 
of  0  and  a ;  and  we  use  the  square  brackets  to  indicate  this. 
But  suppose  that  a  is  changed  into  r  [1  +  e  sin'  0)  ;  then  we  have 
to  transform  (1)  suitably. 

and  ^  is  to  be  found  on  the  supposition  that «  is  constant,  so  that 
to  our  order  of  approximation  it  is  equal  to  --  ire  sin  $  cos  0. 
Thus  rejecting  the  square  of  e  we  hare  &om  (1) 

^  0.S)  - 1  (,S)  2™  Bin  «  c»  »  .  ^  O-T). 

Let  ^  denote  the  angle  between  the  radius  vector  and  the 
tangent  to  the  ellipse  at  the  point  considered ;  so  that  to  our 
order  cos  (^  =  2c  sin  d  cos  d.     Hence 

=  |.  p  (r  2*+ r  COS  ^)  -  2  sin  fl  cos  fl,»S  ^ . 

Thus  ^Q>8)  +  2pBm0coBeS^^~^(prQ), 

where  Q  stands  for  T+  cos  0jS,  that  is,  for  the  whole  force 
along  the  tangent;  and  the  first  term  may  be  written  p  j^> 
Hence  finally 

pg  +  2pain«cos«S-<"'=^(pr« (2). 

This  equation  substantially  coincides  with  that  whichD'AJembcrt 
uses ;  but  he  does  not  sufficiently  explain  his  ( 
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405,  We  have  now  to  give  the  values  of  Q  and  S.  1  shall 
uae  the  foUowiog  notation  : 

r(r)  for  rpf'dr, 

fl,(r)forj"V^dr, 

Let  h  be  the  extreme  value  of  r,  that  is  the  value  of  r  at 
the  surface ;  and  let  a  be  the  angular  velocity.  Then  it  will  be 
found  that 

+  4.(3sm'«-2)|?|M-MhlfW2.J_„V™-e. 

The  value  of  Q  is  found  as  in  Art  341,  or  Claimut's  page  273. 

The  value  of  —  S  is  found  as  in  Art.  336,  or  Clairaut's  page  247 : 

it  iB  only  necessary  to  add  to  what  is  there  given  the  central 

attraction  which  arises  from  the  matter  which  may  be  said  to 

be  external  to  the  attracted  point,  and  thus  we  obtain  the  terro 

which   involves  il,  in  the  manner  the  term  involving  il^  was 

obtained. 

„  dS 

Hence -^ 

■a  /if  167reT(r)  24rjrn,(r)  16irr  _-,  „,  _  ,  ,_  _  ,  1 
=  8m5  cos5  j ?"^''"  — Ki*^ 5~  l^<,(^)  -il,(»-)]-2«VV  . 


Thus  (2)  becomes  to  our  order  of  approximation 
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LetK=~r(r)-^^-^[a^{b)-ajir)]-^;  then  multiply 

by  r*  and  differentiate ;   then  divide  by  r*  and  differentiate  again. 
Thus  we  obtain 

Moreover  (3)  may  be  written 

multiply  by  -  and  differentiate :  then  we  obtain 

d^      V^*      (6      2prl 
<ir'+T{r)  dr~p     tfr)!' 

=Mur-^-^^-]] <^'- 

Comparing  (4f)  and  (5)  we  obtain  -5-  { ■/)  —0;  therefore 

J-  =Ma,  constant ;  and  so  the  right-hajid  side  of  (4f]  becomes 

r{r)'3^\r*dr\r   dp)]' 
Thus  B'Alembert  considers  be  has  found  a' more  general  result 
than  bad  hitherto  been  given;   for  we  know  that  Cl»raut's  de- 
rived equation  agrees  with  (4)  when  the  right-hand  side  is  changed 
to  zero :   see  Art  343. 

But  D'Alembert  himself  admits,  that  at  the  external  surface 
there  can  be  no  tangential  force,  and  so  K  must  vanish  there ;  see 
the  last  line  of  his  page  211.  This  would  suggest  Af=0;  but 
D'Alembert  wishes  to  avoid  this,  and  so  he  says  it  will  be  suEBcient 


The  error  involved  is  very  serious  even  for  D'Alembert :  such 
a  strange  result  should  have  led  him  to  review  bis  process.  If  we 
develope  the  right-band  side  of  (3)  we  have  one  term  involving 
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^ ,  and  another  involving  p ;  the  latter  term  is  exactly  the  same 

as  we  have  on  the  left-hand  side  of  (3).    Thas  (3)  becomes  simply, 

in  D'Alembert'e  notation,  Kr-^  =  0;  thus  either  K=0,ot^  =  0; 
or        '  dr 

in  the  latter  case  the  density  is  constant :  in  both  cases  the  level 

surfaces  are  surfaces  of  equal  density. 

In  fact,  as  we  stat«d  in  Art.  4fOO,  we  know  that  for  such  forces 

as  occur  in  nature  the  level  surfaces  must  be  sur&ces  of  equal 

density;  this  was  pointed  out  by  Lt^jange  in  some  observations  on 

D'Alembert's   misconception :    see  the   MiactVavea    Taurinenaia, 

Vol.  II.  page  285. 

406.  D'Alembert  himself  briefly  admitted  and  corrected  his 
error  in  his  Opuscvles,  Vol.  Y.  page  4 :  my  remarks  were  written 
before  I  had  arrived  at  this  admission ;  and  I  have  ventured  to 
retain  them.  It  is  curious  to  notice  the  complacent  satislwitioD 
with  which  D'Alembert,  up  to  the  period  of  the  admission  of  his 
error,  regarded  his  efforts  to  improve  the  important  result  which 
I  call  Clairaut's  derived  equation:  see  the  JBeeherches....St/et^ii« 
dii  Monde,  ToL  II.  page  290,  and  Vol.  ni.  pages  zxxvi  and  zxxrii ; 
and  also  the  article  Figure  de  la  Terre  in  the  original  Ervayclopidie. 

407.  W©  might  have  deduced  equation  (3)  of  Art.  405  firom 
equation  (6)  of  Art.  401.  Betum  to  the  notation  of  Art  401,  using 
<r  for  the  density.     W^e  have 

and  thus  equation  (6)  becomes 

d     /    ,       ,„,         ,,  ,      ,dp 


and  ap  =  re,     p' =  4nr  ]-^  +  small  termsV , 

„     .     (     2eT(r)      3a(r)      2r  „  „,     ^  ,  .-     atV) 

V" -!>.{%!;■' +  j'[n.  (J) -n.Mj  +  i;). 
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Substitute  tbene  values  in  the  above  equation,  aod  it  will  be 
found  to  agree  with  (3)  of  Art,  405. 

4'08.  In  considering  the  writings  of  D'Alembert  on  our  subject 
up  to  tbe'present  point,  ve  iind  but  little  of  importance.  Not 
only  do  tbey  fail  to  odd  anything  to  what  Clajraut  had  given,  but 
they  do  not  even  reach  the  same  level.  It  seems  to  me  that 
D'Alembert  had  not  taken  the  trouble  to  study  a  work  which  fax 
surpassed  all  his  own  efforts  in  the  same  direction. 

409.  The  next  work  by  D'Alembert  is  entitled  Reckerckes  sjw 
diffirena  points  importans  du  Systime  du  Monde.  This  work  forms 
three  parts  or  volumes  in  quarto.  The  first  and  the  second  parts 
were  published  in  1754 ;  and  the  third  part  iu  1756. 

The  first  part  contains  the  Title,  Preliminary  Essay,  Table  of 
Contents,  and  Corrections  in  Ixviii  pages;  then  the  text  of 
260  pages :  there  is  one  plate. 

The  second  part  contains  the  Title  and  Table  of  Contents  in 
vi  pages ;  then  the  text  of  290  pages :  there  are  three  plates. 

The  third  part  contains  the  Title,  Preface,  Table  of  Contente, 
and  the  Privilege  du  Boi  in  xlviii  pages ;  then  the  text  and  Cor- 
rections of  263  pages :  there  are  two  plates. 

410.  There  ia  nothing  in  the  ■  first  part  with  which  we  are 
concerned. 

In  the  second  part  we  have  on  pages  201... 209,  Semarguea 
Biir  la  figure  de  la  Terre,  qui  riauUe  de  la  Fr^cesgion  des  E^inoxet ; 
and  on  pages  265... 290,  we  have  a  Chapter  entitled  De  la  Figure 
de  la  Terre. 

411.  D'Alembert,  on  bis  pages  201. ..209,  returns  to  the  subject 
of  the  information  which  the  theory  of  the  Precessdon  of  the  Equi- 
noxes gives  with  respect  to  the  theory  of  the  Figure  of  the  Earth. 
He  first  substantially  repeats  the  matter  of  which  we  have 
given  an  account  in  Arts.  385  and  386.  He  then  says,  on  his 
page  204 : 

Je  dois  cepeudant  avouer  qu'un  gTand  Cieom^tre  a  cru  ponvoir 
concilier  tout,  en  aupposant  que  hi  Terre  eoit  un  solitle  Elliptique,  dout 
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la  dMSrenoe  dw  Axes  eoit  =  a?^  >  ^^  <l>u  renferme  au-dedana  de  loi  tm 

no^a  qth&iqne  dont  U  deomt^  aoit  1  celle  du  8ph€roide  oomme  10  est 
jl  1,  «t  dont  le  TKfoa.  aoit  aa  ni^OD  de  rEqaateor  comme  3^5. 

D'AIembert  here  alludes  to  a  memoir  hj  Euler  on  the  Pre- 
ceaEion  of  the  Equinoxes,  published  in  the  Berlin  M^moirea  for 
1749 ;  see  pa^e  315  of  the  memoir:  Euler  does  not  support  his 
KUggestion  by  any  theory  connected  with  our  subject. 

D'Alembert  shews  that  the  above  supposition  is  inadmissible. 
Take  a  formula  obtained  in  Art.  374,  namely 


4w/w     4w  (<r  —  pj  a"     4irpr ' 


let  j  denote,  as  usual,  the  ratio  of  the  centrifugal  force  at  the 
equator  to  the  attraction  there,  so  that 

,     .(4f7rpr  ,  4Tr(ff-p)»'l 

"■-•'l-r+-V^}' 

therefore  e  =      ■  i — jr-  • 

Now  let  us  suppose  a  =  lOp,  and  s  =  v »".  bo  that  - — — y^ —  =  2 
very  nearly.    Thus 

,_.?•     1  +  2     ,,5?. 


this  value  of  e  is  smaller  than  observation  will  allow.  It  will  be 
observed  that  D'Alembert  assumes  that  the  ellipticity  of  the  ex- 
ternal surface  is  the  same  aa  if  the  outer  part  were  fiuid :  it  is 
not  obvious  whether  Euler  contemplated  this  in  his  hypothesis 
that  the  Earth  consisted  of  two  solid  parts. 

412.     We  now  pass  to  pages  265. ..290  of  the  volume.     On 
pages  2G5.,  .274,  D'Alembert  considers  how  the  figure  of  the  Earth 
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may  be  found  by  geographical  operations.  He  Buggeete  in  fact 
that  we  should  assume  for  the  radius  vector  a  series  with  unknown 
coefficients  involving  cosines  of  multiples  of  the  colatitude.  Then 
by  measuring  the  lengths  of  degrees  of  the  meridian  in  various 
latitudes  we  find  the  corresponding  values  of  the  radius  of  curva- 
ture :  and  thus  we  obtain  equations  for  determining  the  unknown 
coefficients  in  the  assumed  expression  for  the  radius  vector. 

4X3.  D'Alembert  also  suggests  that  observations  of  the  Moon's 
parallax  may  be  employed  for  information  as  to  the  figure  of  the 
Earth :  but  he  admits  that  practically  this  method  would  be  of 
little  valua 

414.  In  pages  275. ..290,  D'Alembert  indicates  a  method  for 
calculating  the  attraction  of  a  spheroid  on  a  particle  at  the  surface. 
Suppose  Q  a  point  of  the  surface,  O  the  point  which  may  be 
called  the  centre  of  the  spheroid.  D'Alembert  proposes  to  con- 
sider the  spheroid  as  composed  of  two  parts ;  one  part  being  the 
sphere  on  GQ  as  radius,  and  the  other  part  the  difference  between 
the  sphere  aud  the  spheroid.  He  shews  how  the  approximate 
value  of  the  attraction  of  the  second  part  may  be  conveniently 
calculated. 

It  is  obvious  that  the  principle  of  this  method  is  the  same  as 
that  which  has  since  been  developed  by  Laplace.  D'Alembert 
gives  only  an  outline  of  his  method  here ;  he  works  it  out  in 
detail  in  the  third  volume  of  the  Secherches.„Sy8t^nie  du  Monde. 
We  shall  recur  to  it  in  our  Article  424. 

415.  We  now  arrive  at  the  third  volume  of  the  Beckerchea 
...Bystime  du  Monde.  Here  pi^es  zix...zlii  and  107.. .260  are 
devoted  to  the  Figure  of  the  Earth. 

416.  In  pages  xix...xlii  D'Alembert  gives  some  introductory 
remarks  on  the  subject,  the  purport  of  which  Is  to  shew  the  uncer- 
tainty as  to  the  actual  facts.  It  was  possible  to  doubt  whether 
the  Earth  was  a  figure  of  revolution ;  granting  it  to  be  such,  it 
was  possible  to  doubt  whether  the  northern  and  the  southern 
hemispheres  were  exactly  alike;    and  granting  that  they  were 
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exactly  alike,  it  was  possible  to  doubt  whether  the  figure  was  that 
of  an  ellipsoid  of  revoluti(Ki. 

B'Alembert  refers  to  six  measured  lengths  which  had  to  be 
considered  in  testing  any  theoty ;  five  of  these  were  area  of 
meridians,  namely,  those  in  Lapland,  Peru,  France,  the  Cape 
of  Good  Hope,  and  Italy :  one  was  an  arc  of  longitude,  in  latitude 
43"  32'.'  As  to  a  degree  of  the  meridian  in  France,  three  lengths 
had  been  proposed ;  Picard  gave  57060  toises ;  the  Academicians 
of  the  North  corrected  it  to  57183  toises;  and  subsequently  it 
was  put  at  57074  toisee :   see  Art  236. 

D'Alembert  found  it  impossible  to  assign  such  a  value  of  the 
ellipticity  as  would  harmonise  the  six  measured  lengths. 

417-  The  following  points  of  interest  may  be  noticed  in  the 
introductory  remarks  by  D'Alembert. 

On  page  xxxii  he  says  that  a  hemispherical  mountain  a  league 
high  ought  to  make  a  pendulum  deviate  more  than  1'  from  the 
vertical;  but  the  high  mountains  in  Peru  scarcely  produced  a 
variation  of  7".  It  is  easy  to  verify  his  calculation,  supposing  the 
density  of  the  mountain  equal  to  the  mean  density  of  the  Earth. 
For  the  Eacta  as  to  the  mountains  in  Peru  see  Bougner's  Figure 
de  la  Terre,  pages  364.. .394. 

D'Alembert  in  a  note  on  bis  page  xl  suggests,  that  in  such  a 
mountainous  country  as  Italy,  the  direction  of  the  plumb-line 
may  have  been  disturbed,  and  thus  an  error  produced  in  the 
measured  length  of  a  degree. 

D'Alembert  refers  to  the  figure  of  Jupiter  as  su^esting  by 
analogy  what  the  figure  of  the  Earth  may  be ;  but  I  do  not  un- 
derstand all  that  is  said  on  this  matter.  The  following  passage 
occurs  on  pages  xxxv  and  xxxvi. 

Car  les  obeerratioiiB  nous  prouvent  que  la  snr&oe  de  Jupiter  eat 
snjette  i  dea  alterations  sans  comparaison  pluB  condd^nkbles  et  plus 
fr^qaentee  que  oelle  de  la  Terre ;  or  a  cea  alterations  n'inflaoient  en 
lien  snr  la  figure  de  I'^uateur  de  Jupiter,  pourquoi  la  figure  de  I'^qna- 
tenr  de  la  Terre  serolWle  alt^rfie  par  dee  monvemena  beancoiip 
moindreal 

I  do  not  know  what  changes  in  Jupiter  he  refers  to  here. 
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Agtun  he  Buggesta  that  we  should  detenDine  hy  observation 
whether  the  figure  of  Jupiter  is  precisely  that  which  theory  would 
assign;  hut  I  cannot  see  any  practical  value  in  the  method 
which  he  proposes.     He  states  it  thus  on  his  page  xli : 

Pour  cela  il  Btiffiroit  de  meeurer  le  panJlele  k  r&iaateur  de  Jnpiter, 
qui  en  Mroit  ^oigii£  de  60  degr^s ;  ai  ce  parallele  ae  troaToIt  sensible' 
ment  £gal  on  in^gal  i  Is  inoiti^  de  I'^qoateor,  le  m^ridien  de  Jupiter 
seroit  elliptique  on  ns  le  aeroit  pas. 

It  seems  to  me  that  supposing  the  ohservation  could  be  made 
with  great  accuracy  it  would  afford  but  little  information ;  if  the 
parallel  were  not  exactly  half  of  the  equator,  we  should  know 
that  the  meridian  could  not  be  circular :  but  we  could  not  in  any 
case  pronounce  what  the  figure  must  be  from  merely  knowing 
the  value  of  this  parallel. 

*18.    We  now  proceed  to  the  text  on  pages  107.. .260. 

A  brief  introduction  commences  the  discussion.  D'Alembert 
proposes  to  examine  the  figure  of  the  Earth,  first  astronomically, 
80  far  as  observations  make  it  known,  and  then  phyracally  by 
theory. 

419.  In  the  first  three  Chapters  D'Alembert  considers  whether 
we  can  by  direct  observations  determine  if  certain  hypotheses 
which  are  usually  made  are  strictly  true.  Thus,  for  example,  we 
usually  assume  that  the  plane  which  contains  the  axis  of  the 
Earth  and  any  given  place  will  also  contain  the  vertical  line  at 
that  place :  this  amounts  practically  to  assuming  that  the  Earth 
is  a  figure  of  revolution.  D'Alembert  shews  that,  strictly  speaking, 
this  hypothesis  may  be  untrue;  for  observations  made  at  any 
^ven  place  would  not  enable  us  to  decide  that  the  vertical  did  or 
did  not  he  exactly  in  the  plane  containing  the  place  and  the  axis 
of  the  Earth.  Again,  we  define  the  .vertical  direction  at  any 
place  as  that  of  falling  bodies ;  and  we  know  that  this  direction 
is  perpendicular  to  the  surface  of  fluid  at  rest  at  the  place  :  but 
this  direction  will  not  be  necessarily  perpendicular  to  the  surface 
of  the  solid  Earth  at  the  place.  Now  D'Alembert  shews  that  if 
the  angle  befween  these  two  directions  is  very  small  we  shall  not ' 
be  able  to  detect  it  by  observations. 
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I  do  not  give  ajiy  detailed  account  of  these  Chapters,  Bince  the 
propositions  are  of  such  a  kind  that  they  readily  commend  them- 
selves as  reasonahle.  The  processes  of  D'Alemhert  require  atten- 
tion to  understand  them ;  but  they  will  be  found  to  present  do 
very  serious  difficulty. 

420.  D'AIembert's  fourth  Chapter  is  entitled  De  la  F^re  da 
la  Terra  dxine  lea  hypotkises  ordinaires.  This  is  of  the  same 
character  as  the  portion  of  the  second  volume  of  the  SechercJiea 
which  ve  described  in  Ait  412. 

421.  D'AIembert's  fifth  Chapter  is  entitled  Des  paraUaxes  en 
tatU  qa'dlea  d^pendeni  de  la  figure  de  la  Terre.  The  Earth 
being  not  ar  sphere  the  parallax  of  the  Moon  will  vary  with  the 
place  of  observation ;  D'Alemhert  investigates  formuIsB  for  the 
parallax :  but  these  investigations  belong  rather  to  Plane  Astro- 
nomy than  to  Physical  Astronomy. 

422.  We  now  pass  to  D'AIembert's  second  Section,  which  ia 
entitled  De  la  figure  de  la  Terre  consid^e  pht/aiquement, 

423.  The  first  Chapter,  on  pages  106.. .177,  contains  the  in- 
vestigation of  certain  integrals  which  will  be  used  in  the  sequel. 

Thus,  to  take  the  first,  required 

f     dt  (1-f)' 

n  being  a  positive  int^er. 


gral  becomes  ^ 

1  f  s'ds 

~  2  (1  -  i"J- j  VC«  - -fs  -  ft" O  ■ 
D'Alemhert  requires  the  integral  between  the  limits  0  and  1 

1  —  ft* 

of  (;  to  these  limits  correspond  — t^—  and  0  for  9.     He  easily 

obtains  the  required  result  by  ordinary  methods :  we  will  verify  by 
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assuming  sin*  0  =  = — p ,  which  reduces  the  integral  to 


l^j\m'~ede, 


and  the  value  is 

1     (2n-l)(^-3).^  w 
i""'      2n(2»-2)...2      '2' 

D'Alembert  arrives  at  the  same  result  on  his  page  170 ;  he  ap- 
parently gives  twice  this  value,  but  he  has  really  taken  the  inte- 
gral twice  over, 

On  his  page  171,  he  profeses,  I  think,  to  investigate  the  integral 
C     dt (1-ff 

where  n  is  an  odd  positive  integer ;  but  his  printing*  is  not  very 
distinct.    This  integral  transforms  as  before  into 


2(l-i^*. 

It  is  unnecessary  for  his  purpose  to  take  any  notice  of  the  nu- 
merical factor  which  is  here  outside  the  integral  sign ;  and  so  he 
omits  it. 

He  gives  three  times,  namely  on  hie  pages  174<,  176,  and  177, 
the  following  result : 

f*-a;(2ra;-a0' 


(2rj!)<  5x7x9' 

424'.  D'Alembert'e  second  CJhapter,  on  pages  178.. ,199,  is 
entitled  De  VaUracHon  (fun  Bpk&oide  sur  lea  corpuaeiUea  places 
d,  aa  surface ;  et  de  la  Jigure  qui  en  r&uUe  pour  ce  apfi^rolde. 

We  b^Q  with  a  general  formula  for  the  attraction  of  a  sphe- 
roid on  a  particle  at  the  sur&ce,  resolved  tangentially ;  we  shall 
follow  D'Alembert  as  to  principle,  but  we  shall  simplify  the  mere 
analytical  work. 
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Let  there  be  a  point  Q  on  the  surface  of  a  spheroid,  let  s  be 
the  distance  of  Q  from  a  fixed  point  nhich  we  may  call  the  centre 
of  the  spheroid ;  let  d  be  the  angular  distance  of  Q  from  the  pole. 
It  is  required  to  find  the  attraction  of  the  spheroid  at  Q,  resolved 
tangentially. 

We  assume  that  the  spheroid  ie  a  figure  of  revolution.  We 
may  suppose  that  the  spheroid  consists  of  a  sphere  of  radius  s,  and 
an  additional  shell :  see  Art.  414.  We  assume  that  the  shell  is 
at  every  point  &o  thin  that  it  may  be  treated  as  if  it  were  con- 
deased  on  the  surface  of  the  sphere  of  radius  8.  It  is  obvious  that 
we  need  only  consider  the  shell  when  we  seek  the  tangential 
attraction. 


Let  B  be  any  other  point  on  the  surface  of  the  spheroid ;  and 
let  it«  polar  co-ordinatea  be  »'  and  ff.  Let  P  be  the  pole ;  put  /t 
for  ihe  angle  which  QR  subtends  at  the  centre,  and  ^  for  the 
angle  PQS. 

The  element  of  spherical  surface  at  B  may  be  denoted  by 
^Biny.dfj.d-<p-',  and  thus  the  element  of  mass  of  the  shell  may  be 
denoted  by  {if —  s)^mifidftd'^,   taking  the   density  as   unity. 

The  distance  from  Q  is  2a  sin  ^.     We  first  take  the  resolved  part 

of  the  attraction  along  the  tangent  to  QB  at  Q;  and  then  we 
resolve  this  along  the  tangent  to  QP  at  Q. 
Thus  we  obtain 


(«'—«)  ^am-ftdft  d^      <    <       ^  cos  ^, 
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(«'  —  «)  COe?  ^  COS  ■^ 


If  we  integrate  thia  expression  between  the  limits  0  and  ir 
for  f*,  and  0  and  Zir  for  ^,  we  obtain  the  tangential  attraction 
at  Q  totoarda  the  pole. 

425.    Now  suppose,  with  IVAlembert,  that 

a' =  r +ra  (.4  +  i?  COS  ^  +  CcosV  +  i?  cos"  fl^, 
where  a  is  a  very  small  constant,  and  r,  A,  B,  C,  D  ate  any  con- 
stants :  we  might  suppose  these  constants  confiected  by  the  re- 
lation A  +  B+  C+D=0,  and  then  r  would  be  the  polar  semi- 
axis  of  the  spheroid.  However  we  will  not  use  this  supposition. 
Substitute  this  value  of  s'  in  the  expression  of  the  preceding 
Article :  then  we  see  that  the  tangential  attraction  reduces  to 

^cos»^cos^ 

—  (BcOB  (T  +  (7cos*  ^  +  i)  cob'O  <^/* ''^ ; 


2  J  Jo 


"2 
and  cos  ^  =s  cos  5  cos  /*  +  sin  fl  sin  /*  cos  ^. 

We  shall  determine  separately  the  values  of  the  three  parts  of 
which  the  integral  is  composed. 

The  term  involving  J?  reduces  to 

»     ,,%fcCOS*^COS^ 

-g-  I    I        I  sin  d  sin  u  COS  '^  <^/t  d^ ; 

this  =iirBandir  I  co^^dfi— •^<irBa.n$. 

The  tenn  involving  O  reduces  to 
,,rtoC0S*^C08  + 

arCi    i  cos  0  cos  /i  sin  0  sin  /i  cos  '^  (^  rfif*  j 

'  "       *"! 

this    =2arC8intf  cosff  ?rl  cofl'scosi.ditss  —  arCsin^cosA 

T.  H.  A.  19 
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.    The  term  iaf  olving  D  reduces  to 

__— 1    /    ^_H-^^—  (Scoa'dcos'/isiQ^sin/icos^ 

*    '         sin^  +  sin'fl ainV cos* V")  ^f^d^', 

—orJaintfcoe'flSjrl   co8*|coB'/trf^+ari)Bin'5-^l    coB*^8inV<^/* 

ThaB  the  wbole  tangential  attraction  towards  the  pole  is 
4Tr«r  (^Mnfl  +  -r-8indco8d  +  -^^  sin d  cos' ^  +  -s=  sia' fl) . 

426.  Let  there  he  a  solid  sphere  of  radius  r  and  dendty  <r, 
surrounded  by  a  thin  fluid  stratum  of  density  it';  and  let  the 
radius  of  the  external  surfiice  of  this  stratum  be  the  «"  of  Art.  426, 
We  propose  to  enquire  if  this  fluid  will  remain  in  a  state  of  rela- 
tive equilibrium  when  rotating  with  uniform  angular  velocity. 


resolved  part  of  this  tangeotially  towards  the  pole  is  found  to  the 

order  we  require  by  multiplying  by  -t-tw  ,  uaing  B  instead  of  ^  in 

the  result    Let  j  denote  the  ratio  (^  the  centrifugal  force  at  the 

equator  to  the  attraction  there;  then  — = — j'sindcos^^omthe 

pole  is  the  tangential  action  of  the  centrifugal  force.     Thus  equat- 
ing to  zero  the  whole  tangential  force  we  get 


— g-^J8in^co8tf-.-5^(j5Bind+2(7sintfcoBtf+3/>Binffeos'^ff=0. 
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Divide  b;  sin  6 ;  then  equate  to  zero  the  coefficients  of  the 
varioiiB  powers  of  cos  0,    Thus  we  obtain 

^-^■-f-« «• 

2aO'    iff     2aCo-  „. 

5     ~S         3     '■^^* 

^-i"- (»)• 

From  (3)  we  get  ff  =  =V ;  then  from  (2)  we  get  oO  =  ^  ;  and 
then  from  (1)  we  get  B=~^. 

D'Alembert  has  a  wrong  equation  instead  of  (1),  and  so  his 
value  of  ^  is  wrong ;  he  corrects  the  error  in  his  (^pusculea  MaffU- 
matiquei,  Vol.  Ti.,page  230. 

It  is  remarkable,  as  D'Alembert  says  on  his  page  181,  that  the 
value  of  (7  is  independent  of  S  and  J),  and  is  numerically  the 
same  as  it  wonld  be  if  we  made  tx'  =3  <r,  and  therefore  B  and  Z> 
zero,  hat  with  the  opposite  sign. 


427.  D'Alembert  shews  that  the  equation  /=r-i-ar{A+Bco8ff) 
represents  a  circle ;  supposing  a  bo  small  that  its  square  may  he 
Delected.  He  states  that  on  the  same  supposition  the  equation 
9  ^r  +  ar{A  +  Boo60'+  Cva^ff)  represents  an  ellipse.  See  his 
pages  181.  ..183.    It  is  easy  to  verify  these  propositions. 

428.  D'Alembert  proceeds  to  another  case  of  relative  equili- 
brium on  his  page  183.  He  first  states  the  value  of  the  attraction 
towards  its  centre,  produced  by  an  oblatum  of  small  excentridty 
on  an  external  particle.  Suppose  the  polar  semiaxis  to  be  r,  and 
the  equatorial  semiaxis  r  (1  +  a)  where  a  is  very  small ;  let  2  be 
the  distance  of  the  attracted  particle  from  the  centre  of  the 
oblatum,  6  the  angle  between  the  polar  semiaxis  and  the  direc^ 
tion  of  S.     Then  he  aays  that  the  value  of  the  attraction  towards 
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Hie  centre  is  ' 

JmV      STrr'g      47rVa      U-rrr'a  C06*  0 
38*  "'""35^"'"    58*  &«*  ' 

he  aaya  that  this  can  be  obtained  by  methoda  given  further  on,  or 
by  other  means. 

We  may  easily  verify  this  Btatemeiit.  If  Jf  be  the  mass  of 
an  oblatum,  B  the  pohu-  semiazie,  e  the  ezcentricity ;  then  the 
attraction  on  a  particle  at  the  distance  S  from  the  centre  oo  the 
polar  axis  produced,  is  by  Art.  261,  approximately 


f(' 


3^^'i^^ 


Then  use  the  theorem  given  by  Clairaut,  Art.  333  ;  we  have 
consequently  ^  =  r  (l+asin*^,  and  also  .S'(l-e*)"'  =  r'(l +o)'; 
BO  that  e*  =  23  —  3a  sin*  0.  With  these  values  of  S  and  e  we  shall 
verify  D'Alembert's  statement. 

429.  Now  suppose  the  Earth  to  consist  of  a  solid  oblatum  of 
density  <r,  BurrouQded  by  a  thin  layer  of  fluid  of  density  ff ' ;  as  an 
equivalent  supposition  we  may  take  two  coexistent  oblata,  the 
lesser  of  density  a  —  <r',  and  the  larger  of  density  </. 

Let  the  polar  and  equatorial  radii  of  the  lesser  oblatum  be 
r  (1  - /9)  and  r  (1  - /3)  (1  +  a)  respectively ;  and  let  those  of  the 
laiger  be  r  and  r  (1  +  o) :  we  suppose  a,  a',  and  fi  so  small  that 
squares  and  products  may  be  n^lected. 

Let  P  denote  the  gravity  of  a  particle  at  the  pole,  and  a  the 
gravity  of  a  particle  at  the  equator ;  the  particle  being  supposed 
to  be  on  the  outer  surface.     We  shall  find,  by  Art  428,  that 

52wraV     imrirt 
■*■       15  3     ' 

therefore,  J^?-2.+j-° ''7'')  "'.g^  (1). 


LiJi^db,  Google 


b'ALEHBEBT.  S98 

But,  by  Art,  376.  we  have  »  .  "^ ("  "li' tS' (2). 

'  lOlT— Off 

Substitute  in  (1)  the  value  of  a  found  from  (2) :   thus  we  get 

^-f- ™- 

Substitute  in  (3)  for  a  from  <2j ;   thus 

w  4,  ^       2(I0ff-6cr')        ^  •'• 

These  results  agree  with  D'Alembert's  on  hia  page  186,  but 
the  notation  is  different. 

It  ia  obvious  from  (4)  that  if  <T-<r'  and  5j-ia'  are  both 
positive,  then  - — — ~  is  greater  than  -r  ;  also  if  »■  —  ff'  and 
Sj  —  ia!  are  both  negative,  and  lOff— 6<r'  is  positive,  then  

is  greater  than  -^ .    Also  if  v  —  tr'  and  5;"— 4a'  are  of  contrary 

P—vr  5} 

signs,  and  lOff  —  6ff'  is  positive,  then  ——, —  is  less  than  -^ . 

430.  It  will  be  observed  that  the  preceding  investigation 
depends  on  that  which  we  have  noticed  in  Art.  376,  and  which  ia 
Bot  altogether  satisfactory,  although  D'Alembert  seems  to  have 
been  very  fond  of  it.  We  may  also  remark  that  if  the  layer  of 
fluid  is  to  surround  the  body  completely,  there  must  be  a  certain 
condition  satisfied,  namely,  1  —  /3  +  a'  must  be  leas  than  1  +  a : 
D'Alembert  does*  not  advert  to  this,  but  it  is  not  of  much  im- 
portance. 

431.  D'Alembert  on  bis  pages  187  and  1 88  makes  some  remarks 
on  Clairaut.  D'Alembert  here  admits  that  Clairaut  had  already 
obtained  the  result  (3)  of  Art.  429 ;  but  D'Alembert  says  that 
Clairaut's  demonstration  was  limited  to  the  case  in  which  a  is 

greater  than  -^ .    DAlembert  also  states  that  Clairaut  supposed 

the  strata  nearer  to  the  centre  to  be  the  denser,  and  also  supposed 
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that  a  and  a'  could  only  differ  by  a  quantity  infinitemmd  «Wft- 
pared  with  a  or  a. 

But  these  remarks  are  quite  inapplicable.  ClMraut  believed 
the  strata  nearer  to  the  centre  to  be  the  denser;  but  he  did  not 
introduce  this  belief  in  such  a  maoner  ag  to  restrict  his  inves- 
tigations.    Clairaut  does  not  limit  himself  to  the  case  in  vrhich 

a  is  greater  than  ^ :    D'Alembert  seems  to  have  assumed  that 

the  quantity  denoted  by  i?  in  Art,  327  is  necessarily  positive, 
which  it  is  not.  Finally,  Clairaut  does  not  assume  th^t  the  dif- 
ference between  a  and  a'  is  infinitesimal  compared  with  a  and  a', 
when  the  fluid  is  of  finite  thickness,  but  only  when  this  thickness 
is  infiniteumal :  see  Art.  328. 

D'Alembert  certainly  added  nothing  to  the  investigations 
^ven  by  Cluraut  of  the  theorem  which  bears  hia  name  :  in  fact, 
D'Alembert  criticised  these  investigations  before  he  had  taken 
the  trouble  to  understand  them. 


432.  It  is  curious  to  see  D'Alembert  devote  a  whole  paragraph 
on-his  pages  188  and  189  to  a  very  elementary  piece  of  Algebra. 
If  we  have  given  that  12a'  (A  —  I)  is  greater  than  15^(A  —  1), 
we  must  not  infer  that  12a'  is  greater  than  15^,  unless  we  know 
that  A  —  1  is  positive. 

D'Alembert  repeats  on  his  page  190  a  remark  which  he  had 
made  at  an  earlier  date :   see  Art.  378. 

433.  D'Alembert  investigates   on   his   pages  191. ..197  the 

values  of  some  definite  int^jals  which  are  useTul  in  the  sequel, 

1          .                   -  f ""         ic'dx                ,  f "          x'cUb 
namely,  various  cases  of  (  y  and  I  r 

obtained  by  ascribing  to  p  various  positive  integral  values.     For 
example 

dx  2r 


Ti 

r.^. 


dx 2 

-2iu!  +  2ra!)'     "CSr-n)' 
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We  suppose  that  2r  i's  greater  than  n.  We  observe  that  the 
second  c^  these  two  examples  cannot  be  deduced  from  the  first 
by  chaugiDg  the  sign  of  n. 

434.  B'Alembert  makes  some  remarks  on  his  pages  198  and 
199  ou  the  attraction  of  a  spherical  shell     He  takes  r  for  the 

S* 

side  the  shell  at  a  distance  S  from  the  centre :  thus  he  does  not 
introduce  any  Eactor  to  represent  the  thickness  of  the  shell.  When 
the  particle  is  inside  the  shell  the  attraction  is  zero.    He  adds : 

De-lft  il  mo  semblo  qn'on  peat  conclure  que  I'attraction  d'une  sarfiuje 
aph^rique  sor  nn  point  plM;6  sur  cette  snr&ce  m^TDe,  n'est  pas  4r, 
comme  il  pai-oit  qu'on  I'a  crfl  jnaqu'  il  present,  msis  Beulement  2jr, 

If  it  be  necessary  to  put  the  idea  into  words,  it  would  be 
better  to  say  that  the  attraction  of  a  spherical  film  on  a  particle 
which  forms  part  of  the  film  is  2ir. 

B'Alembert  recurs  to  the  subject  of  the  attraction  of  a  sphe- 
rical film  in  the  article  Gravitation  of  the  original  EncydopHie 
and  in  the  first  volume  of  his  Opuscules  MathdmaHques. 

435.  D'Alembert  illustrates  his  remarks  on  the  attraction 
of  a  spherical  film  by  the  following  statement  on  his  page  199  : 

Lea  Geometres  ne  sont  pas  tout-^-fait  gtrangera  il  cea  aortea  de  para- 
doxea,  d'ime  quantity  qoi  s'^Taaotiit  tont  d'un  coup  aana  diaparoltre  par 
d^£a.  Ainai  la  courbe  y  =  Voii;  +  •Ja'(b  +  x)  qui  est  dn  6^  d^r6  taut 
que  b  n'est  pas  =  0,  perd  subitement  plusieurs  bianchea  ]onique6  =  0, 
puree  que  I'^quationd*  8*degr£aer£dait&loraaa  4*.  Yoyezles  JUmoires 
de  rAcofUmie  da  Berlin  1749,  page  146.  Dans  le  premier  oas,  cette 
oourbe  a  nn  diametre  ;  dana  le  oaa  de  6  =  0,  elle  n'en  a  plua. 

This  illustration  does  not  seem  to  me  very  good :  it  may 
justly  be  maintained  that  the  above  equation  when  properly 
understood  is  of  the  8th  degree,  even  when  6  =  0. 

436.  D'Alembert's  third  Chapter,  on  pages  200.. .213  is 
entitled  IVoblSmes  ndcesaaires  pour  ff^n&aiiser  lea  recherches 
pr^dentea.  This  Chapter  consists  of  various  definite  integrals 
which  are  required  by  D'Alembert  in  his  process  for  calculating 
the  attraction   of  a  spheroid.     These   definite  integrals   depend 
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miUDly  on  the  values  of  /      = ,  when  for  p  we  put  in 

succeEsion  0,  1,  2,  3,  4,  5,  6.  Here  S  and  r  arc  constants :  the 
int^rals  present  different  values  according  as  S  is  greater  or  less 
thao  r. 

D'Alembert  puzzles  hie  readers  by  takii^  1  and  —  1  as  the 
limits  of  u  on  his  pages  201,  202,  and  208 ;  but  except  on  these 
pages  the  limits  are  those  -which  I  have  stated,  namely  r  and  —  r. 
Hie  results  are  correct,  allowing  for  a  few  obvious  misprints. 

437.  D'Alembert's  fourth  Chi^ter,  on  pages  214.. .246  is 
entitled  Usages  des  ProblAnes  pr4c4dens,  pour  d^terminar  F attraction 
du  sph4r<nde  eur  un  corpusoule  quelconque. 

He  determines  the  attraction  which  a  ceiiain  ^heroH  of 
revolution  exerts  on  a  particle,  external  or  internal,  at  right  angles 
to  the  radius  vector,  and  along  the  radius  vector ;  these  he  calls 
respectively  the  htyrizcmtal  and  vertical  attractions. 

He  states  the  results,  haying  previously  given  the  values  of 
certain  definite  integrals  which  are  required. 

We  will  explain  how  these  results  may  be  verified ;  the  method 
we  shall  adopt  is  that  whicb  we  have  already  used  in  Art.  424. 


Let  C  denote  the  centre  of  the  spheroid,  CP  the  semi-axis  of  , 
revolution,  Q  any  point  on  the  surface  having  for  its  polar  co- 
ordinates 8  and  0.  Produce  CQ  to  any  point  q.  It  is  required  to 
find  the  horizontal  attraction  on  a  particle  at  q.     Iiet  Cq  =  S. 
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Let  S  be  any  point  on  tbc  surface  baving  for  its  polar  co- 
ordinates s'  and  0".  We  suppose  that  the  spheroid  consists  of  a 
sphere  of  radius  8  and  an  additional  shell. 

Let  the  angle  PQR  be  denoted  by  yfr,  and  the  angle   QCS 

The  element  of  the  shell  &t  B  ='^  (a' —  s)  ein  f*  d/t  di^. 
The  distance  5j  =  (a'*  +  S*  -  Zs'S  cos  /i}*. 

The  resolved  attraction  of  the  element  in  the  plane  MCq  at 
right  angles  to  C^  is  therefore 

»'  Bin  /i^(a'  —  s)  sin  /*  dfi  d'^  _ 

and  resolving  along  the  plane  PCq  we  get 

»'  siu  fi  cos  ^  s*  («'  —  s)  sin  ft.  dfi  d^ 
(«'*  +  S'-2i('6cos/*)» 

We  have  to  integrate  this  between  the  limits  0  and  ir  for  /i, 
and  0  and  27r  for  -^;  then  we  obtain  the  horizontal  attiactioQ 
at  q  towards  P. 

We  suppose  with  D'Alembert  that  g'  has  the  value  given  in 
Art.  425. 

We  shall  obtain  by  effecting  the  int^rations,  neglecting  the 
square  of  a, 


.    .(45/80/       ^  ,  4/V     12/)/     12Z)/      .J 

In  like  manner  if  ;  be  between  C  and  Q  instead  of  on  CQ 
produced,  and  Cq  be  called  S  as  before,  we  obtain  for  the 
horizonttd  attraction 

^.sinf>|-3-  +  ^cos0  +  -g---^^+-^^co8'e|. 

These  expressions  must  be  multiplied  by  a  factor  to  represent 
the  density,  if  the  density  is  not  unity. 

When  S  =  r  these  expressions  both  coincide,  as  they  should  do, 
with  that  given  in  Art.  425. 
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438.  The  attntction  at  q  in  the  direction  at  right  angles  to 
the  meridian  plane  of  q  will  be  zero,  since  the  spheroid  is  supposed 
a  figure  of  revolution.  D'Alembert  himaclf  makes  the  xeaiaik  on 
his  page  216.  He  adds  however  that  tUs  can  also  be  seen  by 
calculation  ;  and  he  gives  bobb  calcalatioas,  which  I  do  not  find 
III  111'  iiiliillj^iiiiw  . 

439.  In  Art.  437  we  have  investigated  expresraons  for  the 
horizontal  attraction  of  the  spheroid  supposed  bomc^neous. 
D'Alembert  deduces  on  his  page  218  the  attractioQ  of  such  a 
spheroid  on  an  included  particle  when  the  spheroid  is  composed  of 
indefinitely  thin  shells  of  varying  density :  the  process  is  the  same 
as  we  have  already  found  was  used  by  Clairaut.  See  Arts.  323 
and  336. 

440.  In  order  to  obtain  the  whole  action  along  the  tangent  to 
the  meridian  curve  at  any  point,  we  must  as  in  Art,  426  add  to 
the  horizontal  attraction  the  resolved  part  of  the  vertical  attraction 
along  the  tangent,  and  also  the  resolved  part  of  the  centrifugal 
force. 

441.  Next  we  proceed  to  find  the  vertical  attraction  on  the 
particle  at  q. 

Suppose  the  particle  outside  the  spheroid.  The  vertical  action 
of  the  sphere  of  radius  a 

-  -g^  =  -ggr  (1  +  3«^  +  3iB  cos  tf  +  3„Ccos»  5  +  3aZ>  cos"  0). 

We  must  now  determine  the  vertical  action  of  the  shell  Aa 
in  Art  437  we  find  that  this  is 

*  (ii  -  a'  cos  ft)  8*  (9  —  a)  sin  /t  dfi  d^ 
(»"  +  5*-2a'ScoBM)' 

By  eflFecting  the  integrations  we  obtain  for  the  whole  vertical 
attraction 

.leTV 


/:/: 
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In  like  manner  if  the  attracted  particle  be  inside  the  spheroid, 
the  vhole  vertical  attraction  is 

—  TTiicos  p— = tnvarw — = — . 

For  a  point  on  the  surface  we  must  put  in  either  of  these 
results  h  =  r(l  +  aA-i-aBcmd  +  aiCco8*6+aDco^0):  it  will  be 
found  that  each  of  tbem  becomes  then 


These  expressions  must  he  multiplied  by  a  factor  to  represent 
the  density,  if  the  density  is  not  unity.  Then  as  in  Art.  439  ve 
can  obtain  the  vertical  attraction  for  a  sj^eroid  composed  of 
indefinitely  thin  strata  of  varying  density. 

442.  D'AIembert  now  discusses  the  relative  eqtiilibrium  of 
hom(^eneous  fluid  surrounding  a  solid  nucleus  composed  of  strata 
of  varying  density :  see  his  page  222.  The  problem  is  thns  an 
extension  of  that  in  Art.  423',  and  it  is  solved  in  the  same  mumer. 
There  is  no  difficulty  in  the  hydrostatical  part  of  the  problem ;  for 
since  the  fluid  is  homogeneous  it  is  sufficient  for  equilibrium  that 
the  tangential  action  at  every  point  oi  the  surface  should  be  zero. 

If  we  equate  to  zero  this  tai^ntial  action,  we  obt^n  a  result 
of  the  form 

sin  5  ( Jf,  +  Jf,  cos  I?  +  M^  COB*  ^  =  0, 
where  J/^,  if,,  and  J/,  are  independent  of  0.    This  leads,  as  in 
Art  426,  to  three  equations 

Jf,  =  0,  M,=  0.  M,  =  0. 
D'Alembert  gives  these  three  equations  on  his  pages  222.. .225. 

443.  We  must  be  careful  as  to  the  notation,  since  many  sym- 
bols are  required.  D'Alembert  leaves  his  notation  to  explain  itself, 
and  it  is  not  very  inviting.  I  shall  use  the  subscript  1  to  denote 
values  relating  to  the  external  boundary  of  the  fluid ;  and  I  shall 
use   f)  as  a  general  symbol  for  the  density.     Then  the  three 
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equations  are 

"-T^J.''*'^* — r^j.  <^^'- 

These  equations  may  be  developed.  I  shall  use  the  subscript  0 
-to  denote  values  relating  to  the  internal  boundary  of  the  fluid. 
Then  between  the  limits  r,  and  r,  the  density  is  constant,  by 
hypothesis ;  I  shall  denote  it  by  tr.  Also  for  S  we  must  put  r^  to 
the  order  which  we  wish  to  retain. 

I  will  now  express  the  second  of  the  three  equations  in  the 
modified  form  which  arises  from  the  use  of  the  notation  just 
explcdned ;  the  other  two  equations  may  be  similarly  expressed. 

In  this  equation  at  denotes  the  angular  velocity ;  and  I  shall 
put  as  usual  j  for    i      ,_  ''  ■—  .     ThOs  we  have 

^J,  "^^ 

5r,*  ^  '    '       •    "     5r,  Jo      "'' 

This  equation  corresponds  with  D'Alembert's  on  page  S25 ; 
he  puts  it  BO  as  to  express  a  in  terms  of  the  other  quantities. 
He  takes  r,  =  1  and  C,  =  1,  which  he  may  do;  but  then  by 
mistake  or  misprint  he  also  takes  G^  =  1,  which  he  ought  not 
to  do.  This  equation  also  exactly  corrcspouds  with  equation  (3)  in 
Art.  321 ;  the  a.C  of  the  present  Article  is  the  —  e  of  that  Article, 

444.  D'Alembei-t  passes  on  his  page  225  to  the  problem  in 
which  the  entire  spheroid  is  fluid,  and  is  composed  of  indefinitely 
thin  strata  of  varying  densities.     He  treats  this  problem  according 
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'to  his  own  peculiar  view8  of  bydrostatical  principles.  He  arrives 
at  three  general  equations,  each  of  which  presents  itself  in  a 
prima/ry  and  in  a  derived  foi-m,  like  Clairaut's  equation  of 
Arta  341  and  3*3. 

D'Alembert's  peculiar  views  lead  him  astray,  and  the  con- 
sequence is  what  we  have  already  seen  in  Art  405,  namely,  that 
the  results  which  he  obtains  are  much  more  complicated  than 
they  should  have  been. 

For  instance  the  third  equation,  with  the  notation  of  Art  405, 
is  presented  thus  in  its  derived  form  by  D'Alembert : 

d^D      Zpr*  dD      fl2       2prl  ^  _  t'K   d  { 1   d  ffidr\] 
di*  "'"T{r)  dr      jr*      r{r))-"  ~  r(r)  dr\i'  3?\r  dpJi' 

where  ^  is  a  constant  But  the  correct  form  is  that  in  which  the 
right-hand  member  is  zero. 

His  second  equation  is  precisely  the  same  as  (5)  of  Art  405, 
with  C  instead  of  e ;  the  error  and  the  correction  are  the  same  aa 
we  have  already  indicated  in  that  Article. 

In  like  manner  the  derived  form  of  D'Alembert's  first  equation 
is  similarly  embarrassed  with  a  superfluous  term.  The  K  which 
occurs  on  his  page  231  should  be  zero,  D'Alembert  admitted  his 
errors  in  the  fifth  volume  of  his  Opusadea  MatMmatiquea,  page  5. 

445.    These  differential  equations  for  C  and  D,  when  written 
correctly  with  zero  on  the  right-hand  side,  are  cases  of  the  general 
equation,   which   Laplace's   functions   must  satisfy,  in  I^aplace's 
Theory  of  the  Figure  of  the  Earth.     This  general  equation  is 
d^Y,  tir)      if  d.Y(ip      .•(.•  +  l)T(r)l 

■SI -?-  +  ?>  "*  +  ^'i?" ?" — ^t 

If  we  put  2  for  i  we  arrive  at  the  same  differential  equation  for 
F,  as  for  D'Alembert's  symbol  C;  and  if  we  put  3  for  •  we 
arrive  at  the  same  differential  equation  for  Y^  as  for  D'Alembert's 
symbol  D. 

Laplace  shews  that  F,  must  be  zero.  If  we  put  !>=*  0  in  the 
differential  equation  for  D'Alembert's  symbol  B,  we  find  that 
this  is  the  same  as  the  above  when  1  is  put  for  i. 
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44(6.  D'Alembert  makes  some  remarks  on  the  iot^ration  of 
the  differential  e<]uations  whicli  Lave  been  obtained;  see  his 
pages  231...2S4>.  B;  ti'ansformation  he  arriTes  at  ao  equation 
which  he  says  is  int^^^ble  in  several  cases ;  he  gives  three 
cases :  they  are  however  unintell%ible  to  me. 

447.  On  his  pages  234.. .244  D'Alembert  extends  the  calcu- 
lation of  the  horizontal  and  vertical  attractions  which  we  have 
noticed  in  Arts,  437.. .441 :  he  introduces  two  new  terms  into  the 
expression  for  the  radius  vector  of  the  attracting  body,  namely, 
arC^cos'^+J'cos'^). 

I  have  found  on  gbing  over  the  calculation  that  there  are 
numerous  misprints  or  errors  in  his  results. 

448.  On  his  page  245  D'Alembert  takes  the  case  of  a  sphe- 
roid composed  of  two  fluids  of  different  densities ;  he  says  that 
the  figures  of  the  upper  and  lower  strata  must  be  determined  by 
the  law  of  the  perpendicularity  of  the  action  to  each  of  the  strata. 
He  adds: 

Car  dans  le  oas  od  les  conches  voiaines  different  entr'elles  Bendble- 
ment  par  la  density,  et  ont  une  ^pcdsoeur  finie,  la  pesaat«ur  doit  @tre 
perpeudiculaire  i  obacuue.  Yoyei  1' Appendice  de  mon  Saaai  tur  la  ritia- 
tanoa  detfiuidea. 

The  statement  he  makes  here  about  the  conditions  of  equili- 
brium is  true ;  but  the  reference  to  the  Esmi  aar  la  rinstance  dea 
Fhiides  is  very  remarkable:  for  the  doctrine  maintained  in  the 
Eaaai  is  precisely  the  reverse  of  that  which  is  here  affirmed  in  the 
Beckerchea.     We  read  in  the  Easai  on  page  206 : 

Supposons  mainteaant  que  le  Fluide  soit  compost  de  pluuenrs  coaches 
difiSremment  denses,  et  dont  la  difiSrence  de  denstt^s  soit  finio ;  j«  dis 
que  le  Floide  pouna  encore  6tre  en  ^ailibre,  qu<nqne  lea  aur&cea  qui 
B^parent  ces  difiSrantes  coaches  ne  Boient  point  de  nivMU... 

Suppose  p  the  pressure  at  any  point  of  the  surface  bounding 
fluids  of  different  densities.  Let  3  be  the  force,  if  any,  resolved 
along  a  tamgent  to  the  surface.  Then  proceeding  along  an  element 
of  this  tangent  we  should  have  in  one  fluid  dp  =  pSda,  and  in  the 
other  fluid  dp^p'Sds,  where  p  and  p'  are  unequal  But  these 
values  of  dp  must  be  equal ;  therefore  S  must  =  0. 
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This  assumes  that  there  is  no  dis«»)iitiDuit7  in  the  forces 
acting  at  the  common  surface.  Id  the  remarks  on  page  206, 
D'Alembert's  Essai,  which  follow  and  support  the  words  we  have 
quoted,  he  allows  a  discontinuity  to  occur  in  the  forces. 

449.  D'Alembert's  fifth  Chctpter,  on  pages  247.. .260  is  enti- 
tled De  lattraction  dun  aphSrovie  qui  n'est  pas  vn  soUde  de 
r^voluiion.  This  Chapter  is  not  important;  it  merely  indicates 
how  we  ought  to  proceed,  and  shews  that  in  some  cases  the  inte- 
grations could  be  effected. 

450.  On  his  page  256  he  makes  a  mistake  to  which  I  hare 
drawn  attention  in  Art.  381.     He  says : 

•Tai  &it  Toir,  par  exemple,  dana  mea  Reeherehet  sur  la  eaute  dea  ventt 
art.  84.  n°,  10.  qu'uu  splidroTde'eUiptique,  homogene  et  flaide,  touraant 
autonr  de  son  axe,  lie  pouvdt  sabsister,  si  lea  mfiridiens  n'€toient  pas 
tons  ^ux  et  semblablea;... 

451.  On  his  page  258  he  aUudes  to  the  case  in  which  we 
require  the  attraction,  not  of  a  whole  spheroid,  but  of  a  segment 
of  a  spheroid.  Then  on  his  page  259  he  takes  for  special  con- 
sideration the  case  of  a  semi-spheroid ;  but  his  first  pan^^t^ph  is 
unintelligible  to  me :  in  his  second  paragraph  he  asserts  that  the 
attraction  along  the  radius  of  a  semi-«pheroid  is  half  the  attraction 
of  the  whole  spheroid,  which,  however,  is  not  necessarily  true  of 
any  semi-spheroid,  though  it  would  be  true  if  the  whole  spheroid 
were  cut  st/mmetrically  into  two  halves. 

452.  Let  us  now  aj^reciate  the  contributions  to  our  subject 
which  CAlembert  nuule  in  his  Secherches...8y8l^me  du  Monde. 

The  method  of  estimating  the  attraction  of  a  spheroid  by  re- 
solving the  body  into  a  sphere  and  a  thin  additional  shell,  which  is 
here  systematically  employed,  is  very  valuable. 

Assuming  that  the  radius  vector  of  a  spheroid  is 
r  +  or  (.4  -I-  5  cos  ^  +  C  cosV  -I-  i)  cos*  ^  +  £  cos*  ^  +  if  cos"  <?") 
where  o  is  very  small,  he  gives  expressions  for  the  resolved  at- 
tractions on  any  particle,  external  or  internal,  the  spheroid  being 
either  homogeneous  or  composed  of  indefinitely  thin   strata  of 
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Tarying  density.  The  calculations  are  laboriotis;  and  though 
D'Alemhert's  results  are  not  free  from  error,  yet  they  fuinish 
useful  infonuatioD. 

Betainiog  the  terms  in  the  radius  vector  as  far  as  i?  co^  9 
inclusive,  B'Alembert  gave  the  equations  which  must  be  satisfied 
by  B,  C,  D,  supposed  variable,  to  ensure  the  relative  equiKbrium 
of  a  fluid  mass.  His  equations  are  encumbered  with  terms  which 
are  really  non-existent;  but  still  in  their  derived  forms  the  re- 
markable similarity  between  them  to  which  we  have  drawn  atten- 
tion in  Art.  4<45  is  made  apparent.  I  consider  it  to  be  quite 
possible  that  this  similarity  may  have  struck  the  attention  of 
Zjegendre  and  Laplace,  and  thus  contributed  to  the  construction 
of  the  general  equation. 

As  I  have  already  hinted,  D'Alembert  himself  over  estimated 
the  value  of  the  conclusions  that  he  drew  from  his  peculiu'  views 
of  Hydrostatics.  In  the  preface  to  the  third  volume  of  these 
Meckerches....8y8t^me  du  MotkU,  page  xxxvi,  he  states  that 
hitherto  the  Theory  of  the  Figure  of  the  Earth  had  been  re- 
stricted to  verifying  the  agreement  of  the  elliptic  figure  with  the 
laws  of  Hydrostatics ;  and  then  adds,  "  j'ai  trouv^  de  plus,  et  je  le 
d^montre  dans  cet  Ouvrage,  qu'il  y  a  une  infinite  d'autres  figures 
qui  s'accordent  avec  ces  loix,  surtout  si  on  ne  suppose  pas  la  Tene 
entierement  homogene."  This,  however,  as  we  now  know  is 
unsatisfactory.  For  instance,  D'Alembert  indeed  arrives  at  an 
equation  whicb  bis  symbol  D  must  satisfy,  as  we  saw  in  Art.  444 ; 
hut  he  does  not  solve  the  equation,  and  so  shew  that  i?  is  a  real 
quantity :  on  the  contrary,  Laplac^  in  fact,  shews  that  D  must 
be  zero. 
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CHAPTER   XIV. 

B0800V1CH  AND  STAY. 

433.  Thb  present  Chapter  will  contain  an  account  of  the 
contributions  made  by  Boscovich  to  our  subject,  together  with  a 
notice  of  the  poem  by  Stay  to  which  Boscovich  added  copious 
ezplanatious. 

454.  In  1750  two  Jesuita,  Maire  and  Boacovich,  began  to 
measure  an  arc  of  the  meridiaQ  in  the  Papal  States.  The  account 
of  the  survey  appeared  at  Rome  in  1755,  under  the  title  De 
lAtteraria  Expeditione  •per  Pordificiaw.  Ditiotiem.  The  volume  is 
in  quarto ;  it  consists  of  Title,  Dedication,  Preface,  and  Index  in 
xxii  p^es,  and  the  text  in  616  pages:  there  are  three  pages  of 
Errata,  and  four  Plates,  A  French  translation  was  published  at 
Paris  in  1770. 

The  dedication  is  to  Benedict  XIV.,  by  whose  command  the 
surrey  was  executed :  behind  the  cloud  of  incense  raised  by  the 
authors,  we  may  discern  the  fi^re  of  a  sagacious  and  enlightened 
Pontic 

455.  The  book  is  divided  into  five  parts.  The  first  gives  the 
history  of  the  proceedings,  the  second  the  calculations  for  the 
determination  of  the  length  of  a  degree  of  the  meridian,  the  third 
the  correction  of  the  map  of  the  district,  the  fourth  an  account  of 
the  instruments  employed,  the  fifth  a  treatise  on  the  F^ure  of  the 
Earth.  The  second  and  third  parts  are  by  Maire ;  the  others  are 
by  Boscovich, 

I  shall  not  enter  into  any  examination  of  the  practical  opera- 
tions  recorded  in  the  volume;    they  have  been  criticised  by 
T.  M.  A.  20 
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De  Zach  in  his  Correspondance  Astronomique,  Vol.  VI.  -.  see  how- 
ever, Airy's  Article  on  the  F^we  of  the  Earth,  in  the  Uncyclo- 
pcedia  Metropolitana,  page  207. 

406.  The  fifth  part  of  the  book  is  that  which  we  have  to 
examine.  This  occupies  pages  385...516,  and  is  entitled  De 
Figura  Telluris  determinanda  ex  oBguilibrto,  et  ex  memura  gra- 
duum.  After  a  few  introductory  sentencea,  the  treatise  is  divided 
into  two  Chapters :  the  first,  extending  to  page  481,  relates  to  the 
Figure  of  the  Earth,  aa  deduced  from  the  theory  of  fluid  equi- 
librium ;  the  second  relates  to  the  Figure  of  the  Earth  as  deter- 
mined by  the  measure  of  degrees. 

467.  It  must  be  observed  that  before  the  publication  of  the 
book,  Boscovich  had  issued  various  dlBsertations,  bearing  more  or 
less  on  our  subject:  these  seem  to  have  been  academical  exer- 
cises which  he  delivered  in  his  character  of  professor  at  the 
Roman  College.  I  have  not  seen  any  of  these  dissertations. 
Boscovich  refers  to  them  generally  on  pages  xviii.  and  386  of 
the  book :  from  the  latter  page  it  appears  that  few  copies  of  the 
exercises  were  printed,  and  of  these  the  larger  part  perished. 
Probably  the  treatise  reproduces  all  that  was  valuable  with  re- 
Bpect  to  our  subject  in  the  previous  pnblicationa  The  dates 
and  titles  of  some  of  these  dissertations  are  given  in  the  pages  of 
the  work  which  I  have  recorded  afler  them ; 

1738.  De  Telluris  figura,  23. 

1739.  De  figura  Telluris,  395,  399,  445,  447,  487.  Perhaps 
we  may  infer  from  the  last  three  lines  on  page  445,  that  this  was 
reprinted  in  a  subsequent  year. 

1741.  De  Inasqualitate  Gravitatis,  23. 

1742.  De  Observationibua  Astronomicia,  23,  476. 
1748.     De  Maria  JEstu,  390. 

De  Lege  virium  in  natura  existentimn,  416.  The  date  is  not 
stated,  but  it  is  said  exposui  nuper. 

I  give  the  titles  a&  I  find  them :  it  is  possible  however,  that 
there  may  be  only  one  dissertation  instead  of  the  two  which  ap- 
pear dated  1738  and  1739. 


izedbyGoOglC 


BOSCOVtCH,  307 

458.  The  work  of  Boscovioh,  to  which  we  now  proceed,  may 
l)e  descrihed  in  general  as  out  of  date,  even  when  first  published : 
it  is  chiefly  written  in  an  antiquated  geometrical  fashion,  which 
one  would  have  thought  tittle  likely  to  be  adopted  for  this  subject 
ufter  the  appearance  of  Ctairaut's  treatise.  The  Latin  seems  to 
me  much  more  elaborate  than  is  usual  in  the  scientific  litera- 
ture of  the  period :  this  might  perhaps  have  been  expected  from 
an  Italian  and  a  Jesuit 

459.  Up  to  his  p^e  417,  Boscovich  considers  the  case  of  homo- 
geneous fluid  attracted  to  a  fixed  point  by  a  force  which  is  any 
function  of  the  distance,  and  rotating  with  uniform  angular  ve- 
locity round  an  axis  through  the  flxed  point:  the  analytical  solu- 
tion of  this  problem  is  very  short  and  simple,  as  we  have  seen  in 
Art  56,  Boscovich  gives  correct  but  tedious  geometrical  construe  ■ 
tions,  and  devotes  special  attention  to  two  cases,  namely,  that 
in  which  the  force  is  constant,  and  that  in  which  it  varies  as  the 
distance ;  in  this  way  he  contrives  to  fill  thirty  pages. 

Boscovich  gives  on  his  page  399  »  good  dementaiy  invest^a- 
tion  like  that  on  Clairaut's  page  143 :  see  Art  297. 

460.  A  strange  mistake  occurs  on  pages  411  and  412,  Bos- 
covich has  assumed  a  value  for  the  radius  of  the  equator,  and  has 
found  as  usual  that  the  ratio  of  the  centrifugal  force  at  the  equator 
to  the  attraction  there,  is  that  of  1  to  2tJ9.     He  adds : 

Si  graduB  eqnatoris  fuerit  major,  vel  minor,  ia  eadem  ratioue 

dnplicata  major,  vel  minor  erit  sinus  verena  arcus  siniiliB,  at^eoqae  et  vis 
ceDtrifuga,  et  proinde  in  eadem  ratione  duplicata  minuendas  erit 
posterior  proportionis  nnmerus. 

But  the  word  dupUcata  ought  to  be  omitted :  moreover,  cor- 
responding to  the  words  vel  minor,  the  words  vel  aagendue  should 
be  inserted  after  minuauiua. 

461.  On  bis  page  417,  Boscovich  says  that  he  will  investigate 
the  Figure  of  the  Earth  on  the  Newtonian  hypothesis  of  gravity, 
and  will  illustrate  in  the  first  place  Uaclaurin's  solution:  Boscovich 
refers  to  Maclaurin's  Prize  Essay  on  the  Tides,  and  not  to  the 
more  complete  investigations  contained  in  the  FUunona. 

20—2 
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ThuB  from  page  417  to  ps^e  i+S,  Boscovich  may  be  eaid  to 
reproduce  in  substance  Maclaurin's  discuseion  of  the  relative 
equilibrium  of  a  mass  of  homogeneous  rotating  fluid.  We  shall 
only  have  to  notice  a  few  matters  which  present  some  novelty. 

iC2.  Boscovich  begins  with  a  demonstration  of  a  theorem 
in  Conic  Sections  which  forms  the  fourth  Corollary  to  the  first 
Lemma  iu  Maclaurin's  Essay.  Boscovich  considers  his  own 
demonstration,  which  is  geometrical,  more  simple  and  more  ele- 
gant than  an  analytical  demonstration,  which  he  ascribes  to 
Calandrinus,  printed  in  what  we  call  the  Jesuits'  edition  of  the 
Princtpia.  Boscovich  does  not  remark  that  Clairaut  had  already 
given  a  very  good  demonstration  by  the  method  of  projections: 
see  Cl^raut's  page  159. 

463.  On  his  page  424,  Boscovich  enunciates  the  following 
theorem : 

Si  in  massa  quadam  fluida  particulce  omnes  ejusmodi  viribus  animatra 
nut,  Dt  assumpto  intra  earn  punoto  qnocumqne,  biui  qtiioumque  canales 
rectilinei  dncti  inde  ad  eupei-ficiem  eztiruara  in  nquilibrio  sint,  ea  masaa 
erit  in  Rquilibiio. 

In  bis  demonstration  he  shews  that  if  at  every  poiat  rectilinear 
columns  axe  in  equilibrium,  so  also  are  curvilinear  canals  of  every 
form,  and  that  a  particle  at  the  surface  has  no  tendency  to  move. 
The  part  relating  to  curvilinear  canals  is  the  most  interesting : 
this,  however,  had  already  been  formally  treated  by  D'Alembert 
in  his  Essai  sur  la  Resistance  des  Flutdes,  page  15. 

On  his  page  432,  Boscovich  supplies  in  fact  a  demonstration  of 
what  Maclaurin  contented  himself  with  affirming  in  the  words  "  in 
like  manner  it  is  shewn":  see  Art.  245. 


464.  Boscovich  has  to  compare  the  attractions  of  an  oblatum 
on  a  particle  at  the  pole  and  at  the  equator  respectively.  After 
remarking  on  page  435,  that  Newton  had  shewn  how  to  calculate 
the  attraction  at  the  pole,  Boscovich  adds : 

sed  pro  pancto  poaito  in  sqnatore  rem  neqnaquam   perfed^ 

Teriim  crassa  quadam  sestiinatione  invenit  ntcumqne  pro  ellipsoide  data. 
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«t  panim  abludente  a  sphenL  Mac-Liivrmiis  multo  Bona  elogftutius 
aocumtiaaime,  et  felicissioie  rem  perfecit  tam  pro  punoto  pogito  in  polo, 
quam  pro  puncto  pooito  la  sqtiatore;... 

However,  Boscovlch  says  that  he  will  himself  adopt  a  method 
which  is  Dearly  the  same  as  Bernoulli's ;  it  is  the  method,  really 
due  to  Clairaut,  wfaich  we  have  noticed  in  Arts.  165  and  233. 
Bosconch  professes  to  use  Geometry  alone:  but  the  Geometry 
consista  chiefly  in  denoting  the  length  of  every  straight  line  by 
two  capital  letters  instead  of  a  single  small  letter:  this  strange 
notion  of  Geometry  has  survived  to  our  own  times  in  the  Uni- 
versity of  Cambridge. 

465.  Boscovich  arrives  at  the  usual  result  for  the  attraction 
of  the  excess  of  an  oblatum  over  the  inscribed  sphere,  on  a  particle 
at  the  pole;  and  with  some  enthusiasm  he  says  on  his  page  438, 
Eteaquidemestelegantissima,  et  stinplicissima  espressio  ejus  vis. 

From  this  result  he  deduces  very  briefly  and  easily  the  attrac- 
tion of  the  excess  of  a  spfaere  over  the  inscribed  oblatum  on  a 
particle  at  the  equator :  see  his  page  439. 

Hence  finally  lie  arrives  at  the  equation  which  we  have  fre- 
quently given  in  our  notation ;  namely  e=  -£:  see  his  page  441. 

466.  A  digression  on  pages  442.. .4*7  is  devoted  by  Boscovich 
to  Hermann.  I  have  already  noticed  Hermann's  Phoronomia,  and 
I  presume  this  is  the  work  Boscovich  has  in  view ;  but  it  does  not 
seem  so  obvious  to  me  as  to  Boscovich,  that  Hermann  held  New- 
ton and  David  Gr^ory  to  be  wrong :  see  Art.  95.  Boscovich  says 
on  his  page  442 : 

Et  qnidem  Hermannus  consait,  hanu  ipsam  suam  Elliprim  ease  illam, 
qiUB  in  Newtoniana  gravitatis  theoria  debeat  obrenire,  ac  Gregorium,  et 
Xewtonum  ipsum  culpandoa  exiBtimftvit,  qnod  ii  id  ipsum  dod  viderint, 
et  pluaquam  diiplo  majorem  justo  compreBsionem  Telluri  tribaerint, 
qnam  ipsa  Uloruin  priitcipia  postularent.  At  HemaaDnuB  ipse  in  eo 
erravit  sane  qiiamplurimum,... 

The  ipaum  after  yewUmvm  marks  Boscovich's  opinion  of  Her- 
mann's audacity. 
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The  digressioD  is  interesting  because  Boscovich  allows  that  he 
wan  himself  for  a  time  to  some  extent  misled  by  Hermann.  Bos- 
covich  in  1739  was  thus  induced  to  suspect  that  the  oblatum, 
which  NewtoQ  had  assumed  without  demonstration,  was  not  a 
possible  form  for  relative  equilibrium;  hut  in  the  following  year 
Maclaurin's  demonstration  settled  the  matter,  and  then  Boscovicb 
was  led  to  investigate  the  cause  of  Hermann's  error :  accordingly 
he  points  out  what  he  considers  to  be  the  erroris  primus /orts,  and 
the  alter  yuadeni  erroris  fona. 

It  may  be  doubted  whether  Boscovicb  himself  was  quite  clear 
on  the  subject ;  he  appears  to  fall  into  the  uiialake  which  has  been 
pointed  out  in  Art.  33,  for  he  does  not  introduce  the  important 
condition  involved  in  the  words  resolved  along  the  radius:  see  bis 
page  443.  But  in  his  commentary  on  Stay's  poem,  at  a  rather 
later  date,  he  is  quite  correct :  see  his  Article  244  on  pages  371 
and  372  of  Vol  n. 

467.  On  his  page  448,  Boscovicb  gives  an  elegant  investiga- 
tion of  the  diminution  of  gravity  in  passing  from  the  pole  to  the 
equator.  But  by  gravity  he  really  means  gravity  resolved  along 
the  radius,  which  is  not  strictly  the  same  as  the  gravity  which  is 

measured  by  observations :  see  Art-  34. 

468.  Boscovicb  now  proceeds  to  consider  the  Figure  of  the 
Earth  when  it  is  not  supposed  to  be  homogeneous.  He  assumes 
that  there  is  a  spherical  homogeneous  nucleus  surrounded  by  fluid 
which  is  also  homogeneous,  but  not  of  the  same  density  as  the 
nucleus  :  to  this  discussion  he  devotes  bis  pages  448. ..437.  The 
investigation  is  tedious,  but  was  probably  considered  by  the  author 
to  be  a  choice  specimen  of  his  geometrical  methods.  Although 
the  whole  discussion  was  quite  superfluous  after  the  publication  of 
Cliuraut's  treatise,  yet  there  is  one  matter  of  principle  in  which 
Boacovich  is  rather  superior  to  Maclaurin.  As  we  have  already 
stated,  when  Maclaurin  supposed  the  earth  to  be  fluid,  but  not 
homc^e(ieous,  he  did  not  demonstrate  that  the  whole  mass  would 
be  in  equilibrium  ;  see  Arts.  264,  207,  269.  Boscovicb  shews  by 
bis  language  that  he  saw  this  difficulty ;  he  says  on  his  page  458: 
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Idoirco  ego,  nt  methodum  canaliam  tuto  adHiberem,  massain 

Bolidam  prius  ad  homogeneitatem  adduxi,  amandata  in  oeutrum  redan- 
dante  materia,  turn  diasolTi. 

We  will  give  a  notion  of  Boecovich's  method.  Suppose  we 
hare  to  consider  the  case  in  nhich  there  ia  a  bomogeoeous  fluid 
surrouading  a  solid  spherical  nucleus ;  and  let  the  density  in  the 
nucleus  be  a  Unction  of  the  distance  from  the  centre.  Reduce 
the  density  of  the  nucleus  to  that  of  the  fiuid,  and  put  a  force  at 
the  centre,  producing  aa  attraction  equal  to  that  of  the  excess  of 
the  sohd  nucleus  above  an  equal  volume  of  fluid.  Then  suppose 
the  nucleus  to  become  fluid.  If  the  additional  force  at  the  centre 
attracted  oa  the  distance  from  the  centre,  we  should  thus  obtain  a 
problem  which  has  been  fully  discussed  by  Maclaurin;  for  he  haa 
considered  forces  varying  as  the  distance  from  the  axis  and  from 
the  plane  of  the  equator,  besides  the  attraction  of  the  fluid :  see 
Art.  245,  BoBCOvich  then  by  a  supplementary  investigation  has  to 
allow  for  tbe  difference  between  his  supposed  force  at  the  centre 
which  attracts  as  the  distance,  and  the  real  force  which  would 
attract  inversely  as  the  square  of  the  distance. 

469-  Boscovich  obtains  a  result  which,  as  he  says,  had 
previously  been  given  by  D'Alembert  and  Clairaut ;  see  Art,  377. 

Boscovich  points  out  that  the  result  diflera  from  one  which 
Daniel  Bernoulli  had^iven  in  his  Essay  on  tbe  Tides,  and  which 
had  been  criticised  by  D'Alembert,  I  do  not  stay  to  discuss  the 
point,  as  it  does  not  strictly  belong  to  our  subject  but  to  that  of 
the  Tides.  See  CAlemhert's  S4fiexiona  sur,„des  Vents,  page  56; 
Laplace's  M4canique  Celeste,  Vol.  v.  page  15(lj  and  page  8  of 
Lubbock's  work  mentioned  in  Art.  233. 

It  may  however  be  observed  that  Boscovich  seems  to  have 
supposed  that  D.  BemoulU's  result  ought  to  have  coincided  with 
his  own,  although  the  circumstances  of  the  problems  differ  in  s 
very  important  respect.  In  D.  Bernoulli's  problem  the  fluid  ia 
exposed  to  the  attraction  of  a  distant  body,  and  this  attraction 
does  not  reduce  to  a  single  force  tending  to  the  centre  and 
varying  as  the  distance,  which  is  the  case  that  Boscovich  con- 
siders. 
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470.  In  his  pages  43d. ..465  Boacovich  discnsses  tbe  result 
which,  as  we  have  stated  in  Art.  469,  he  had  obtained  in  agree- 
ment with  D'Alembert  and  Clairaut.  Boscovich  shews  that  in 
certaiD  cases  the  external  aurface  is  an  oblongum,  not  an  oblatum; 
it  appears  however  from  his  page  463,  that  he  held  the  obloDgiim 
to  be  in  modern  language  an  unstahU  form.     See  Art.  378. 

471.  In  his  pages  466.. .468,  Boscovich  demonstrates  Clairaut's 
TTieoreTn,  on  the  same  bypothexes  as  to  the  constitution  of  the 
Earth  which  bad  been  used  to  obtain  the  result  of  Art.  469.  He 
draws  some  inferences  from  the  theorem  in  hiBpi^es469...471. 

472.  Boscovich  now  proceeds  to  the  subject  of  the  variation 
of  gravity  as  tested  by  experiments  with  the  pendulum.  He  sug- 
gests local  inequalities  as  the  cause  of  the  observed  irregularities. 
He  calculates  the  effect  which  would  be  produced  on  the  plumb- 
line  by  the  attraction  of  a  sphere  of  the  mean  density  of  the  Earth, 
of  a  geographical  mile  in  radius,  for  various  positions  of  the  sphere; 
see  his  pages  472... 474. 

One  of  his  results  is  that  such  a  sphere  as  we  have  mentioned, 
if  placed  just  beneath  the  surface  of  the  Earth  in  additioA  to  the 
matter  already  there,  would  increase  the  length  of  the  pendulum 
by  one-eighth  of  a  line.  Then  he  says  that  if  for  the  depth  of 
eight  geographical  miles  the  density  at  the  pole  is  twice  that  at 
the  equator  the  length  of  the  pendulum  at  the  pole  will  be  a  line 
longer.  This,  he  says,  foUows  from  what  has  been  demonstrated : 
but  there  seems  to  be  some  mistake.     If  r  be  the  radius,  and  p 

the  density,  of  a  sphere,  the  attraction  at  the  surface  is  — ^. 
Now  if  the  density  at  the  pole  is  changed  from  p  to  2p  throughout 
the  depth  A,  the  additional  result  is  approximately  the  same  as 
would  be  produced  by  the  attraction  of  an  infinite  plate  of  thick- 
ness h:  and  so  it  is  Zwpk.  Suppose  A  =  8r;  then  the  result  be- 
comes l&trph:  this  is  twelve  times  the  former  result  -^^.  Ac- 
cordingly instead  of  an  increase  of  one  line  in  the  length  of  the 
pendulum  we  obtain  an  increase  of  -jT-  of  a  line,  that  is,  of  a  line 
and  a  half. 
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473.  Boacovich  refers  to  the  curious  opinion  expressed  by 
NewtOQ  to  which  we  drew  attention  in  Art  31 ;  Boscovich  says  on 
his  page  475 : 

Kentonus  cetumit  prope  tequatoi-em  debere  densitatem  ease  potius 
mujorem  in  partibua  niniirum  a  Sole  quodammodo  veluti  toatis.  Ego 
coDtra,  cum  tam  miilta  corpora  dilatentur  caloris  vi,  et  vi  frigoris 
adstringantur,  opinor  debere  putiua  rariora  ibi  esse  coTpora  ob  id  ipsum. 
Sed  ezterni  caloris,  et  frigoriii  via  ad  tantam  altitudi&eni  infra  snperficiero 
non  pertingit,  at  eff»ctum  Beosibilem  edat  in  jtarteoi  utramlibet. 

474.  Boscovich  notices  the  fact  that  according  to  obaervationa 
made  by  Bouguer  and  I-a  Oondamine,  the  attraction  of  a  large 
mountain  in  Peru  was  much  less  than  it  ought  to  have  been, 
supposing  its  density  equal  to  the  mean  density  of  the  Earth  :  see 
Art  363.  Boscovich  offers  a  conjecture  in  explanation  of  this 
fact ;  he  says  on  his  patge  475  : 

Varum  montes  quidem  plerique,  nt  ego  arbitror,  efiecti   sunt 

intnmesceDtibua  interni  caloHs  vi  Btratis  superficiei  proximis ;  quod 
quidem  ai  ita  contigit,  nibil  ibi  materice  accedit,  et  vacuus  inter  viscera 
hiatus  compennat  omuem  illam  appareiitem  ma(«ri(e  in  montcm  asaur- 
gentis  congcnem. 

475.  Boscovich  observes  that  a  greater  effect  might  be  pro- 
duced on  the  pendulum  by  a  large  tract  of  raised  land  than  by  a 
single  mountain.  He  refers  to  a  probleu)  on  this  point  which  h,e 
had  given  in  his  dissertation  De  Observationibus  Astronomityis,  1742. 
The  problem  is  the  following :  cut  a  slice  from  a  sphere  by  two 
parallel  planes,  one  passing  through  the  centre ;  bisect  the  slice 
by  a  plane  perpendicular  to  the  circular  ends:  then  find  the 
attraction,  resolved  parallel  to  the  planes  of  the  circular  ends, 
of  one  of  the  halves  on  a  particle  situated  at  that  point 
of  the  half  which  was  originally  the  centre  of  the  sphere. 
Boscovich  states,  without  investigation,  an  approximate  result  for 
the  case  in  which  the  thickness  of  the  slice  is  very  small  compared 
with  the  radius  of  the  sphere :  but  this  result  is  incorrect  In  his 
commentary  on  Stay's  poem,  Vol.  il.,  page  382,  he  gives  a  correct 
investigation.  If  we  wish  to  confine  ourselves  to  the  order  of 
approximation  which  is  suflicient  for  his  numerical  application,  we 
may  replace  the  slice  of  a  sphere  by  the  slice  of  a  cylinder.     Let  a 
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be  the  radius  of  the  slice  of  the  cylinder,  h  the  thickness,  p  the 
density.     Then  the  required  result  is  easily  found  to  be 

that  is  2pk  log  ^  +  V(«'  +  A') 

If  we  suppose  h  very  small  compared  with  a,  we  get  approximately 

2ph  log  -T-,  that  is  ph(2  1(^^  +  2  log  21 ;  this  agrees  closely  witli 

pA  (  2  log  7  +  1'389  I ,  which  is  Boacovich's  result  in  his  CommeD- 
tary  on  Stay's  poem. 

476.  Boscovich  makes  a  curious  suggestion  on  his  page  IT?. 
He  proposes  to  have  a  pendulum  in  a  tower  by  the  sea  shore,  at 
some  place  in  England  or  the  opposite  continent,  where  the  water 
may  be  raised  by  the  high  tide  50  feet  above  the  level  of  the  low 
tide.  He  considers  that  if  the  density  of  the  sea  is  equal  to  the 
mean  density  of  the  Earth,  a  deviation  of  about  2"  will  be 
produced  in  the  direction  of  the  pendulum.  By  having  a  long 
pendulum  and  using  a  microscope,  he  thinks  the  deviation  might 
be  observed,  and  thus  some  notion  obtained  of  the  mean  density 
of  the  Earth.  See  some  remai-ks  on  this  suggestion  in  De  Zach's 
work,  L'attraction  des  montagnes,  page  17. 

477.  In  his  pages  477. ..481,  Boscovich  cites  some  obeerva- 
tione  of  pendulums,  and  draws  inferences  from  them :  he  had 
recently  made  some  observatione  at  Rome,  in  conjunction  with 
La  Condamine,  with  the  pendulum  which  had  been  used  in 
America  and  at  the  Cape  of  Qood  Hope. 

478.  We  now  reach  the  second  Chapter  of  Boscovich's  treatise ; 
this  relates  to  the  Figure  of  the  Earth,  as  determined  by  the 
measure  of  degrees. 

He  begins  with  some  general  explanation  as  to  what  is  meant  by 
a  degree,  and  an  osculating  circle;  see  his  pages  481. ..486  :  these 
present  nothing  of  interest  except  a  curious  mistake.  Let  a  denote 
an  arc  of  a  curve  measured  Irom  some  fixed  point,  p  the  radius  of 
curvature  at  the  variable  extremity  of  the  arc,  and  ^  the  inclina- 
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tion  of  /J  to  a  fixed  straight  line :  then  we  know  that  -,^  =  p.    By 

the  length  of  a  degree,  we  mean  the  value  of  \pd^  taken  hetween 

limits  which  differ  hy  the  circular  measure  of  a  degree.     Thus  the 

length  must  be  equal  to  p,  rr^^: ,  where  p,  \b  eorae  value  of  p  which 

lies  between  the  least  and  the  greatest  of  the  values  which 
occur  within  the  range  of  integration,  p  being  supposed  always 
finite.  Thia  statement  follows  from  the  first  principles  of  the 
Integral  Calculus ;  Boscovich,  however,  denies  the  universal  truth 
of  it,  for  he  says  on  his  page  484 : 

Fieri  itidem  potest,  ut  aroiis  unius  giadus  plarimnm  difTerat  a 

gradu  circuli  oaculantis  cnrvam  ubique  intra  sum  arcum,  quod  qiiidem 
turn  acoiJere  potest,  cum  ciirvatura  pei^ndo  ab  alters  ejus  extremo  ad 
alteram  primo  quidem  perpetuo  crescit,  turn  perjKtao  decrescit,  vel 
vioe  versa. 

479.  On  his  page  487,  Boscovich  seems  to  adopt  a  definition 
which  has  not  been  used  by  others.     If  2ix  and  2b  are  the  major 

and  minor  ases  respectively  of  an  ellipse,  we  call  —  the  latus 

rectum :  Boscovich  seems  to  call  -  -  the  latus  rectum  with  respect 

to  the  major  axis,  and  -r~  the  latus  rectum  with  respect  to  the 
minor  axis. 

In  his  pt^es  487...493,  Boscovich  gives  various  geometrical 
constructioQs  relating  to  the  ellipse  and  it«  radius  of  curvature ; 
he  says  on  page  488 : 

Exhibebo  autem  solntiones  diversas  ab  iig,  quas  nmplioiasimas  sane,  et 
admodum  elegantes,  ac  geometricas  itidem  exMbui  in  mea  disaertatioae 
ilU  de  Figiira  Tellnria. 

Thus  he  seems  to  have  been  very  well  pleased  with  some  of 
his  own  work ;  for  I  presume  we  are  to  consider  the  demonstra^   ■ 
tions  in  the  book  at  least  as  good  as  those  which  had  appeared  in 
the  dissertation. 
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A  property  of  the  ellipse  may  be  noticed  which  he  demoDStriitcs 
on  his  page  489.  The  normal  at  any  point  P  of  an  ellipse  meets 
the  minor  axis  at  G ;  from  P  a  perpendicular  PMia  drawn  to  the 
minor  axis  meeting  at  Q  the  circle  which  is  described  on  the 
minor  axis  as  diameter ;  from  O  a  straight  line  is  drawn  parallel 
to  CQ,  meeting  MP  produced  at  N;  then  ON  is  equal  to  half 
the  latus  rectum  with  respect  to  the  minor  axis,  and  MP  is  a 
mean  proportional  between  MQ  and  MN. 

480.  Boscovich  obtains  on  his  page  494  an  approximate 
formula,  which  determines  the  ellipticity  of  the  I^arth  from  the 
lengths  of  a  degree  of  the  meridian  at  the  pole  and  the  equator; 
Boscovich  refers  to  Maupertuis,  who  bad  previously  obtained  the 
formula:  see  Maupertuis's  Figure  de  la  Terre. . .page  130- 

Boscovich  however  considers  that  the  exact  theorem  is  more 
elegant,  namely,  that  the  lengths  of  a  degree  of  the  meridian  at 
the  equator  and  the  pole  are  respectively  as  the  inverse  cubes  of 
the  corresponding  diameters. 

Boscovich  shews  on  his  pages  495  and  496  that  the  diminu- 
tion of  the  length  of  a  degree  of  the  meridian  from  the  pole  to  the 
equator  varies  as  the  square  of  the  cosine  of  the  latitude :  hence 
the  ellipticity  may  be  found  by  meaauring  arcs  of  the  meridian. 

481.  Boscovich  now  proceeds  to  consider  the  actual  measures 
of  a  degree  of  the  meridian  in  various  places.  He  says  that  there 
are  only  five  measures  which  are  accurate;  namely,  those  in 
France,  in  Lapland,  in  Peru,  at  the  Cape  of  Giood  Hope,  and  his 
own  in  the  Papal  States :  see  his  page  497. 

He  holds  that  the  value  of  Picard's  degree  may  now  be  con- 
sidered perfectly  settled  post  mviationea  quatuor.  It  is  not  certain 
what  is  meant  by  four  changes;  in  Art.  236,  four  ditferent  values 
are  given,  and.these  are  also  recorded  by  Boscovich  himself  in  hia 
commentary  on  Stay's  poem.  Vol  il.,  page  392.  But  if  there 
were  four  changes,  there  must  have  been  five  different  values : 
perhaps  then  we  are  to  include  a  result  obtaine,d  by  J.  Cassini, 
which  was  between  30  and  50  toises  less  than  Picard's  own :  see 
D«  la  Qrandear  etdala  Figure  de  la  Terre,  page  286. 
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BoaooTich  alludes  to  Norwood's  measure,  and  gives  a  few 
lines  to  Soell's  measure ;  he  considers  them  both  unsatisfactory : 
Bee'Arts.  68  and  105. 

482.  Boscovich  on  his  pi^s  499. ..503  deduces  the  ellip- 
ticity  of  the  Earth  by  ten  different  binary  combinations  of  the 
five  arcs ;  but  he  finds  that  the  results  are  very  discordant.  One 
combination  actually  brings  out  a  negative  ellipticity ;  namely,  the 
combination  of  the  Boman  arc  with  the  African.  The  other  com- 
binations   give    various   values   of  the   ellipticity,  the    greatest 

being  ^ 

ellipticity  is  ^v^  ;  but  if  the  two  combinations  be  rejected  which 

differ  very  much  from  the  rest,  the  mean  ellipticity  is  -r^. 

Boscovich  has  some  troublesome  misprints  on  his  page  601; 
the  ellipticities  deduced  from  his  sixth  and  tenth  combinations  are 
quite  wrong:  and  the  numbers  which  he  gives  in  his  following 
Article  to  denote  the  mean  excesses  of  the  polar  degree  above  the 
equatorial  are  a  third  of  the  true  values. 

483.  Boscovich  says  on  his  page  501  that  some  persons  had 
tried  to  conciliate  the  results  by  forcing  the  observations : 

Hfonnulti,  nt  nnperrime  Eulerua  in  Bchediasmate,  cujus  Bummam 
qattndani  mihi  humaniBBimd  commnnicavit  hie  Romte  prKsens,  dum  hseo 
Bcribo,  Condaniiniup,  observation ibna  vim  infemnt,  ut  omnia  concilient. 
£t  is  quidem  gradum  lApponienseia,  Africannm,  Quitensem,  mutatione 
adhibita  hexapedanim  19  in  singulta,  coociliat  cum  ellipai  Newtoaiana, 
sed  G&UicuB  Ficcardi  gradus  corrigendus  illi  eat  hezapedis  169,  qnem 
idciroo  sibi  m&ximg  aiiBpectum  esse  profitetur,  et  novaa  in  Qallia  mensu- 
ras  deaiderat.  At  id  quidem  errorem  ezpoacit  intolerabilem  aane  in 
grada  cum  ingenti  cara  definito  a  peritisisimiB  viria 

It  seems  absurd  to  suppose  that  an  error  extravagantly  the 
greatest  should  occur  in  the  arc  which  must  have  been  the  best 
determined  of  all  at  the  epoch.  We  shall  recur  to  Euler's  specula* 
tiongia  Chapter  XV. 
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484!.  On  bis  pages  502. ..606,  Boscovich  discusses  Bougner's 
hypothesis  that  the  iDcrement  of  the  length  of  a  degree  of  the 
meridian  in  proceeding  from  the  equator  to  the  pole  varies  as  the 
fourth  power  of  the  sine  of  the  latitude :  see  Art.  363.  Boscovich 
considers  that  the  African  arc  overturned  this  hypothesis.  But 
then  it  should  he  observed  that  the  African  arc  presented  much 
difSculty  -when  compared  with  the  others. 

Boscovich  observes  in  a  despairing  tone:  "Quocumque  te 
vertas,  nihil  certura,  edbi  constans,  et  r^ulare  occurrit. " 

He  gives  on  his  pages  507.. .510  reflections  on  the  state  of 
knowledge  of  the  subject :  he  sums  up  his  opinions  vigorously  on 
bis  page  608  as  to  what  had  been  established.  Instead  of  the 
inquiry  respecting  the  Figure  of  the  Earth  from  the  measures  of 
degrees  being  finished,  he  considers  that  it  had  scarcely  been 
commenced.  Still  some  valuable  results  had  been  obtained  :  the 
hypothesis  of  an  attractiou  directed  to  a  fixed  point  was  excluded, 
and  the  compressiOQ  at  the  poles  was  extremely  probable,  though 
the  amount  of  thb  compression  was  uncertain. 

485.  On  his  page  610,  Boscovich  says  that  the  observations 
were  not  inconsistent  with  the  hypothesis  of  a  nucleus  in  which 
the  density,  in  modem  language,  is  a  ftmction  of  the  distance  from 
the  centra  He  makes  two  statements,  as  to  what  Clairaut  had 
established,  which  seem  not  strictly  accurate. 

One  statement  is  this:    assuming  that  Clairaut's  fraction  is 

greater  than  -^ ,  then  the  density  of  the  nucleus  must  be  greater 

than  the  mean  density  of  ths  Earth,  but  the  ellipticity  less  than 

-^ .    If  Clairaut's  fraction  is  greater  than  -j  , 

of  the  nucleus  muat  he  greater  than  the  mean  density  of  the 
Earth  does  not  seem  justified  by  anything  in  Clairaut:  the 
Dearest  approach  to  it  is  in  the  second  criticism  of  Art  326,  but 
this  obviously  falls  short  of  the  statemeot 
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Again  Boscovicli  proceeds  thua : 

Invenit  antem  ejnsmodi  fractionem  majorem  revera  esse,   «t 

affirmavit  elliptic itatem  minorem  enii  e  graduiim  mensura ;  nnde  intolit, 
ea  duo  conciliari  non  posse,  nisi  aasumatur  certa  nuclei  ipsius  elliptidtaa. 

The  word  minorem,  which  I  have  put  in  Italics,  must  be  a 
misprint  for  majorem ;  see  Art.  349.  Then  for  all  that  follows 
iidulit  there  seems  not  sufficient  authority ;  the  criticism  in  the 
first  paragraph  of  Art.  325  is  somewhat  short  of  this, 

486.  Boscovich  considers  that  more  observations  of  pendu- 
lums and  more  measurements  of  degrees  are  required  ;  he  admits 
that  this  would  involve  great  labour  and  expense,  but  he  adds, 
"at  nihil  est,  quod  Afitronomorum  patientia,  et  munificentia 
Regum  superare  non  possit:"  see  his  pages  511  and  512.  Since 
hia  time  the  endurance  of  Astronomers  and  the  liberality  of 
Sovereigns  have  been  largely  exercised  in  the  subject. 

He  repeats  on  his  page  513  that  the  fact  of  the  compression  at 
the  poles  m^ht  be  admitted ;  but  the  amount  of  the  compreesion, 
and  the  true  Figure  of  the  Eartb,  were  still  quite  uncertain. 

He  finishes  by  giving  on  his  pages  514.. .516  approximate 
solutions  of  the  problem  to  determine  the  Figure  of  the  Earth, 
assumed  to  be  an  oblatum,  from  two  measured  degrees,  one  or 
both  of  which  might  be  of  longitude. 

487.  In  forming  an  estimate  of  the  treatise  we  must  remem- 
ber that  the  author  had  prescribed  to  himself  the  condition  of 
supplying  jreom«tWcaHnvestigatione;  so  the  Differential  Calculus 
was  not  to  be  introduced.  We  must  consider  the  treatise  rather 
as  the  work  of  a  professor  for  the  purposes  of  instruction,  than  of 
an  invest^tor  for  the  advancement  of  science ;  and  then  we  may 
award  the  pnu^e  that  the  task  proposed  is  fairly  accomplished. 
It  would  have  been  more  desirable  to  study  Clairaut's  work  thaa 
to  be  confined  to  Bt^covich's  geometrical  methods:  hut  the  ex- 
perience of  our  own  university  shews  us  that  it  is  possible  to  find 
the  methods  used  for  teaching  occasionally  some  yeats  in  arrear  of 
those  used  for  investigation. 

Although  the  mathematical  processes  seem  a  little  out  of  date, 
yet  Boscovich's  treatise  reveab,  I  think,  great  knowledge  and 
judgment  in  Natural  Philosophy. 
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488.  Bosoodch  bas  an  unpleasant  habit  of  giving  hiots  as 
to  matters  which  will  be  found  in  other  parts  of  his  book,  without 
supplying  exact  references ;  I  hare  obserred  many  passages  of  this 
kind,  and  have  not  always  been  able  to  determine  with  certainty 
to  what  he  is  pointing.  Thus  we  have  on  page  392,  "de  qua 
fortasse  aliquid  alibi  infra;"  on  page  413,  "videbimus;"  on 
page  448,  "porro  videbimus;"  on  page  455,  "ut  infra  patebit;" 
on  page  466,  "lit  infra  videbimus;"  on  pi^  506,  "ut  vidimus;" 
on  page  507,  "ut  ionui  etiam;"  on  pi^  SOS,  "supra  innui." 
Kone  of  these  allusions,  however,  are  to  matters  of  great  import- 
ance ;  but  there  is  a  passage  of  more  interest  on  page  386 : 

Ezpediam  autem,  qnod  ad  earn  gravitatis  legem  pertinet,  bIts 

Tellus  homc^nea  eit,  in  quo  argumento  felicbiaime  sane  Mao  Idurimis 
se  geasit,  sive  diversam  in  diveraia  diataDtuB  denaitatem  habeat,  de  quo 
oasu  multo  aliter  ego  quidem  eentio,  quaot  eummi  etiam  noatraa  tetetia 
nri  senserint,  qnonim  calculoa  laborare  omnino  censeo,  cum  Geometria 
duce  ad  ooucluBiones  delabar  proraus  oontmrias  eonim  conduaioiubaa. 

I  cannot  see  anything  in  the  treatise  which  corresponds  to 
"de  quo. . .conclusionibua"  Boscovich  seems  to  dissent  from  only 
one  person,  namely  Daniel  Bernoulli,  and  D'Alembert  had  pre- 
viously objected  to  the  same  thing :   see  Art.  469. 

489.  Boscovich  himself  gave  an  abstract  of  his  treatise  in 
the  Bologna  Commentarii,  Vol.  iv.  1757,  pages  353.. .396.  This 
supplies  nothing  of  importance  to  our  subject  except  three  sepa- 
rate sentences,  which  I  quote,  because  I  do  not  understand  them. 

With  reference  to  the  arc  in  X^pland,  Boscovich  says  on 
page  889: 

et  in  Lapponio,  adbibita  huic  postremo  ilia  correctione,  qun 

edbibite  eat  etiam  a  Bongaerio,  et  pneter  qnam  alias  adliibeadas  non  esse, 
nt  ut  ab  alio  nuper  adhibitas,  demonstrari  facilo  potest. 

Bouguer's  correction  is  that  for  refraction;  I  do  not  know  what 
the  other  corrections  are,  nor  by  whom  they  were  proposed. 

After  drawing  an  inference  from  Clairaut's  theorem,  Boscovich 
says  on  pi^e  392 : 

quod  ipeum  cum  ego  in  eo  opoacnlo  diaerte  affirmaverim,  et 

Oleraotii  theorema  ipsum  ex  mea  theoria  deduxerim,  ipso  Cierautio 
nominato,  miriitua  sane  sum  in  opuavulo  nuper  in  Hetruria  edito,  me 
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contrk  Clerastitim  hua  ipsa  in  re  addud  testem  pro  homo^eneiUbe,  et 
hoe  ipsum  meum  indigitari  opueoulam. 

I  do  not  knon  to  what  book  Boacovicli  tiere  alludes. 

Boscovich,  as  we  shall  see  in  our  account  of  his  commentary 
on  Stay's  poem,  devised  a  curious  method  of  treating  discordant 
observations,  so  as  to  obtain  the  best  result  from  them.  Itappears 
that  he  was  now  in  possession  of  the  method,  and  he  makes  a 
numerical  application  of  it,  though  he  does  not  give  any  expla- 
nation.    He  says  on  his  page  3f>2 : 

laveoio  illud,  quod  in  raemorato  volamine  neqaaqnam  quauvemm. .. 

I  do  not  feel  certain  as  to  the  meaning  of  these  words,  but  I 
suppose  the  memoratum  volmtien  to  be  bis  own  treatise,  of  which 
he  is  giving  an  abstract :  and  then  he  seems  to  say  that  he  had 
now  solved  the  problem  of  the  advantageous  combinatioD  of  obser- 
vations which  had  not  been  considered  by  him  at  the  time  of  the 
publication  of  his  treatise. 

The  two  serious  misprints  relating  to  the  ellipticity,  which 
occur  on  page  501  of  the  treatise,  are  reproduced  on  page  391  of 
the  memoir :  see  Art.  482. 

490.  We  now  proceed  to  Stay's  poem,  to  which  Boscovich 
supplied  a  commentary.  The  title  of  the  poem  ia,  Philosophia 
Recentioria  a  Benedicto  Stay...versibus  traditce  Libn  X.  cwnt  adiuf- 
taHonibus,  et  supplements  P.  Rogerii  Josephi  Boscovich... 

This  work  consists  of  three  octavo  volumes,  published  at  Rome, 
the  fiist  volume  in  1755,  the  second  in  1760,  and  the  third  in 
1792.  We  have  here  a  treatise  on  Natural  Philosophy  in  Latin 
hexameters,  extending  to  more  than  ttventy-four  thousand  lines. 
£ach  volume  contains  copious  notes ;  and  to  the  first  and  second 
volumes  elaborate  supplementary  dissertations  are  added :  these 
are  all  by  Boscovich.  The  long  interval  between  the  publication 
of  the  second  and  third  volumes  was  caused  by  tbe  joumeyii^ 
and  incessant  occupations  of  Boscovich,  which  hindered  him  from 
completing  his  share  of  tbe  work ;  and  he  died  before  he  ha<l 
drawn  up  the  intended  supplementary  dissertations  fur  the  third 
volume. 

T.  K.  A.  21 
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The  Dumber  of  students  interested  both  in  N&taral  Philosophy 
and  in  Latin  Verse  could  Ficarcely  ever  have  been  large ;  and  ia 
probably  less  now  than  formerly.  Cambridge,  I  hope,  baa  never 
been  destitute  of  men  of  such  tastes,  but  it  is  curious  that  the 
University  Library  does  not  possess  a  complete  copy  of  the  famous 
work  by  Stay  and  Boscovicb. 

491.  Dugald  Stewart,  in  his  well-known  Dissertation,  after 
speaking  in  the  highest  terms  of  Boscovicb,  says : 

Italj  is  certAinlj  the  onlj  part  of  Europe  where  nutbematicianB  and 
metaf^ifsiciaDS  of  the  highest  rank  hare  produced  such  poetry  as  has 
proceeded  from  the  pens  of  Boecovich  and  Stay.  It  is  in  this  rars 
balance  of  imagination,  and  of  the  re«aoning  powers,  that  the  perfection 
of  the  human  intellect  will  be  allowed  to  consiBt ;  and  of  this  balance  a 
&r  greater  number  of  instances  may  be  quoted  from  Italy,  (reckoning 
from  Qalileo  dowuwards,)  than  in  any  other  comer  of  the  learned 
world.     ITorts  edited  by  BatnilUm,  Yol  i.  page  421. 

If  I  might  venture  to  give  an  opinion,  founded  on  such  por- 
tions of  Stay's  work  as  I  have  read,  I  should  say  that  it  is  rather 
versification  than  poetry,  displaying  technical  skill  rather  than 
imagination.  The  subject,  however,  was  not  very  favourable  to  his 
genius ;  and  sometimes  his  lines  contrast  unfavourably  with  the 
simple  but  elegant  notes  of  his  commentator.  Boscovicb,  how- 
ever, had  a  high  opinion  of  the  text  which  he  explained,  for  he 
speaks  of  it  as  operis  sane  ivMnortalis;  see  the  De  Litterarta 
Earpeditione,  psge  390:  the  French  translation  reduces  this  to 
(mvroffe  digiie  de  timmortaliU. 

492.  The  work  is  furnished  with  a  preface  by  Boscovicb,  and 
with  a  letter  to  Benedict  Stay  from  his  brother  Christopher  Stay. 
The  letter  refers  to  Bacon  and  to  Newton ;  see  page  niix.  While 
Newton's  devout  character  is  praised,  the  wish  is  gently  expressed 
that  he  had  known  religion  in  its  purity  as  well  as  itA  power. 

The  psjt  of  the  poem  which  concerns  us  consists  of  the  latter 
half  of  the  fourth  Book  and  the  former  half  of  the  'fifth  Book. 
We  may  say  in  general  "terms  that  we  have  an  account  of  the 
results  obtuned  by  theory  as  to  Attivctiona  and  the  Figure  of  the 
Earth,  and  also  of  the  operations  carried  on  for  measuring  the 
dimensions  of  the  Earth. 
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493.  It  may  be  satisfactory  to  the  reader  to  have  eome 
specimens  of  Stay's  veraeA 

A  passage  in  Book  IV.  beginning  with  line  1638  is  interesting. 
Stay  illustrates  the  fact  that  although  attraction  is  exerted  by 
every  particle  of  matter,  yet  the  disturbing  effect  of  mountains  or 
great  buildings  on  a  falling  body  vanishes  in  comparison  with  the 
downward  action  of  the  whole  earth ;  be  finishes  thus : 

Inter  uxa  qaidem,  glebasque,  herbasque  virentes 

Mutua  vis  hiec  est,  et  ligna,  et  dura  metalla ; 

TelluH  tota  tamen  longe,  lougeque  trahendo 

Fnevalet,  alisorbetque  leves  Iiaa  undique  vires 

Ingeos,  atque  illos  conatuB  pnepedit  omoCB, 

Ut  Sot,  cum  radios  Ctelo  jaculatur  ab  alto, 

Ison  eztincta  lioet  steUarum  Inmina  velat. 
I  will  take  next  a  passage  beginning  at  line  1941  of  Book  IV. ; 
Stay  has  explained  Newton's  method  of  determining  the  Figure  of 
the  Earth,  and  then  be  proceeds  to  shew  where  it  was  defective, 
and  to  state  that  Maclaurin  supplied  the  defect. 

At  reperire  bdo  num  motu  Terra  diomo 

Ulam  debuerit,  qnam  coni  s^mina  prima 

Prosoisei  dant,  iuduere,  et  drcumdore  formam, 

.^^que  etiam  n  densa,  fluensque  fuisset,  ut  unda, 

Inclite  Yir,  porro  noa  hoc  aocepimna  a  t« 

Inter  muuera  magna,  quibuB  noe  nndique  ditas ; 

Fora  voluioti,  alii  ut  quid  tantis  addere  postent; 

Sic  alios  Rex  uepe  miis  ditescere  gaudet 

Theaauris,  atque  in  vulgus  difTuadere  dona, 

Poetqnam  ipse  immensam  fnerit  largitus  opum  vim. 

Hoo  donnm,  lAurine,  tuum  est;    stupnere  doceatem 

Multa  Caledoniis  Mortales  te  quoque  in  oria. 

Inter  multa  tameu  longe  hoc  praratantins  unnm  est : 

Illam  nemp«  doom  fbnnam  a  Tel  lure  fuisse, 

Oyioa  agglomerat  dnm  circa  se,  anbeundam. 

Si  liqnida,  et  molem  foret  isque  densa  per  omnem, 

Atque,  poloa  inter,  madias  attoUiar  eras 

Menflura  circom,  dizi  qua  naper,  eedem 

Propterea  deber^  atqoe  hino  quoque  crcecere  eodem 

Ordine,  quo  dixi,  paulatim  pondera  renim, 

Inque  polos  illaa  gravitatd  accedere  viree. 

21—3 
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As  another  qtedmen  I  will  take  a  passage  begiaiuDg  at  line  7IS 
of  Book  T. ;  it  ia  part  of  the  deBcription  of  the  operatioiu  of 
Maupertuis  and  his  friends  ia  liaplaud : 

Foetqaam  flamineo  measTini  est  coguita  dono 
Ilia  {itior  ;   moaiM  turn  qna  ratione  adeusdi  I 
TJndiqne  pneruptis  sUvn  Btant  montibua  alta 
Verbera  ventomm  tantdm  Ihuigeiitia  Tamos 
FerpeSBK,  nuiiquam  flammas,  diramque  bipenneni, 
Obatractae  niviboa,  morttdi  Ibn  pede  nunqnam 
TentatK ;  jam  Bont  nudaada  cacumiaB,  Celcx^ae 
llbe  OBtentandn  rupea,  jam  montia  ad  inuua 
Radioem  aerii,  Kiltim  dizere  Golo&i, 
Hnrendum  est;   ilUc  iabricanda  patentia  Bnnnm 
Paatomni  de  loore  mapalia,  aoaiucerentar 
Unde  faOBB  Cieli,  et  sublimee  TerticiB  nlnn^ 
St  snut  mnlta  locia  aptandH,  morendaqne  mnltis 
Inatnimeiita  grari  molimine,  Dndalufi  ille 
Fnesartim  multa  qus  fecerat  arte  Britaimus^ 
TTianie  ct^an  tantdm  est  munita  labore ; 
Ipse  gnidiu,  gradnomqne  dedit  cognotae  per  anntm 
Farticulas  aenat  deciefi  in  quolibet  ono, 
Atque  hamm  totidem  quoque  fragmina  particnUmm, 
Qu»  non,  convexia  niai  Tibia,  cemere,  tantitm  est^ 
Niminim,  geauB  hoc,  arcto  conolMsa  supellex, 
Ha  quid  in  offienau  razio,  oompage  aolnta, 
Turbacetur,  eoa  montea,  pneniptaque  carm, 
Sive  levi  potiua  aoandebat  culmiba  cimba, 
Conaimilia  cerro  qnam  belloa  junota  tiahebat, 
Ocyor  at  mult«^  multoque  ferocior  illo, 
Ferque  nires,  glodemque,  per  borrida  Baxa  Tolabat 
Indigerue,  rude  vnlgus,  iaera,  nulliaque  juvare 
Conailiis,  operiaque  potena,  com  aepe  videreat 
Circum  alienigenas  timdi,  atque,  ut  Mtcra  ferantes, 
Lente  onus  id  veotare  Tiros,  intna  latitare 
Kumioa  credebant,  Divum  et  procedere  magtiam 
Matrem  inter  Oaltos;  namqtte  illos  atolta  jMremebat 
Belligio>  exanimesque  Deos,  et  inaoia  sigDa 
Thnre  coti,  votiaqua  jubens,  et  aanguine  fiuoi 
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494v  The  supplementary  dissertations  with  which  we  are  oon- 
cemed  exteod  from  page  359  to  page  426  of  the  secood  volume. 

495.  The  first  dissertation  is  entitled  De  incEqualitaie  gravi- 
tatis  per  superfidem  telluri3,  etjtgura  ipmua  teUuris  ex  cBguilibrio : 
it  occupies  pages  S59...380. 

This  may  be  described  as  an  abridgement  of  the  matter  on  the 
same  topics  given  by  Boscovich  in  the  treatise  we  have  already 
examined.  Boscovich  says  on  his  page  361,  referring  to  the  former 
treatise: 

E^  rem  totam  ad  solius  finitte    Qaometris  vires   red^  in 

memOTato  (^hibcmIo, Siugula  fVise  peraequi,  et  accurate  demonatrars 

non  sioit  ipsa  horum  snpplementornm  brevitas;  quamobrem  isdicabo 
tan  turn  modo  methodum,  qiiam  odhibui,  et  theoremata  pnecipua,  ao 
formulas  inde  erutas ;  ubi  tamen  occuirent  qiuedtuu  et  perpolita  magia, 
et  promota  ulterius,  quam  ibL 

I  shall  notice  some  miscelknaoua  matters  of  interest  which 
present  themselves. 

496.  In  his  Article  203,  on  page  359,  Boscovich  asserts  more 
positively  than  in  the  former  treatise,  that  a  mass  of  fluid  in  equi- 
librium under  no  external  forces  must  take  a  spherical  form. 

497.  In  his  Article  209,  on  pi^  361,  he  ia  speaking  about 
the  deduction  of  the  Figure  of  the  Earth  from  the  theory  of  graWty, 
and  he  says,  "in  qua  perquisitione  Newtonus  incassum  laboravit,... 
feliciter  autem  rem  confecit  Mac-Laurinus."  This  seems  scarcely 
just  to  Kewton,  whose  investigation  was  satisfactory  as  &r  as  it 
went ;  and  this  is  admitted  by  Boscovich  himself  elsewhere ;  wbila 
we  do  not  know  that  Newton  tried  to  do  more  and  failed,  as  is  sug- 
gested by  the  words  incassvm  laboravit     See  Art.  501. 

498.  In  his  Articles  228  and  229,  on  pages  S66  and  367,  we 
have  a  more  elaborate  investigation  than  in  the  corresponding 
part  of  the  former  treatise,  which  we  have  noticed  in  Art.  468. 
He  is  discussing  the  case  in  which  there  is  a  spherical  nucleus 
surrounded  by  fluid ;  and  in  the  present  investigation,  the  radius 
of  the  nucleus  is  not  assumed  at  first  to  be  approaimately  equal 
to  the  radius  of  the  outer  surface  of  the  fluid. 

In  his  Article  232,  on  page  368,  he  proposes  the  name  fractto 
gravitatie,  for  what  we  have  called  Clairaut's  fraction:  see  Art  336. 
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By  the  aid  of  what  he  had  given  in  bis  Articles  228  and  229, 
BoscoTich  is  now  able  to  supply  an  investigation  of  duraut'a 
theorem,  which  is  rather  more  general  than  that  in  the  former 
treatise ;  see  his  Article  237,  on  page  369. 

499.  His  Article  238,  on  page  370,  is  important  He  quotes 
the  words  from  the  second  edition  of  Newton's  Prvrmpia  to  which 
we  have  drawn  attention  in  Art.  30,  namely,  "Hsec  ita...adhac 
major."  It  would  however  have  been  right  to  remark  that  the 
words  were  omitted  in  the  third  edition  of  the  Prindpia.  Boscovich 
adopta  the  same  opinion  as  Clairaut,  with  respect  to  the  ori^n  of 
Newton's  error;  but  states  it  I  think  more  clearly;  see  Art.  37. 
Boscovich  says : 

et  hone  qtudem  -  Newton i  errorem  Clerantius  deprehendit,  ac 

protulit.  Censiiit  fortasae  Newtonua  (»njectura  quadara  nans,  et  re  ad 
geometrioam.  tnitinam  uequaquam  redacta,  in  quavia  hjpotliesi,  iit  in 
casu  homogeneitati^  vires  in  teqoatore,  et  Id  p»lo,  esse  reciprocaa  distan- 
tiis,  quaB  vidit  magia  augeri  in  polo,  si  massa  naclei  fiat  major,  ob 
exoesanm  gravitatis  in  illam  maaaam  adjectam  pro  loco  viciuiore  ipsi 
in  pola 

500.  His  Article  244,  on  pages  371  and  372,  is  important. 
He  is  correct  as  to  a  matter  in  which  there  is  at  least  the  appear- 
ance of  error  in  the  former  treatise :  see  Art  466.  At  the  end  of 
his  Article,  Boscovich  indicates  that  he  is  about  to  investigate 
a  certain  theorem  more  generally  than  in  his  former  treatise:  the 
theorem  is  that  the  increase  of  gravity  in  proceeding  from  the 
equator  to  the  poles  varies  as  the  square  of  the  sine  of  the  latitude. 

On  his  pages  375  and  376,  he  gives  tabular  results  as  to  the 
value  of  gravity  at  different  places  which  are  fuller  than  in  the 
corresponding  part  of  the  former  treatise,  namely  pages  479  and  480. 

601.  On  his  page  378,  Boscovich  expounds  Newton's  method 
of  determining  the  Figure  of  the  Karth;  he  says  in  his  Article  264: 

ClerantiuB  in  opa^e  de  figura  Telluria  miratur,  Kewtonnm  yidiaae 
figunun  Tellnri^ebttam  hac  methodo,  velut  trans  nebtdam  qnandam ;  at 

miki  quidem  videntur  prona  omnia  ia  ha,c  ejus  methodo N^ibil  in 

toto  hoc  progressa  miM  videtur  alienum  a  saga«i  quidem,  sed  et  solida, 
et  uaitata  Kewtoni  perquirendi  ratione. 
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But  I  do  not  find  any  such  remark  made  by  Cl^raut  aa  is  here 
attributed  to  him ;  perhaps  Boscovich  was  really  thinking  of  a 
Hentence  with  respect  to  Newton,  which  occurs  in  the  Essay  on  the 
Tides,  by  Daniel  Bernoulli,  Chapter  ii.,  Article  vilL : 

Qiiant  it  sou  raisonnement,  il  n'j  a  peut-etr«  que  Ini,  qni  pflt  y  voir 
dftir ;  car  ce  grand  homme  voyoit  &  travere  d'uD  ToiI<^  ce  qu'un  autre 
ne  distingue  qu'i  peine  aveo  un  microacope. 

502.  The  next  dissertation  is  entitled  "  De  deuiationibua 
pendulomm  ex  asperUate  superficiei  terrestris,  et  inethodo  definCendi 
maasam  terra:  it  occupies  pages  330.. .384. 

503.  On  his  pt^e  381,  Boscovich  refers  to  a  figure  which  is  not 
to  be  found  in  the  book;  so  the  reader  must  draw  it  for  hinuelf. 

In  the  section  we  are  now  considering,  Boscovich  advocates  the 
plan  for  detenmning  the  mass  of  the  Earth  which  he  had  proposed 
in  the  former  treatise :  see  Art.  476.  He  also  suggests  a  modifi- 
cation of  it.  He  would  have  constructed  at  royal  expense  in 
certain  valleys  immense  reservoirs,  so  that  they  could  be  filled 
with  water  by  the  mountain  streams,  and  ^ain  emptied  at  plea- 
sure ;  then  the  position  of  an  adjacent  pendulum  is  to  be  observed 
before  and  after  the  reservoir  was  filled  with  water.  A^  the  form 
and  dimensions  of  the  reservoir  would  be  exactly  known  the  de- 
viation which  the  mass  of  water  would  produce  in  the  pendulum 
could  be  calculated,  assuming  the  ratio  of  the  density  of  the  water 
to  the  mean  density  of  the  Earth :  and  then  by  comparison  with 
observation  this  ratio  would  be  determined. 

Boscovich  manifestly  held  veiy  decided  opinions  as  to  the  duty 
of  governments  in  encouraging  science. 

504.  The  next  dissertation  is  entitled  De  veterum  eoitatBma 
pro  magnitudine  terrca  determinanda :  it  occupies  pages  385. ..389. 

Boscovich  refers  to  a  separate  dissertation  which  he  had  pub- 
lished entitled,  De  Veterum  argumeatia  pro  Telluru  gphcericitate : 
this  I  have  not  seen. 

The  principal  matter  to  notice  here,  is  the  detail  of  an  investi- 
gation to  which  we  alluded  in  Art  475  ;  he  admits  that  there  was 
a  slight  error  in  the  result  he  formerly  gave :  his  method  is  sound 
but  laborious. 
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By   comparing   hia   reeult   with  that   which  I   ohtained    in 
Art,  475,  the  following  formula  is  deduced. 

2     6     80     336     4608  ^  ' 

that  is  ^  —  w,  — ti,  — u,-M^— ...  — 21og2, 

where  «.-2(-ir 2„(2„  +  l)[^ ■ 

Thia  may  also  he  estahlished  thus : 

Weh.Te        j^|,i„-l  +  5^<!lfi)-?}*.21og2-|; 
for  the  indefinite  integral  of  the  expression  under  the  integral 

sign  18  rsm  '-  +21og  ■— ^^ .^-2^^ .' j 

from  which  the  definite  integral  follows. 

Again  Bin-' J  +^^^^^=^j'Vcr'-aO  <^. 

BO  that  the  definite  integral  =  f*  ["2  TK^    ~'^-Ht£i= 1  Jr 

rate  with  respect  to  r  first;  thus  we  obt«n 

'"  '^   i(B(H. 


.K 

i.5 


Thus  the  required  formula  is  established. 


605.     The  next  dissertation  is  entitled  De  primis  recentiorum 
conatibvs   pro  determtnanda  ma^itudiRe  teUaris:    it  occupies 
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In  hie  Article  30*  on  page  391,  after  shewing  that  a  certain 
proceas  which  seems  theoretically  advantageous  fails  by  reason  of 
practical  difficulties,  he  concludes  with  this  reflection : 

....  ut  qiiie  method!  direcUe  videntur  prime  fonte  oraniom  aptissimn 
ob  theoris  siinplicitatem,  plerumque  fiito  quodam  conditionis  IiumaDi* 
fiant  maxime  omnium  ineptce,  et  per  ambages  snpe  indireotas  tegrd 
demum  ©o,  quo  tenditur,  liceat  evadere. 

In  his  Article  307  on  pa^  392,  he  points  out  the  changes 
sncceseively  made  in  the  French  degree  of  the  meridian  originally 
measured  by  Ficard,  and  concludes  with  this  reflection : 

Inde  autem  vel  in  hoc  boIo  PiccarU  gradu  fiicile  coDStat,  per  qnaa 
ambages,  et  inter  quos  errorum  scopaloB  ad  reritatem  eroergat  hnmana 


506.  The  next  dissertation  is  entitled  De  dimenaione  graduvm 
meridiam,  et  paralleli:  it  occupies  pages  393,. .400,  This  gives 
a  good  sketch  of  the  process  of  measuring  an  arc  uf  meridian 
or  of  longitude. 

507.  The  next  dissertation  is  entitled  Be  Jiffura,  et  magni- 
tudine  terra  ex  pluriwm  graduum  comparatione :  it  occupies 
pi^es  400... 405. 

In  his  Article  337  on  page  402,  Boscovich  works  out  one  case 
to  which  he  had  only  alluded  on  p^e  490  of  his  former  treatise ; 
namely  having  given  the  length  of  a  degree  of  meridian  at  one 
latitude  and  the  length  of  a  degree  of  longitude  at  another,  to 
determine  the  axes  of  the  Earth. 

But  he  seems  to  attach  the  greatest  importance  to  some 
approximate  formula  for  the  length  of  a  degree  of  meridian  or  of 
longitude  to  which  he  had  drawn  attention  in  the  last  two  pages 
of  his  former  treatise.  These  formulae  all  depend  on  the  following 
approximate  expression  for  the  radius  of  curvature  at  any  point 

of  an  ellipse,  -r 5-  cos'X,  where  X  is  the  latitude,  and  a,h,e 

have  their  usual  meaning.     He  saya  as  to  his  formulie  in  his 
Article  344,  on  page  403 : 

Ego  qtudem  vix  crediderim  posse  aimpUciore,  et  magis  uniftniai 
methodo  Bolvi  luec  quatuor  problemata.... 
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608.  The  next  disBertation  is  entitled  D«  recenttt»itnig  gra- 
duwm  dimenaionibua,  et  fgura,  ac  magnitudine  terra  inde  deri- 
vanda:  it  occupies  pages  406... *26. 

Boscovich  takes  the  same  five  arcs  as  Id  Hs  former  treatise ; 
see  Art.  481.  These  furniali  as  before  ten  binary  combinations, 
and  therefore  ten  values  of  the  ellipticity :  see  Art.  482.  He  gives 
the  result  in  a  Table  on  page  408,  which  may  be  compared  with 
that  on  page  501  of  the  former  work.  He  has  used  a  slightly 
difierctit  formula  for  computing  the  ellipticity,  so  that  in  the  later 
Table  each  denoininator  should  exceed  by  2  the  corresponding 
denominator  in  the  former  Table.  The  ellipticities  deduced  from 
the  ninth  and  tenth  combinations  are  however  quite  wrong  in  the 
later  Table. 

509.  Boscovich  lays  great  stress  on  the  discrepancies  between 
the  various  measures  of  degrees ;  he  attributes  them  mainly  to 
deviations  of  the  pendulum,  produced  by  inequalities  in  the  sur- 
face and  the  crust  of  the  Earth,  He  in  fact  holds,  as  in  bis  former 
treatise,  that  very  little  was  really  known  as  to  the  true  figure  of 
the  Earth :  see  Art.  4S4.  He  expresses  his  opinions  with  some  em- 
phasis, and  indeed  it  seems  to  me  that  he  has  allowed  his  feelings 
to  disturb  his  attention  or  his  judgment,  for  there  are  various 
misprints  and  some  diflSculties  in  the  dissertation. 

In  his  Article  360,  on  pages  400  and  410,  he  alludes  to 
Bouguer's  hypothesis,  that  the  increment  of  the  length  of  a 
degree  of  the  meridian  in  passing  from  the  equator  to  the  pole 
varies  as  the  fourth  power  of  the  sine  of  the  latitude ;  but  he 
has  omitted  Bouguer's  name,  so  that  the  hypothesis  seems  to  be 
ascribed  to  Clairaut  or  Maupertuis. 

In  his  Article  365,  on  page  411,  he  refers  to  an  objection  he 
had  formerly  expressed  when  Uaupertuis  was  supposed  to  have 
settled  the  exact  Figure  of  the  i^arth ;  and  for  this  he  says, 
"  tanquam  audacissimus,  et  ineptus  traductus  sum."  He  goes  on 
to  epeak  of  "  illam  ipsam  tantam  compressionem,  quam  in  eo 
opusculo  Maupertubius  vulgaverat,"* . , . ;  but  this  is  not  accurate, 
for  Maupertuis  did  not  explicitly  assign  any  value  to  the  compres- 
sion in  his  book,  though  he  gave  the  length  of  his  own  degree, 
and  also  what  he  then  considered  to  be  the  correct  length  of 
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Picard's  degree:  see  Maupertuis's  Figure  de  la,  Tbrre.. .pi^  126. 
Sut  we  have  seen  in  Art.  177,  that  Clairaut  once  Buggested  inci- 
dentally a  very  large  value  of  the  ellipticity  as  obtained  from  the 
operations  at  the  polar  circle. 

In  his  Article  871,  on  page  413,  Boecovich  says  : 
Multo  est  major  udque  luec  ipsa  Telluria  tiaperitaB,  utut  ttun  exigua 
respectu  totius  diametri,  et  multLa  partibm  major,  quam,  qiue  totam 
etiam  possil  quadringentanim  hezapedarum  ineqnalitatem  parere,  qnam 
inter  Quitensem,  «t  I^poniouni  gradum  observationee  eihibent ;... 

This  is  not  intelligible.  The  difference  between  the  lengths  of 
a  degree  of  the  meridian  in  Lapland  and  Peru  is  according  to 
BosGovich'a  own  Table  671  toises,  not  400.  But  perhaps  by  imx- 
qualitaa  he  means  not  the  difference  of  the  two  lengths,  but  the 
deviation  from  some  theoretical  standard :  if  so,  he  should  have 
explained  what  the  standard  was,  and  how  the  deviation  was 
estimated. 

510.  On  his  p&ge  414,  Boscovich  criticises  some  statements 
made  by  Maupertuis  in  a  work  on  Qec^raphy ;  and  on  his  page 
416  he  animadverts  on  the  Article  relating  to  the  Figure  of  the 
Earth  in  the  Encyclop4die:  the  objections  amount  to  this,  that 
sufficient  attention  was  not  paid  to  the  irregularity  of  the  Earth's 
surface  and  crust. 

Boscovich  gives  us  on  his  page  416  the  following  depressing 
view  of  the  course  of  human  investigations : 

At  et  hlc  quidetn  notare,  et  admirari  licet  liumantB  gentis  condi- 
tioaem  nbique  uaiformem,  qiue  per  crebraa  positioned  fkUas,  erroreeque 
atque  errorum  correctioDea  multiplicee,  poet  erroneas  observatioues, 
erroneas  etiam  ratiocinatlonea  multaa  tegre  demum  per  longam  observa- 
tionnni,  et  contrarianim  opiaionnm  seriem  euitatur  ad  veritatem. 

511.  The  most  important  part  of  this  dissertation  is  that 
contained  in  pages  420.. .425.  Boscovich  here  explains  a  method 
of  his  own  invention  for  combining  discordant  observations  so  as 
to  evolve  an  advanti^eous  result.  As  applied  to  the  present 
subject  it  may  be  stated  thus :  to  determine  the  generating 
ellipse  of  the  Earth's  surface  from  the  measured  lengths  of  de- 
grees of  the  meridian,  under  the  two  conditions  that  the  sum 
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of  the  negative  errors  shall  be  numerically  eqiial  to  the  Bum  of  the 
positive  errors,  and  that  each  Bum  shall  have  the  least  possible 
value.  Boscovich's  exposition  of  his  method  takes  a  geometri- 
cal form :  it  is  simple,  clear,  and  instructive.  Laplace  gave 
Boscovich's  method,  divested  of  its  geometrical  form,  in  the 
Paris  Mimoirea  for  1789;  and  subsequently  in  the  M4caniqu» 
Celeste,  Livre  in.  §  40.  Boscovich  exemplifies  his  method  by 
applying  it   to  the  five  arcs  he   had   adopted;     see  Arts.   481 

and  608 :    these   furnish   ^^  for  the  ellipticity.     The  residual 

errors  for  the  length  of  a  degree  in  toises  for  the  Equator,  Cape  of 
Good  Hope,  Italy,  France,  and  Lapland,  are  respectively  0,  -  79-2, 
93-8,  75'9,  and  -  90-5.  la  the  French  translation  of  Boscovich's 
former  treatise,  besides  this  example  another  is  ^ven,  which  in- 
volves nine  measured  ai-cs. 

512,  The  poem  of  Stay,  with  the  commentary  of  Boscovich, 
constitute  a  good  elementary  exposition  of  the  principal  xesulta 
which  had  been  obtaiaed  relative  to  our  subject  It  may  be 
doubted  whether  the  system  on  which  the  book  is  constructed  is 
the  most  ecfmomical  of  the  student's  attention ;  for  in  fact 
various  points  are  often  treated  three  times,  first  in  the  verses, 
next  in  the  notes,  and  finally  in  the  supplementary  dissertations. 
But  probably  some  readers,  for  whom  the  dissertations  would  be 
too  elaborate,  might  find  the  more  popular  parts  of  the  work 
entertaining  and  instructive. 

513,  It  will  be  convenient  to  notice  here,  though  a  little  out 
of  date,  the  French  translation  of  the  De  Litleraria  Expeditiom  of 
Maire  and  Boscovich  :  this  was  published  at  Paris  in  1770  under 
the  title  of  Voyage  Aetroftomtque  et  Q^ographique,  dans  I'Etat  de 
VEgliae....  This  is  in  quarto,  containing  a  Title  and  Introductory 
matter  on  xvi  pages,  and  the  text  on  526  pages ;  there  are  alsc 
four  Plates  and  a  Map.  Some  notes  are  added  to  the  translation, 
and  also  a  copious  Index :  the  map,  notes,  and  indes  render  the 
translation  more  useful  than  the  original.  The  name  of  the 
translator  is  not  given ;  but  in  the  life  of  Boscovich  in  the  Bio- 
graphic Umverselle,  the  De  Litteraria  Ea^edUione...  is  said  to  be 
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"traduit  en  fraoi^ia,  sous  te  nom  de  I'abM  Cbatelain,  par  le 
P.  Hugon,  jesiiite."  See  also  La  himdei'fBihtiographie  Astnmo- 
migue,  ps^  515. 

611.  In  the  part  of  the  translation  with  which  we  are  con- 
cerned there  are  some  matters  which  may  be  briefly  noticed. 

On  pages  449.. .453  there  is  a  long  note  of  a  controvereial 
character  relating  to  D'Alembert ;  we  shall  mention  it  hereafter  in 
connexion  with  D'Alembert'e  Opuscules  Maih^matiqties,  Vol,  VL 

On  pages  478... 483  there  aie  notes  giving  the  results  ob- 
tained by  measurements  in  Hungary,  Piedmont,  and  North 
America,  which  had  been  executed  since  the  publicatjun  of  the 
original  work. 

On  pages  501.. .512  we  hare  an  important  note.  This  gives 
us  first  an  account  of  Boscovich's  method  of  treating  discordant 
observations,  whicb  is  a  translation  of  the  exposition  by  Boscovich 
himself,  published  in  his  commentary  on  Stay's  poem:  see 
Art  511.  Then  the  method  is  also  applied  to  the  case  of  nine 
measured  arcs,  namely,  the  five  fonneriy  taken  by  Boscovich, 
together  with  four  others.  Also  some  remarks  are  made  as  to 
the  density  of  a  supposed  spherical  nucleus  in  tJie  Earth. 

A  curious  note  occurs  on  Article  11  of  Bt«covich's  trealisa 
Boscovich  is  speaking  of  relative  motion,  and  he  says  that  if  the 
space  in  which  the  Earth  is  situated  has  a  motion  equal  and 
opposite  to  that  of  the  Earth,  then  the  Earth  itself  is  at  rest ; 
the  note  then  adds : 

Yoici  de  quoi  rassurer  ceax  qui  appr^endeut  que  le  double  moav»- 
ment  de  la  terre,  dans  lea  syat^ea  de  Copemie  et  de  Neiotott,  ne  Boit 
oppos6  aa  sens  littoral  de  TEcritura  saiute.  Bien  ne  lee  empdche  de 
snpposer  la  terre  immobile,  Bans  rien  d^ranger  il  l'6xinomie  de  ces 
syst^mee. 

A  note  on  pages  36  and  37  of  the  translation  informs  us  that 
various  measurements  of  degrees  were  undertaken  at  the  sug- 
gestion of  Boscovich ;  namely,  those  in  Austria  and  Hungary  by 
Liesganig,  that  in  Piedmont  by  Beccaria,  and  that  in  North 
America  by  Mason  and  Dixon.  The  connexion  of  Boscovich  with 
the  last  is  thus  stated : 
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Knfin  dam  son  voyage  en  Angletoire^  il  a  repr^senU  i,  Ik  Socitit6 
Boyale  I'amiitage  qu'il  j  anroit  de  fain  mesnrer  un  d6gt€  en  AmSriqne, 
areo  d'autant  plus  A  raison,  que  depuia  que  rA^tronomie  eat  perfeo- 
tiounSe,  I'Angleterre  a'avoit  rien  hit  pour  connoitre  la  figure  de  la  T«rre. 

The  operationa  in  England,  in  India,  and  at  the  Cape  of  Good 
Hope,  since  the  time  of  Boscovich,  have  removed  the  reproach 
which  is  here  cast  on  us.  Perhaps  ve  may  hereafter  have  mea- 
surements made  in  Canada,  Australia,  and  New  Zealand. 

A  note  on  page  15  records  the  name  of  a  person  who  corrected 
the  error  of  Eeill  and  Cassini ;   see  Arts.  76  and  81 : 

M.  dea  Koabaia,  Ingfniaur  charg£  de  poser  les  signaTix,  donna  dariB 
an  Journal  de  Hollande,  la  ddmonstration,  que  lea  d^r£s  d^croiaaaiis 
vera  le  p61e,  faiaoient  la  terre  allong^ 

See  La  Lande's  BibHographie  Astronomique,  page  372. 
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MISCELLANEOUS  INVESTIGATIONS  BETWEEN  THE 
YEARS  1741  iND  1760. 


615.  The  present  Chapter  will  contain  an  account  of  various 
miscellaueouB  investigations  between  the  years  1741  and  1760. 

I  shall  not  in  future  record  the  titles  of  memoirs  relating  to 
observations  of  pendulums ;  as  those  which  present  themselves 
after  the  period  at  which  we  have  arrived  are  given  in  well-known 
works.  See  la.  Lande's  Aa^onomie,  third  edition,  Vol.  IIL 
pages  43  and  44 ;  Reuss's  Sepertorinm. .  .Vol  V.  pages  79  and  80 ; 
and  the  Article  on  the  Figure  of  the  EartA,  in  the  EncydopeBdia 
Metropolitawt. 

€16.  A  work  was  published  at  London,  in  1741,  entitled 
MenaUn's  sailing,  applied  to  the  true  figure  of  the  Earth.  WUh 
an  infovdnction  concerning  the  discovery  and  determination  of  that 
figure.  By  Pa^ick  Murdoch,  M.A.,  Sector  of  StradishaU,  in 
Suffolk. 

This  is  a  quarto  volume,  ccmtaining  xzzii  +  38  pages,  and 
three  plates  of  figures. 

The  title  points  out  that  the  work  consists  of  two  parts ;  we 
are  principally  concerned  with  the  first  part :  on  this  a  few  remarks 
ma;  be  made. 

517-  The  most  distinctive  part  of  the  book  is  the  treatment 
of  the  hypothesis  that  the  Earth  is  not  homogeneous,  but  has  a 
central  nucleus  denser  than  the  surrounding  fluid.  Murdoch 
maintains  that  if  this  central  nucleus  is  spherical,  the  ellipticity 
of  the  external  fluid  sur&ce  will  be  leas  than  on  the  homogeneous 
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hypothesis;  hut  if  the  central  nucleus  is  an  oblatum  similar  to  the 
external  fluid  surface  the  ellipticity  will  be  greater  than  on  the 
homogeneous  hypothecs.  To  show  this,  he  first  gives  some  gene- 
ral reasoning  on  his  page  xxi ;  then  he  briefly  sketches  a  mathe- 
matical investigation,  and  states  the  formulae  to  which  it  leads  on 
his  pages  zxii  and  xsiii;  and  troni  his  formulae  he  deduces  nu- 
merical results  on  his  page  xxiv. 

But  this  distinctive  part  of  the  hook  is  unsatisfactory.  Id  the 
first  place,  no  attempt  is  made  to  shew  that  the  mass  is  in  relative 
equilibrium;  but  assuming  it  to  be  in  that  state,  an  equation  is 
obtained  by  considering  equatorial  and  polar  columns.  In  the 
next  place,  since  there  is  supposed  to  be  a  hard  nucleus  the 
columns  cannot  be  produced  to  meet  at  the  centre,  and  so 
Murdoch  has  to  make  an  arbitrary  supposition.  This  supposition 
expressed  in  modem  language  is  that  the  pressure  of  the  fluid  on 
the  nucleus  is  the  same  at  the  points  where  the  equatorial  and 
polar  columns  meet  the  nucleus.  Since  his  results  are  based  on 
these  unsatbfactoiy  principles,  they  cannot  be  accepted. 

X  have,  however,  verified  his  formulse,  and  find  that  on  his 
assumptions  they  are  correct.  I  have  not  gone  over  the  calcula- 
tions by  which  his  numerical  results  on  bis  page  xxiv  are  obtained. 

518.  Let  us  take  one  example  of  his  numerical  results  from 
another  place,  namely  his  page  xxvi.     He  says : 

...For  in  one  of  these  Elxemplaa,  where  the  redundant  Matter  was 

a  Sphere  with  the  Badius  j  of  the  Semidiometer  of  the  Equator,  if  we 

compute  its  accelerating  Force  at  the  Pole,  we  shall  £nd  it  about  r^^r— 

of  the  whole ;  and  conseqnently  the  whole  Density  of  the  concentric 
Sphere  would  be  to  that  of  the  ambient  Matter  as  42  to  1.  Proportions 
which  will  not,  I  presume,  be  thought  veiy  natural;  whereas,  if  the 
redundant  Mass  is  a  Spheroid  similar  to  the  Earth,  their  like  Diameters 

48 
1000' 

and  the  whole  Density  of  the  Spheroid  to  that  of  the  ambient  Matter,  in 
little  more  than  the  Eatio  of  1307  to  lODO. 
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On  this  passage,  I  remark  that  the  great  discrepaiK^  between 
tbe  two  results,  whea  so  slight  a  chaoge  is  made  in  the  hypotfaesiB 
as  the  transition  ^m  a  spherical  nucleus  to  an  oblate  nucleus, 
should  have  shaken  Murdoch's  faith  in  hi^  whole  process. 

But  at  the  same  time  I  do  not  see  how  his  numerical  results 
are  obtuned. 

Let  a  denote  the  density  of  the  r^vmdami  matter,  and  />  the 
density  of  the  awintmt  matter.  Let  a  denote  the  major  semiaxia 
of  the  Earth,  h  the  minor  semiaxis,  and  €  the  ellipticity.     Ilien 

assuming  the  correctness  of  his  fraction  ^^ ,  which  depends  on 

his  preceding  formutie,  we  have 


W  F~i 


'-M^^-M: 
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38  X  64     ^5       38  X  64  / 
62        l  +  3«~     62      I 


If  we  put  e  =  0,  we  get  -  less  tlum  40 ;  if  we  put,  as  Murdoch 
does  elsewhere  imphcitly  6=57.  ' 

presume  that  he  means  to  say  we  get =  42. 

Li  the  second  example  proceeding  in  a  similar  way,  I  find 
approximately 

4 
Z     *8x64  ^"'"5^     48  X  64  /       6\ 
p"     952      l  +  2e"     952     I.        57' 

so  that  -  is  about  3,  and  ^  about  4:  this  differs  altogether 

from  Murdoch's  result 

519.  On  page  xxvi.  the  passage  is  quoted  from  the  second 
edition  of  Newton's  Principia  which  corresponds  to  that  from  the 
first  edition  which  we  have  quoted  in  Art  37. 

T.  M.  K.  22 
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Murdoch'  coo^ders  Newton's  langnsge  to  indicate  that  he  in- 
tended his  nucleus  to  he  not  spherical,  hut  ohlate ;  and  Murdoch 
thinks  that  D.  Oregoiy  in  his  Prop.  52,  Lib.  III.  overlooked  this. 
But  I  do  not  believe  that  Newton  really  intended  to  discriminate 
between  these  two  forms  for  a  nucleus. 

On  page  zxvii.  there  is  a  reference  to  tfae  Principia,  Lib.  I. 
Prop.  91,  Cor.  2 ;  hut  this  passive  has  no  bearing  on  the 
matter  which  Murdoch  is  discussing. 

On  page  zxix.  there  is  a  note  on  the  erroneous  notion  which 
Cassini  held  as  to  the  figure  of  the  Earth,  in  these  words :  "  He 
has,  I  am  told,  of  late  ingenuously  owned  his  Mistake." 

On  his  page  xxxi  Murdoch  is  speaking  of  the  operations  of 
Maupertuis,  and  exhibits  that  inaccuracy  which  by  some  fatality 
seems  to  cling  to  all  the  derived  accounts  of  this  measurement : 
see  Art.  199. 

Murdoch  says  " ...  after  proper  Allowances  for  the  Kefractioii 
of  Light,  the  Precession  of  the  Equinoxes  and  Mr  Bradle3^8 
Equation...".  But  in  fact  no  allowance  was  made  for  refraction, 
as  Murdoch  himself  admits  on  his  page  zzz.  By  Mr.  Bradley's 
equation  is  meant  what  we  call  Aberration.  Besides  Precession 
and  Aberration  there  was  a  correction  for  Nutation. 

620.  The  part  of  Murdoch's  work  which  is  called  Mercator'a 
sailing  applied  to  the  true  figure  of  iha  EarGi,  does  not  really  fidl 
within  our  scope ;  and  so  we  shall  not  give  any  great  attention 
to  it  We  may  say  generally,  that  the  object  is  to  construct  maps 
of  the  Earth's  surface,  assuming  the  form  to  be  an  oblatum,  like 
the  maps  on  what  is  called  Mercator's  projection  for  a  spherical 
form :  or  it  is  practically  equivalent  to  this. 

Murdoch  is  unfortunate  in  the  value  he  adopts  for  the  ellip- 
ticity ;  in  modem  notation  he  takes  ^  =  '022,  so  that  =  which  is 


deduced  this  value  from  the  degree  in  Lapland,  combined  with 
Picard's  degree,  taking  the  latter  at  the  unount  assigned  to  it 
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by  Maupertuis  in  hia  Figure  de  la  Terre. .  .page  126.  This  smount 
for  Ficard's  decree  was  soon  afterwards  found  to  be  too  small  In 
consequeuce  of  the  very  large  value  assigned  to  the  ellipticity, 
maps  constructed  according  to  Mtirdoch's  tables  would  in  general 
be  more  erroneous  than  maps  constructed  on  the  hypothesis  of  the 
spherical  form  of  the  Earth. 

521.  Murdoch's  work  was  translated  into  French  under  the 
title  Nouvellea  Tables  Loxodromique8...par  M.  Murdoch,  Traduit 
de  VAnglois.     Par  M.  De  Bre'mond... Vaiis,  1742, 

This  is  an  octavo  volume  conaistiog  of  xvi  +  158  pages,  be- 
sides the  Privilege  du  Roy  on  four  pages.  There  are  four  plates 
offi 


'i'he  translator  dedicates  the  book  to  Le  Comte  de  Maurepas, 
the  French  minister  who  was  very  mncb  concerned  with  the 
expeditions  sent  to  Peru  and  to  Lapland. 

The  following  sentence  &om  page  vii.  is  of  inter^t : 

Molgi^  c«  qu'un  autre  Auteur  Anglois  pr6teiid  qu'a  pensfi  Strabon 
Boi-  I'applatiaaeiiieiit  de  la  Terre,  celoi-ci  a  l'6qait€  d'avouer  que  tons  lea 
Fhilosophes  eC  les  0€<q[rapheH  n'attribuoient  point  it  la  Terre  d'autre 
Figure  que  celle  d'un  Globe  parfkit,  avant  la  bmeuse  E!xp£rience  fiute  k 
Cayenne  en  1672.  par  M.  Richer  AMroaome  Fran^iB. 

On  page  19,  there  is  a  note  on  the  passage  of  Strabo ;  and  it 
is  niEuntained  that  the  passage  does  not  shew  Polybius  to  have 
been  acquainted  with  the  true  figure  of  the  Earth. 

It  ought  to  have  been  stated  that  this  note  is  due  to  the 
translator,  and  not  to  Murdoch  himself. 

I  have  noticed  the  passage  in  Strabo  already :  see  Art  152. 

522,  The  pages  27... 46  consist  of  an  important  addition  sent 
by  the  author  to  the  translator.  The  essence  of  this  addition  is  to 
be  found  on  page  43,  namely  formulie  which  give  the  attraction  at 
the  pole  and  at  the  equator,  both  for  an  oblatum,  and  an  oblongum. 
These  formulsp  are  not  demonstrated,  but  diflFerential  expressions 
are  investigated  which  will  lead  to  the  formule  by  integration. 
The  formulffi  are  correct 
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Let  M  denote  the  ratio  of  the  attraction  at  the  equator  of  an 
dlipsoid  of  revolntion  to  the  attractioQ  of  a  concentric  sphere 
touching  the  ellipsoid  at  that  point ;  let  N  denote  the  ratio  of  the 
attraction  at  the  pole  of  the  ellipsoid  of  revoIutioQ  to  the  attrac- 
tion of  a  concentric  sphere  touching  the  ellipsoid  at  that  point. 
Then  whether  the  ellipsoid  of  revolution  be  an  oblatum  or  an 
oblongum;  we  shall  have 

This  formula  is  given,  though  not  quite  vith  this  notation, 
on  page  44:  by  attending  to  the  formula  we  can  discover  the 
meaning  -of  the  first  seven  lines  of  page  45,  to  -which  the  printer 
has  not  done  justice. 

528.  The  addition  which  Murdoch  sent  to  his  translator 
appeared  in  the  same  year  as  Maclaurin's  Flturiom:  but,  as  we 
have  seen,  Maclaurin  had  been  substantially  in -possession  of  the 
results  respecting  the  attraction  of  an  ellipsoid  of  revolution  at  the 
time  he  wrote  bis  Prize  Essay  on  the  Tides.  Thus  Maclaurin's 
claim  to  be  the  first  who  completely  solved  the  problem  of  tiie 
attraction  of  an  ellipsoid  of  revolution  on  a  particle  within  the 
body,  or  on  its  surface,  remains  untouched. 

524.  Another  addition  sent  by  the  author  to  the  translator 
is  given  on  pages  104...  108,  This  relates  to  the  part  of  the  work 
which  treats  on  the  construction  of  maps.  The  addition  is  due  to 
a  suggestion  made  by  Maclaurin  to  Mordoch,  and  it  effects  a  great 
improvement  in  the  mathematical  investigation.  See  Maclaurin's 
Fluxions,  Arts.  895.. .899. 

525.  The  translation  is  not  very  well  executed.  Some  pas- 
sages are  unintelligible,  where  the  original  is  quite  clear;  as  an 
example  may  be  mentioned  a  passage  about  Antipodes,  on  page  129 
of  the  translation  and  page  IS  of  the  original 

The  following  is  a  curious  specimen  of  a  misprint.  On  page  142 
of  the  translation,  we  have  (EL  4.  By  turning  to  the  original, 
page  29,  we  find  it  should  be  6  EI.  4;  here  EI.  stands  for  Elements, 
and  so  what  is  meant  is,  Euclid,  TI.  4. 
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520.  Iq  the  Paris  M^oiret  for  1742,  published  in  1745, 
thete  is  aa  article,  entitled  8ur  la  Figure  de  la  Terre,  which 
occupies  pages  86. ..104  of  the  historical  part  of  the  volume  :  the 
article  is  by  Mairao,  as  appears  from  page  92. 

We  have  here  a  notice  of  Clairaut's  Figurs  de  la  Terre,  pre- 
ceded by  a  sketch  of  the  history  of  the  subject ;  there  is,  ho-wever, 
nothing  of  importance  fiir  ua. 

It  is  remarked  that  even  before  the  observations  made  by 
Richer  at  Cayenne,  on  the  length  of  the  seconds  pendulum,  it  bad 
been  suspected  at  the  Academy  that  the  length  ought  to  become 
shorter  as  the  equator  is  approached ;  to  support  this  remu'k  the 
fourth  Article  of  Pieard's  work  is  cited. 

Mairan  uses  the  word  Pesantwr,  not  io  the  sense  adopted  by 
Maupertuis  and  Clairaut,  but  for  the  Earth's  action  apart  from 
centrifugal  force :  see  Art.  299.  Mairan  also  uses  the  words 
gravitation,  gravity  attraction;  but  without  any  apparent  aim  at 
precision :  see  his  pages  98  and  103. 

527.  The  results  obtained  in  the  geodetical  operations  which 
had  been  carried  on  during  some  yeai^  in  France,  were  published 
at  Paris  in  1744,  by  Cassini  de  Thuiy  under  the  title  of  La 
Meridienne  de  I'Obsei-vatoire  Royai  de  Paris,  vlrijUe  dona  touts 
VMendue  da  Royaume  par  de  nouveUes  observatitms.  The  volume 
is  in  quarto :  it  contains  Half-title,  Title,  Table,  then  pages 
292  +  ccxxxv ;  followed  by  an  alphabetical  list  of  places,  and  the 
Primlege  du  Boy :  there  are  xiv  Plates, 

On  pages  42. ..51  of  the  historical  port  of  the  Paris  Mimoires 
for  1744,  published  in  1748,  we  have  an  account  of  this  work.  On 
pages  237.. .244  of  the  Vax^M4mmre«  for  1758,  published  in  1763. 
we  have  some  corrections  by  La  Caille  of  the  results  obtained  in 
the  work. 

The  Diacoura  Fi-elimtnaire  with  which  the  volume  commences 
gives  a  brief  account  of  the  operations.  The  formal  admission  is 
made  by  Cassini,  that  the  length  of  a  degree  of  the  meridian 
increases  from  the  equator ;  and  that  the  Earth  is  therefore 
oblate :  see  his  page  25.  Thus  the  error  which  he  ^lad  maintained 
afler  his  father  and  grandfather  is  abandoned. 
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The  present  work  supersedes  the  De  la  Grandeur  et  de  la 
Figure  de  la  Terre,  and  has  in  its  turn  been  supereeded  by*tbe 
Baae  da  SysthM  MAriqve... 

628.  The  volnme  of  the  Farie  M^mtnrea  for  1745,  which  was 
published  in  174d,  contains  a  controversy  between  Chtiiaut  and 
Buffon,  which  we  must  notice. 

Clairaut,  in  investigating  the  Lunar  Theory,  obtained  for  the 
motion  of  the  apse  line  a  result  about  half  as  great  as  that 
assigned  by  observation.  In  order  to  explain  the  difficulty,  he 
proposed  to  change  the  law  of  attraction,  by  adding  another  term 
to  the  ordinary  expression,  which  varies  inversely  as  the  square 
of  the  distance.  But  he  soon  discovered  and  admitted  his  error 
86  to  the  Lunar  Theory :  see  page  577  of  the  volume. 

In  the  controversy,  Buffon  attempted  to  shew  that  it  was 
necessarily  impossible  for  the  law  of  gravity  to  be  expressed  by 
the  aggregate  of  two  terms,  one  varying  inversely  as  the  square 
of  the  distance,  and  the  other  varying  inversely  as  the  fourth 
power  of  the  distance:  but  bia  reasons  are  quite  inctmclusive. 
Clairaut  maintained  justly  that  there  was  nothing  absurd  in  such 
a  supposition.  The  controversy  consists  of  six  papers,  three  by 
each  disputant ;  but  it  does  not  seem  tiiat  all  which  was  spoken  or 
written,  was  printed. 

Clairaut  refers  to  the  discrepancy  between  theory  and  obser- 
vation relative  to  the  figure  of  the  Earth,  as  throwing  suspicion  on 
the  ordinary  law  of  attraction;  but  he  admits  that  he  had  not 
attempted  tu  discuss  the  problem  on  his  hypothetical  law:  see 
bis  pages  631  and  547. 

529.  We  have  next  to  notice  a  memoir  entitled  Eu^achn 
Zanotti  De  figura  Tdluris.  This  memoir  was  published  in  the 
JDe  Bononiensi  ScienHarum  et  Artivm  InsHtuto  atque  Academia 
Commentarii,  ToL  li.  Part  2,  Eononise,  1746.  The  memoir 
occupies  pages  210..  .227  of  the  volume. 

Assuming  that  the  Earth  is  an  ellipsoid  of  revolution,  Zanottus 
shews  bow  the  dimensions  of  the  ellipse  may  be  found  from  the 
measured  lengths  of  two  arcs,  either  of  the  meridian,  or  of  a 
normal  section  at  right  angles  to  the  meridialn.    There  is  nothing 
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remarkable  about  tbe  geometrical  [m>ceBseB.  Zanottua  employs 
the  theorem  which  had  been  demoDfltrated  by  Clairaut  respecting 
the  radius  of  curvature  of  tbe  section  at  right  angles  to  the 
meridian,  and  he  refers  to  Clairaut's  memoir :  see  Art  161. 

There  is  an  account  of  the  memoir  on  pages  442... 451  of 
Fart  1,  of  Vol  IL  of  these  Bologna  Transactions,  vblch  is  dated 
1745.  This  is  a  v«rj  U?ely  and  interesting  notice.  The  liber- 
ality of  the  French  king  is  commended  for  undertaking  th« 
expense  of  the  Arctic  and  Equatorial  expeditions.  Zanottus 
thought  ^at  it  would  be  an  honour  to  the  Italians,  if  th^  con- 
tributed something  towards  the  solution  of  the  problem,  before 
Oodin  returned  from  America,  imd  finally  settled  the  question. 
Accordingly,  Zanottus  proposed  to  execute  a  measure  of  an  arc 
at  right  angles  to  the  meridian  of  Bologna;  he  explained  and 
euforced  bis  plan  in  a  meeting  of  tbe  Academy,  but  without 
succesa     We  read 

...Inritavit ;  rogavit ;  obseoravit.  Multos  etiam  oommorit ;  laboris 
socioB  aibi  at^unxit ;  sed  LudoTicua  Magana  ia  corona  non  adfuit,  Ta- 
men,  etsi  rem  noa  perfecit,  spem  rettnnit,  et  voluisse  non  pcenitiiiL 
Quod  dicimas,  ut  qui  italorum  ingenio  nihil  tribaunt,  voluntati  certe^ 
ai  quid  TolunUa  apud  ipsos  mereri  potest^  dent  aliqaid.  Quamquam  et 
ingenio  tribaeat  fortaase  Don  niliil,  si  CtiMinnm  memiBeriat  fuisse  nos- 
tmm. 

530.  The  volume  of  the  Paris  MAnoirea  for  1747,  published 
in  1752,  contains  a  memoir  by  La  Condamine  on  an  invariable 
measure  of  length.  An  abstract  of  this  memoir  in  viii  pages  is 
found  in  some  copies  of  the  work  XII  of  Art  352. 

The  volume  of  the  Paris  M6moirea  for  1748,  published  in  1762, 
contains  a  memoir  by  Cassini  de  Tbury  on  the  junction  of  the 
Meridian  of  Paris  with  that  which  had  been  traced  by  Snell  in 
Holland :  see  Art.  105. 

531.  A  problem  occurs  connected  with  our  subject  on  pages 
175, 176  of  the  Mdmmres  de  ifath4matiq>u...par  divers  Savons,.. 
YoL  L  Paris,  1750.  The  problem  is  entitled  Supponmt  la  lot 
daHradion  en  rowon  inverse  du,  quarri  de  la  diatance,  troitver  la 
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Tiatwe  du  Bolide  de  la  jdus  grande  attmctum.  Par  M.  de  Saint- 
Jacques. 

The  author's  name  is  elsewhere  increased  by  the  addition  of 
the  words  de  3{lvai>eUe. 

The  problem  is  well  solved  in  two  ways.  In  one  solution,  the 
early  method  of  treating  problems  in  the  Calculus  of  Variations  is 
nsed.  In  the  other  solution,  a  simpler  method  is  adopted.  Both 
ways  of  solution  have  been  since  reproduced.  See  my  History.. . 
of  the  Gahubta  of  Varuitiona,  pages  361  and  484. 

For  some  account  of  Saint-Jacques  de  Silvabelle,  see  De  Zach's 
work,  L'aiiraction  dea  mantagnes...itage  588. 

532.  The  Fhiiosophical  Transactions,  Vol.  xLvm.  part  i.  for 
the  year  1753,  published  in  1764,  contains  an  article  on  our  subject 
under  the  following  title :  An  account  of  a  Booh  intitled,  P.  D. 
Pauli  Frisii  Mediolanensis,  <fec.  DisquisiHo  mathematica  in 
causam  physicam  figures  ei  magn^udinia  Telluris  nostrce ;  -printed 
at  Milan,  in  1752.  Inscribed  to  the  Count  de  Sylva,  and  consisting 
of  Ten  Sheets  and  a  half  in  Quarto :  By  Mr.  J.  Short,  FM.8. 

This  article  occupies  pages  5.  ..17,  of  the  volume. 

I  have  never  seen  this  dissertation  by  Frisi ;  but  I  presume, 
it  was  incorporated  by  Frisi  in  his  Cosmograpki(B...Para  altera... 
which  was  published  in  1775,  of  which  we  shall  give  an  account 
hereafter. 

Short  speaks  in  high  terms  of  Frisi,  thus : 

This  does  not,  however,  ia  the  least  detract  from  the  merit  of  F. 
Friai ;  who  discovera  throughout  this  work  much  acuteaeas  and  skill, 
joined  with  all  the  caaduur  and  ingenuity,  that  become  a  philosopher. 
And  as  ho  has  not  jet  exceeded  his  23d  year,  it  may  be  expected,  that 
the  sciences  will  one  day  be  greatly  indebted  to  him  ;  especially  as  we 
find  him  actually  engaged  in  composing  a  oomplete  body  of  physico- 
mathematical  learning. 

533.  The  most  important  part  of  the  article  consists  of  the 
defence  of  a  passage  in  Mewton,  which  Frisi  had  misunderstood 
and  asserted  to  be  erroneous.  The  passage  is  that  of  which  we 
give  an  account  in  Art.  22.     Newton  uses  twice  in  the  sentence 
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the  phraae  in  eadem  ratione.  Then  as  Short  says :  "  In  which  the 
expression  eadem  ratione  occurring  a  second  time  has  misled 
F.  Frisi  and  others,  to  think  this  last  ratio  to  be  likewise  that 
of  the  axes,  or  of  101  to  100."  In  fact,  however,  in  the  second 
case,  the  ratio  is  not  that  of  101  to  100 ;  but  that  of  126  to  125J. 
The  context  shews  clearly,  that  Newton  is  quite  correct  in 
what  he  means  to  say.  Frisi,  however,  was  not  convinced  that 
the  error  lay  with  himself,  instead  of  with  Newton :  see  page  123 
of  the  book  cited  in  Art.  532.  As  we  have  seen  in  Art.  137, 
Maupertuis  also  appears  to  have  been  misled  by  Newton's  words. 

534.  The  defence  of  Newton  seems  to  have  been  supplied  by 
Murdoch,  as  appears  from  the  following  passage  in  Short's  article : 

I  sent  r.  Frisi's  book  to  my  ingenioua  and  learned  friend  the 
revereDd  Mr.  Murdock,  Fellow  of  this  Society,  who  haa  fully  oonsider'd 
the  question  conoeruing  ths  figure  of  the  earth ;  and  who,  after  having 
perused  the  book,  and  discover'd  the  above  mistake  of  F.  Frisi,  seat  me 
the  above  theorem,  and  its  demonstration.  He  likewise  sent  me  the 
following  theorems,  which,  he  says,  be  had  commnuicated  to  M.  de 
Bremond,  in  the  year  1740,  when  he  was  translating  his  treatise  on 
Bailing  :  But  M.  de  Bremond  dying  soon  after,  those,  who  bad  the  oare 
of  pTiblishiiig  the  translation,  printed  it  incorrect  in  several  places  ; 
particularly  the  tbeorems  for  the  prolate  spheroid  :  On  which  account, 
he  sayg,  if  they  are  thought  worth  preserving,  they  may  be  luoerted  in 
the  FhUosophical  Transacliont. 

Accordingly  expressions  follow,  which  amount  to  giving  the 
values  of  the  attraction  of  an  oblatum  or  an  oblongum,  at  the 
pole  or  at  the  equator.  But  it  was  unnecessary  to  publish  them 
now,  because  Maelaurin  had  completely  solved  the  problem  of  the 
attraction  of  an  ellipsoid  of  revolution  on  a  particle  at  the  surface. 
Moreover  all  that  is  here  given  is  also  in  my  copy  of  Bremond's 
translation,  pages  43  and  44,  and  printed  quite  correctly :  so  that 
the  above  statement  seems  unjustifiable :  it  is  however  possible 
that  the  original  page  was  cancelled,  and  a  reprint  substituted. 

I  may  say  that  I  do  not  understand  how  a  numerical  result  is 
obtained,  which  is  ascribed  to  Frisi  on  the  fourth  line  of  page  10. 
And  on  page  17,  after  "whose  tangent  is  •j'{m*  —  l)"  some 
words  follow  which  I  do  not  undet«tand,  but  which  seem  to  me 
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utinecesBary.     Murdoch  spells  his  name  so  himself;  bat  others 
'    sometimes  spell  it  Murdock. 

635.  We  pass  to  another  article  which  is  coaoected  with 
Short's,  and  is  published  in  the  same  volume  of  the  Philosopkicfd 
Transactions.  This  is  entitled  A  Translation  and  ExplanoHon 
of  some  Articles  of  the  Book  intitled,  Theorie  de  la  Figure  de  la 
Terre;  by  Mons.  Clairaut,  of  the  Royal  Academy  of  Sciences 
ai  Paris,  and  F.R.S. 

This  article  occupies  p^es  73. -.85  of  the  volume.  I  am  not 
certain,  but  presume,  that  the  paper  is  by  Clairaut  himself;  it  is 
written  in  the  first  person  throughout,  but  it  is  not  ascribed  to 
Clairaut  in  Matj's  General  Index  to  the  FkHosophical  Transo'^iong. 

536.  Frisi  considered  that  as  to  the  Figure  of  the  Earth, 
Boscovich  underestimated  the  observations,  while  Clairaut,  Bouguer, 
and  others,  underestimated  the  theory  of  Newton.  Short,  in  his 
account  of  Frisi's  dissertation,  quoted  the  opinions.  The  present 
paper  begins  thus : 

Mr.  Short,  in  hu  account  of  Father  Frtgina's  Ditquiaiiio  mathemattea 
in  eaiuam  pkyneam  figvm»  et  magnitudinia  teHuria  nottrae,  having 
reported  that  philosopher'H  aentimentB  on  mj  reflections  upon  the  same 
matter,  without  taking  the  trouble  to  examine  whether  thej  were 
founded  upon  the  truth  or  not,  I  find  myself  under  the  necesiily  of 
laying  before  the  Royal  Boaety  t^e  passages  of  my  book,  which,  having 
been  misunderstood  hy  F.  Frisiue,  have  occasioned  the  misconstraction, 
which  he  has  made  of  my  Bentiments,  either  upon  the  trust  I  give  to  the 
actual  operation  made  for  discovering  the  figure  of  the  earth,  or  Sir  Isaac 
Newton's  theoretical  inquiries  about  the  same  subject. 

The  expressions  of  Father  Friaius,  referr'd  to  by  Mr.  Shorty  are  as 
follow  : 

Quia  tamen  plerique  omnes  hucusque,  ant  nihil  pro  figura  telluris 
determinanda  ex  iis  observation ibus  deduci  posse  cum  geometra  celeber- 
rimo  Buggero  Boecovik  autnm&runt,  ant  exinda  cum  111.  Clairaut, 
Bouguer,  aliisque,  contra  incomparabilem  virum  ao  prope  dlTinnm 
Isaacum  Newton  insu^entes,  admirabUem  ipsius  theoriam  facto  minna 
respondentem  dixeront,  asaignatamque  in  prop.  19.  lib  3.  Frincip. 
MalAem.  terreatrium  axium  proportlonem  &  vera  absonam  omuino  eno, 
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olioa  mibi  obserratiouibua  parum,  alios  oimis  tribuere  Tuiim  eat,  omses 
fenue  oppoBitis  erroribus  pecdtsse,  ubi  ree  neqae  aurLfiois  l&iice,  neque 
molitoria,  ut  uuiit,  statem  libi'aiidsa  sunt. 

537.  Cl^raut  makes  various  conjectures  as  to  what  was  the 
precise  meaning  of  the  charge  brought  against  him  by  Frisi. 
Clairaut  shews  quite  clearly  that  he  had  not  given  undue  im- 
portance to  observations,  and  had  not  undervalued  Newton.  The 
paper  contains  translations  of  the  sections  51,  68,  69,  and  a  por- 
tion of  70,  from  the  second  part  of  Clairaut's  treatise. 

With  respect  to  the  matter  we  discussed  in  Art.  533,  Clairaut 
&ays: 

Ailer  F.  FHslus  has  examined  himself  the  19  problem  of  the  third 

book  of  the  Frineipia, tbe  truth  of  which  is  incontestable,  he  finds, 

'  by  hb  own  mistake,  a  diiutgreemeut  with  the  result  of  that  propositionf 
and  charges  tli&t  illustrious  author,  without  tbe  least  apology,  with  an 
error,  which,  says  he,  (quite  &om  the  purpose)  is  the  tdzth,  that  has  been 
found  in  the  same  work,  and  also  gives  au  enumeration  of  the  five  others, 
altho'  tbej  are  not  at  all  ooncemed  in  the  question. 

638,  The  volume  of  the  Paris  M^moires  for  1761,  published 
in  1755,  contains  a  memoir  by  Bouguer,  entitled  Bemarquea  aur 
let  observations  de  la  parallaxe  de  la  Lune,  qu'on  pourrmt  /aire  en 
mime  temps  en  plusieurs  eadroits,  avec  la  m^thode  d!^valuer  Us 
changemens  que  caxue  d,  ces  parallaxes  la  Figure  de  la  Terre.  The 
memoir  occupies  pages  64.. .86  of  the  voluma  There  is  an  account 
of  it  on  pages  152...158of  the  historical  part  of  the  volume. 

The  memoir  contains  some  interesting  mathematical  results, 
connected  with  the  curve  which  Bouguer  called  the  gravicentri^ae 
in  his  Figure  de  la  Terre :  see  Art.  363. 

Bouguer  maintains  very  sound  opinions  on  tbe  subject  he 
discusses.  If  we  were  uncertain  as  to  whether  the  figure  of  the 
Earth  is  oblate  or  oblong,  then  observations  of  the  Moon's  parallax 
might  remove  the  uncertainty.  But  at  the  actual  epoch  this  point 
was  settled ;  the  only  question  was  to  hx  the  amount  of  the  ellip- 
ticity  of  the  oblate  figure,  and  the  observations  could  not,  practically, 
be  of  sufficient  accuracy  for  this  purpose.  But  if  we  assiime  a  value 
of  the  ellipticity,  tbe  corrections  whicb  have  to  be  made  to  tho' 
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observations  of  the  parallax  in  consequence  of  the  figure  of  the 
Earth  may  he  calculated :  and  the  results  will  be  important  and 
useful. 

539.  La  Caille  was  sent  firom  France  in  17-^0  to  the  Cape  of 
Qood  Hope  for  the  purpose  of  making  astronomical  observations. 
He  propcffied  to  determine  the  positions  of  the  southern  stars ;  the 
pat^ajc  of  the  Moon,  of  Mars,  and  of  Yenus ;  and  the  latitude 
and  longitude  of  the  Cape. 

La  Caille  resided  in  the  country  from  April  1751  until  March 
1753.'  Besides  the  duties  which  he  had  specially  undertaken,  he 
found  time  to  measure  an  arc  of  the  meridian.  The  amplitude 
was  rather  more  than  1*  13' ;  and  he  obtained  57037  toises  for  the 
length  of  the  degree  of  the  meridiaa  which  has  its  middle  point 
in  latitude  33*  18'^  S.  La  Caille  also  determined  the  length  of 
tiiQ  seconds  pendulum. 

The  details  of  the  operations  connected  with  our  subject  are 
given  in  the  Paris  M^moires  for  1751,  published  in  1755.  The 
volume  contains  two  memoirs  embodying  observations  made  by. 
La  Caille:  the  pages  425, ..438  are  devoted  to  the  lengths  of 
the  degree  and  of  the  pendulum. 

There  is  also  a  short  account  of  the  voyage  on  pages  51d...536 
of  the  voluma  La  Caille  touched  at  Rio  Janeiro  on  his  outward 
passage,  and  there  he  met  Godin  who  was  returning  from  his  long 
sojourn  in  South  America.  La  Cfulle  states  on  his  page  524,  that 
the  southern  hemisphere  has  more  stars  than  the  northern  ;  this 
statement  is  confirmed  by  actual  enumeration :  see  Monthly 
Notices  oftke  Royal  Astronomical  Society,  Vol.  XX1.L  page  30. 

There  is  a  notice  of  La  CaiUe's  voyage  and  work  on  pages 
158... 169  of  the  historical  portion  of  the  Paris  M^moires  for  1751. 
In  one  point  this  contradicts  La  Caille  ;  for  it  says  that  he  deter- 
mined the  position  of  Eio  Janeiro,  while  he  says  himself  that  it 
was  unnecessary  for  him  to  do  this  as  he  had  been  anticipated  by 
Godin. 

The  positions  of  the  stars  in  the  southern  hemisphere,  between 
the  Pole  and  the  Tropic  of  Capricorn,  as  determined  by  La  Caille, 
are  given  in  pages  539. ..592  of  the  Paris  Mimoires  for  1752. 
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La  Caille  fouod  it  expedient  to  construct  fourteen  new  constella- 
tions; but  at  the  same  time  he  suppressed  tbe  constellation  of 
Charles's  Oak,  which  he  considers  that  Halley  had  fabricated  by 
pillaging  fine  stats  from  the  neighbourhood.  He  says  on  his 
page  691: 

On  n'y  trourera  pa^  la  coiiBtellation  nouvelle  que  M.  Halley  a  iuB^r^ 
daus  son  PIimi8ph6re  en  1677,  boub  le  nom  de  Rohir  Carolinum,  parse 
que  j'ai  rendu  au  Navire  lea  belles  6toiIes  que  cet  Astronome,  ftg£  alors 
de  Tingt-un  ans,  en  a  d£tach£es  pour  &ire  sa  cour  an  rot  d'Anglcterre. 
Qnelqne  louable  qu'ait  6t£  ce  motif,  je  ne  puii  approuver  la  &^n  dout 
M.  Halley  s'y  eat  pria  pour  £ure  passer  ea  constellation;... 

540.  A  volume  was  published  in  Paris  in  1763,  entitled 
Journal  historique  da  Voyage  fait  av,  Gap  de  Bonne-Esp^rarux... 
I2mo.,  pages  zzzvi  +  380,  besides  the  Approbation  on  four  pages. 
There  is  a  planisphere  of  the  stars  between  the  South  Pole  and 
the  Tropic  of  Capricorn,  which  is  reduced  from  that  published  in 
the  Paris  Mimmres  for  1762 ;  and  a  map  of  the  country  in  the 
vicinity  of  the  Cape,  which  is  reduced  from  that  published  in  the 
Paris  M^moires  for  1761 :  the  triangles  of  the  survey  are  marked 
on  the  map.  As  to  the  authorship  of  the  book  see  La  Lande's 
Siblioffraphie  Astronomigue,  page  482. 

On  page  26  of  this  book  we  find  the  work  La  Meridienne  de 
Paris  virijj/e,  ascribed  to  La  Caille,  though  his  name  is  not  oa  the 
title-page.  Delambre  also  considers  that  the  entire  operation 
belonged  to  La  Caille:  seethe  Base  du  Sjfstime  M^trique.,.Y6i,in. 
Avertissetnent,  page  13. 

Among  the  memoirs  ascribed  to  La  Caille  in  the  Journal 
historique...,  on  pages  71  and  72,  we  have  one  sur  la  precision  do 
la  memire  de  M.  Picard,  and  one  sur  la  base  de  ViUe-Jutve :  the 
titles,  however,  do  not  seem  given  with  great  accuracy.  The 
former  we  identify  by  aid  of  a  note  on  page  102,  with  the  memoir 
published  in  the  Berlin  MSmoirea  for  1754 ;  the  latter  is  probably 
tbe  memoir  published  in  the  Paris  MSmoirea  for  l768:  we  shall 
notice  these  memoirs  in  Arts.  546  and  553. 

The  earliest  entry  in  La  Caille's  Journal  which  suggests  tbe 
measurement  of  an  arc  of  the  meridian  is  dated  September,  1761 : 
see  page  144  of  tbe  book. 
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541.  The  length  of  a  degree  of  the  meridiui  assigDed  by 
La  Caille  was  always  perplexing  to  theoretical  investigators, 
being  apparently  much  greater  tban  it  should  have  been ;  at  the 
same  time,  the  reputation  of  La  Caille  for  accuracy  ensured 
respect  for  his  result ;  see  for  example,  Delambre's  opinion.  Base 
du  Syatime  M^trique... Yol.  III.  page  644;  and  Airj'a  in  the 
article  on  the  Figure  of  the  Earth,  in  the  EncydopcBdia  Metropoli- 
tana,  page  207.  Consult  also  pages  463. -.465  of  De  Zach's  work, 
L'Attraction  des  moniagnes....  I  do  not  know  whether  De  Zach 
over  published  his  promised  memoir  on  this  arc. 

642.  A  very  extensive  geodetical  operation  has  been  exe- 
cuted in  South  Africa  in  recent  times,  and  the  results  published 
in  two  quarto  volumes  entitled  Verification  and  extension  of 
La  CaiWa  Arc  of  Meridian  at  the  Cape  of  Good  Hope,  hy  Sir 
Thomas  Maclear,  Astronomer  Boyal  at  the  Cape  of  Oood  Hope, 
1866.  See  also  the  Proceedings  of  the  Royal  Society,  Vol,  xviii 
page  109. 

These  volumes  have  no  Index,  aud  no  general  summary  of 
contents  to  guide  the  reader ;  so  that  it  is  difficult  to  ensure 
perfect  accuracy  in  noticing  their  contents. 

The  amplitude  of  Sir  T.  Maclear's  arc  exceeds  45°,  and  the 
length  i^rees  closely  with  the  value  which  it  should  have  in  order 
to  correspond  with  the  average  of  the  arcs  measured  in  the 
Northern  hemisphere :  see  VoL  L  page  609. 

The  amplitude  of  La  Oaille'a  arc  was  redetermined ;  the  result 
does  not  differ  from  La  Caille's  by  so  much  as  half  a  second. 
Sir  T.  Maclear's  observations  were  made  with  the  zenith  sector, 
which  Bradley  had  used  in  his  discovery  of  Aberration  and 
Nutation ;  the  object  glass  however  was  not  the  same :  see  Vol.  I. 
page  80.  We  read  in  VoL  L  page  111  with  respect  to  the  rede- 
termination of  La  Caille's  amplitude : 

Although  this  work  does  not  clear  up  the  anomaly  of  La  Caille's 
arc,  yet  it  redounds  to  the  credit  of  that  justly  dlstingiushed  astronomer, 
that  with  hia  means,  snd  in  his  day,  his  result  from  16  stars  is  almost 
identical  with  that  from  1133  obaervations  on  iO  stars  made  with  a 
powerful  and  celebrated  instrument 
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The  remarkable  accuracy  of  La  Caille's  ampHtude  would  seem 
naturally  to  have  suggested  a  recomputation  of  the  length  of  his 
arc;  this  will  not  be  found  in  the-  volumes,  and  so  we  are  left 
unceitain  whether  La  Caille  made  some  mistakes  in  his  geodetical 
work,  or  whether  the  amplitude  owing  to  deviations  of  the  pen- 
dulum really  was  greater  than  coireaponds  to  the  terrestrial  arc 
There  are  indications  that  some  investigation  on  this  point  was 
contemplated ;  see  Vol.  I.  pages  232,  403,  452,  456 :  it  is  much 
to  be  regretted  that  this  iotereating  question  was  not  settled. 
We  learn  the  nature  of  La  Caille's  northern  station  from  VoL  I. 
pages  39,  and  403 ;  we  ace  told  of  a  mountain  about  half  a  mile 
distant  which  is  not  less  than  2500  feet  high. 

Beference  is  made  to  the  attraction  of  Table  Mountain,  YoL  I. 
pages  S  and  83 ;  but  the  subject  does  not  seem  to  have  been 
followed  up  afterwards. 

A  letter  however  from  Sir  T.  Maclear  will  be  found  in  the 
Astronomiscke  Nachrichten,  Number  574,  September  3rd,  1846, 
in  which  he  does  give  some  comparison  between  La  Caille's 
geodetical  work,  and  his  own :  the  opinion  is  there  expressed  that 
"  The  chief  cause  of  the  failure  of  the  measurement  of  1752  rests 
with  the  circumBtances  of  the  terminal  points." 
« 

643.  In  the  Paris  Menwires  for  1752,  published  in  1756,  there 
is  a  memoir  entitled  Premier  Memoire  sur  la  ParallcuEe  de  la 
Lwne...Par  M.  Le  Francois  de  la  Lande.  The  memoir  occupies 
pages  78.. .114  of  the  volume. 

The  memoir  discusses  the  observations  of  the  Moon  made 
simultaneously,  by  La  Lande  at  Berlin,  and  La  Caille,  at  the 
Cape  of  Good  Hope.  It  touches  on  our  subject  in  pages  100.. .114; 
here  we  find  some  theory  as  to  the  evolute  of  the  meridian,  which 
is  borrowed  from  Bouguer's  Figure  de  la  Terre:  see  Art  363, 

La  Lande  notices  three  hypotheses  as  to  the  form  and  dimen- 
sions of  the  Earth. 

First,  he  supposes  the  Earth  to  be  an  oblatum  in  which  the 
eicentricity  is  ir=^ . 
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Secondly,  he  takes  Bouguer's  hypothesJB,  that  the  inciemeDt 
of  the  length  of  a  degree  of  the  meridian  varies  as  the  fourth 
pover  of  the  sine  of  the  latitude. 

Thirdly,  he  returns  to  the  oblatum,  but  applies  arbitrary 
corrections  to  the  three  measured  degrees  of  meridian  then  re- 
ceived ;  namely  he  adds  77  toises  to  the  length  of  the  degree  as 
found  from  the  arc  between  Paris  and  Amiens,  and  subtracts 
77  toises  from  the  Lapland  degree,  and  he  adds  26  totses  to  the 
Peruvian  degree.  All  that  he  says  in  justification  of  this  process 
is  on  his  page  110  : 

n  me  paroit  d'abord  nature!  de  anpposer  dans  lea  mesurea  faites  aa 
F£rou,  une  erreur  qui  ne  eoit  que  le  tiers  de  celle  que  je  suppoaeral  d&os 
le  degr^  de  lapponie  et  dans  celui  de  Paris  ^  Amiena,  puixque  dans  cee 
deux  demiera  on  n'a  meaur£  qu'un«  amplitude  d'un  degei,  tandia  qu'aa 
P&^Q  Tare  se  trouve  de  trob  degr£s,  et  mesur6  avec  difiSrena  iastnimeuB. 

By  these  changes.  La  Lande  obtains  for  the  ratio  of  the  axes 

of  his  ellipse  tttto  >  '"bich  he  says  is  nearly  ^ss.  and  so  does  not 
I'uiio  Zoo 


fraction  should  be  fingja'  * 

There  is  an  account  of  the  memoir  on  pages  103.. .110  of  the 
historical  portion  of  the  volume  of  Memoirea.  We  have  only  to 
notice  an  important  error  on  page  108 ;  here  it  is  stated  that 
La  Lande  bad  to  apply  some  rather  lai^  corrections  to  the  lengths 
of  the  degrees  of  the  meridian  to  make  them  fit  Bouguer's  hypo- 
thesis ;  whereas  it  really  was  to  make  them  fit  with  the  figure  of 
an  oblatum. 

La  Lande  seems  to  have  viewed  his  arbitrary  corrections  with 
some  satisfaction,  for  he  refers  to  them  about  40  years  later :  see 
his  AstroTwmie,  1792,  Vol.  III.  page  32. 

544.  La  I^nde's  second  memoir  on  the  Parallax  of  the  Moon, 
is  in  the  Paris  Jftmoircs, for  1763,  published  in  1757.  Here, 
La  Lande  continues  to  use  Bouguer's  hypothesis ;  and  he  also 
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takes  another  modification  of  the  elliptic  hypothesis  founded  on 

the  arcs  ia  Lapland  and  Peru,  from  which  he  gets  j^  for  the 

ellipticity.  There  is  an  accountof  this  memoir  on  pages  225.. .228 
of  the  historical  portion  of  the  volume ;  reference  is  again  made 
to  the  first  memoir,  without  the  error  which  occurs  in  the  his- 
torical portion  of  the  volume  for  1752. 

^  546.  A  memoir  by  Euler  appears  in  the  Berlin  MAnoirea 
for  1753,  published  in  1755,  entitled  EUmena  de  la  Trigmom4- 
trie  spk^rotdiqae  tiris  de  la  M^thode  dea  plus  grands  et  plus  petits. 
The  memoir  occupies  pages  258... 293  of  the  volume. 

The  memoir  may  be  said  to  consist  of  two  parts. 

In  the  first  part,  Euler  takes  the  lengths  of  a  degree  of  the  meri- 
dian as  determined  in  Peru,  South  Africa,  France,  and  Lapland. 
He  assumes  that  there  afe  errors  in  all  the  measures,  and  by  means 
of  arbitrary  corrections  he  adjusts  the  lengths  to  coincide  with  the 

ellipticity  ^^  obtuned  by  Newton  from  theory.  Euler's  cor- 
rections increase  the  Peruvian  degree  by  15  toises,  and  the  French 
degree  by  125 ;  they  diminish  the  African  degree  by  43  toises, 
and  the  Lapland  degree  by  the  same  amount,  supposing  here  no 
allowance  to  be  made  for  refraction.  I  presume  that  this  is  the 
memoir  which  Boscovich  had  in  view,  though  the  numbers  are 
rather  less  extravagant  than  Boscovich  stated :  see  Art.  483. 

In  the  second  part  of  the  memoir,  Euler  gives  approximate 
investigations  respecting  the  shortest  line  between  two  points  on 
the  surface  of  an  ellipsoid  of  revolution.  He  suggests  a  method  of 
using  such  a  line  for  determining  the  Figure  of  the  Earth :  the 
angles  which  the  line  at  its  extreme  points  makes  with  the  me- 
ridians are  to  be  observed  But  at  the  end  of  the  memoir,  Euler 
admits  that  the  method  could  not  practically  be  applied. 

646.  In  the  Berlin  MimmreB  for  1754,  published  in  1756,  we 
have  a  memoir  by  La  Caille,  entitled  Eclairdssemena  aur  lea 
erreura  qu'on  peut  attribuer  d  la  meaure  du  degri  en  France,  entre 
Paris. et  Amiens.  The  memoir  occupies  pages  337-. .346  of  the 
volume. 

T.  II.  A.  23 
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La  Caille  strenuoasly  defends  the  French  measurement  &oni 
the  chazge  of  serious  error  which  Euler  had  in  fact  brought 
against  it  in  the  Berlin  MimtArea  for  1753:  see  Art.  515.  La  Caille 
is  willing  to  stake  his  reputation  on  the  statement  that  there 
cannot  be  an  error  of  from  12  to  15  toises  in  the  distance  which 
had  been  determined  between  Paris  and  Amiena 

A  few  explanatory  seotences  by  Euler  are  given  on  the  last 
page  of  the  memoir.  There  is  an  allusion  to  the  memoir  in  the 
B(ae  du  Systhne  M^trique,  Vol.  Iil.  page  543; 

647.  In  the  fourth  volume  of  the  Commentani  Soc.  Beg. 
Qo^ngensis  1754,  we  have  a  memoir  entitled  Succinctam  attrac- 
tionis  kistoriam,  cum  epicrisi,  recitavit  Sam.  Christ.  ffoUmannus. 
The  memoir  occupies  pages  215..  .244  of  the  volume. 

This  memoir  is  not  mathematical,  and  so  does  not  fall  within 
our  range.  The  author  holds  that  the  word  attraction  is  am- 
biguous, that  Newton  himself  did  not  always  use  it  in  the  same 
sense,  and  that  it  ought  to  be  abandoned.  He  says  on  his  last 
page: 

. . .  illi,  qui  liao  attraotlonie  voce  illudantur,  inteUigere  et  explic&ra 
ribi  pOBse  videautur,  quie  neque  ipsi  iatelligant,  neque  explicate  aliis 
valeant ;... 

548.  I  have  alluded  in  Art,  301,  to  the  memoir  by  Euler  on 
the  equilibrium  of  fluids,  which  appeared  in  the  volume  of  the 
Berlin  M^oirea  for  1755,  published  in  1757.  This  memoir  is  of 
essential  importance  in  the  history  of  Hydrostatics ;  but  it  is  not 
necessary  in  connexion  with  our  subject  to  give  ui  account  of  it. 

549.  In  the  Paris  Mimoires  for  1753,  published  in  1761,  we 
have  a  memoir  by  La  Caille,  entitled  Sur  la  pr^n^on  dee  Mesurea 
g^od^siquea  faites  en  1740,  pour  determiner  la  distance  de  Paris 
d  Amiens;  A  roccasion  (fun  M4moire  de  Af.  Euler  ins&e  dans  le 
Tveuvikme  tome  de  HAoad^ie  de  Berlin.  The  memoir  occupies 
pages  53.. .59  of  the  volume. 

This  memoir  resembles  that  which  we  have  noticed  in  Art.  546, 
but  ia  not  identical  with  it.    La  Caille  strenuously  defends  the 
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accuracy  of  the  operations  which  had  been  mainly  performed  by 
himeelf.  He  \b  convinced  that  there  is  no  distance  on  the  Earth 
more  correctly  detennined  than  that  between  Paris  and  Amiens, 
in  which  there  could  not  be  10  toises  of  error. 

La  Oaille's  confidence  has  been  justified  since :  see  Base  du 
Sj/sthne  M^trique... Yol.  in.  page  162. 

550.  In  the  PkUoeophicai  TranaacHons,  VoL  49,  Part  II. 
which  b  for  1756,  published  in  1757,  we  have  an  Extract  of  a 
Letter  of  Mona.  la  Condamine,  F.B.8.  to  Dr.  Maty,  F.B.8.  trana- 
laiedfrom  the  French.    It  occurs  on  pages  622.. .624. 

This  is  a  fragmetit  of  no  great  importaoce ;  among  other 
matters,  it  touches  on  our  subject.  Ia  Condamine  says  that 
La  Caille's  measure,  and  that  of  Maire  and  Boscovicb,  do  not 
agree  with  the  elliptical  curve  of  the  meridian,  or  with  the  circu- 
larity of  the  parallels.  lie  thinks  that  the  Earth  has  immense 
cavities,  and  that  it  is  of  very  unequal  density ;  consequently  its 
figure  is  a  little  irregular. 

551.  We  have  stated  that  a  base  near  that  of  Ficard  was 
measured  five  times  in  1740,  and  that  the  conclusion  was  drawn 
that  there  had  been  au  error  in  Picard's  original  measure :  see 
Art  236.  The  subject  was  however  £^in  brought  into  discussion, 
apparently  owing  to  an  opinion  expressed  by  Le  Monnier  in  favour 
of  Picard's  result.  The  Paris  Academy  accoi-dingly  appointed  two 
companies,  each  of  four  members,  to  test  the  operations.  One 
company  consisted  of  Bouguer,  Camus,  Cassini  de  Tbuiy,  and 
Pingr^;  the  otlftr  company  consisted  of  Qodin,  Clairaut,  Le  Honoier, 
and  La  CaiUe.  Each  company  worked  independently ;  and  the 
proceedings  were  reported  in  two  volumes  published  in  1757.  I 
have  not  seen  these  volumea  The  report  of  the  first  named  com- 
pany is  however  reprinted  in  the  Paris  Mimoirea  for  1754,  pub- 
lished in  1759:  it  occupies  pi^^es  172.. .186  of  the  volume,  and 
there  is  an  account  of  it  on  pages  103.. .107  of  the  historical  por- 
tion of  the  voluma 

The  result  was  a  decisive  confirmation  of  the  accuracy  of  the 
operations  of  174iO,  and  consequently  of  the  error  of  those  origi- 
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nally  made  by  Picard.   Seel^l&ndei'BBiblu^raphieAgtronomi^, 
page  462. 

We  may  observe  that  the  Toise  of  the  North  and  the  Toise 
of  Peru  were  both  employed  in  the  course  of  the  operations ;  the 
former  appeared  to  be  very  slightly  short;er  than  the  latter. 

652.  Id  the  I^iloso^ical  Tr(msactiofU,  Yol.  50,  Fart  II.,  which 
is  for  the  year  1758,  and  was  published  in  1759,  there  is  a  memoir 
by  Charles  Walmesley  entitled  0/  the  Irr^ularittes  in  the  motion 
of  a  Satellite  ariamg  from  the  ^AeroiduxU  Figure  of  iU  Primary 
FUm^    The  memoir  occupieB  pages  809..  .835  of  the  volume. 

AH  that  we  have  to  notice  ia  this  memoir  is  the  investigation 
of  Uie  attraction  of  an  ellipsoid  of  revolution  on  a  distant  particle. 
The  ellipsoid  is  supposed  to  differ  but  little  from  a  sphere,  and  the 
inveet^tion  is  approximate.  The  attraction  of  a  sphere  is  known, 
80  that  we  have  only  to  find  the  attraction  of  the  difference  be- 
tween the  ellipsoid  and  the  sphere  described  on  its  axis  as  dia- 
meter. By  cutting  this  sphere  by  planes  at  right  angles  to  the 
axis,  we  divide  it  into  circular  rings.  Accordingly  Walmesley 
fiist  finds  the  approximate  value  of  the  attraction  of  the  perimeter 
of  a  circle  on  a  distant  particle,  and  then  applies  his  result  to  each 
element  of  the  sphere. 

Let  a  be  the  equatorial  radius,  and  h  the  polar  radius ;  let  f 
and  (  denote  the  corresponding  coordinates  of  the  distant  particle : 
put  B'  =  f*+ J;*,  Then  Walmesley  obtains  the  following  expres- 
sions for  the  component  attractions  of  the  shell  parallel  to  the 
directions  of  f  and  f  respectively : 

2to(o  -h)h^{^     4  V      2fA') 

Walmesley  adds  a  corollary  on  his  page  815  which  deserves  to 
be  noticed.  I  adapt  his  words  to  my  own  notation.  He  says 
then  that  the  former  force  is  to  the  latter  as 

'13     6J?+    ^f"  '°*i3  +  5J>-TS^;' 
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He  adds  that  if  the  former  is  represeDted  hj  ^  the  latter  most  he 
represeot^d  hy  f  —  —^ ;  and  so  the  resultant  of  the  two  does  not 
pass  through  the  centre  of  the  ellipsoid,  but  crosses  the  plane  of 
the  equator  at  a  point  distant  tW  towards  the  attracted  particle. 

To  obtain  this  result  we  must  find  the  value  of 


1    it'  ,  i^h'  • 


3    dB"      £• 

that  is  approximately 

.  (,  .  3  i-  


3y  Hr+cm 


ttatis  j{,  +  ^„|_|J},.h.ei,f{l-g}. 

553.  In  the  volume  of  the  Paris  Af^moirea  for  1738,  pub- 
lished in  1763,  there  is  a  memoir  by  Ls  Caille,  entitled  Mdtnoire 
Bar  la  vraie  longueu/r  des  Degria  du  Miridien  «n  France.  The 
memoir  occupies  pages  237. ..244  of  the  volume, 

The  astronomical  observations  in  the  work  entitled  La  Meri- 
dienne  de  Paris  vSrijUe,  174*,  had  not  been  corrected  for  what  we 
now  call  Nutation.  This  irregularity  had  been  discovered  before 
that  work  appeared,  but  the  theory  had  not  been  published; 
and  it  was  supposed  that  the  error  produced  during  the  interval 
of  sixteen  months,  over  which  the  operations  extended,  might  be 
neglected.  La  Caille  now  applies  the  proper  corrections  to  the 
amplitudes,  and  to  the  deduced  lengths  of  degrees  of  the  me- 
ridian. 

554.  The  volume  of  the  Paris  M^moires  for  1758,  published 
in  1763,  contains  a  memoir  entitled  Minurira  mir  Its  Degr4a  de 
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VellipiiciU  dee  Sph^otdes,  par  rapport  A  tmtenait^  de  taitraction. 
ParM.le  Chevalier  D' Arcy.  The  memoir  occupies  pages  318. ..320 
of  the  volume. 

We  may  say,  in  modem  language,  that  this  short  memoir 
.draws  atteDtiou  to  the  principle  of  the  conservation  of  areas,  as 
holdiDg  in  the  case  of  a  mass  set  in  rotation,  and  acted  on  by  no 
forces  except  the  mutual  attractions  of  its  particles.  The  writer 
calls  the  principle  the  conservation  of  action,  and  claims  it  for  his 
own.     See  Walton's  Mechanical  Problems,  1855,  pt^e  479. 

Laplace  gives  an  application  of  the  principle  in  the  M^nique 
CiOeste,  Livre  ni.  §  21 :  see  Art.  286. 

555.  The  Academy  of  Toulouse  proposed  the  IKgure  of  the 
Earth  as  the  subject  of  an  Essay,  with  a  double  prize,  for  the  year 
1750.  The  prize  was  obtained  hy  Clairaut.  Thef  volume  con- 
taining the  Essay  appears  to  have  been  published  at  Toulouse  in 
1759.    I  have  not  seen  this  volume. 

There  is  an  account  of  the  Essay  in  the  Journal  dee  S^vane 
for  October  1759;  this  account  occupies  pi^es  281.. .301  of  the 
Amsterdam  edition  of  the  volume  of  the  Journal.  The  accotmt  ia 
obscure  and  uninteresting,  like  most  of  the  attempts  to  translate 
mathematical  investigations  into  ordinary  language.  Heuce  I  do 
not  submit  with  much  confidence  the  following  brief  notice  of 
what  Clairaut's  Essay  seems  to  have  contained. 

Clairaut  considered  that  both  the  ellipticity  of  the  Earth,  and 
Clairaut's  iraction,  were  found  by  observation  to  be  greater  than 
they  would  have  been  for  a  homogeneous  fluid.  Hence  Clairaut's 
theorem  does  not  hold  for  the  Earth ;  and  so  it  becomes  neces- 
sary to  devise  some  hypothesis  which  differs  from  those  on  which 
that  theorem  may  be  established. 

Clairaut  first  examines  an  hypothesis  which  he  attributes  to 
Bouguer ;  namely,  that  the  parts  of  the  Earth  in  the  vicinity  of 
the  axis  of  rotation  are  denser  than  the  rest  of  the  Earth.  Clairaut 
comes  to  the  conclusion  that  this  is  inadmissible.  He  linds  that 
if  the  density  in  the  vicinity  of  the  axis  differs  from  the  density  of 
the  rest  of  the  earth,  it  will  not  be  possible  to  obtain  an  ellipticity 
and  a  Clairaut's  fraction  which  shall  both  he  greater  than  ior  a 
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homogeneous   fluid.      We   are  not  referred  to  the   place  where 
Bouguer  has  maintained  this  hypothesis. 

Then  Glairaut  proposes  his  own  new  hypothesis.  He  assumes 
a  solid  Qucleus.  The  generating  curve  is  to  differ  slightly  from 
an  ellipse ;  every  ordinate  exceeding  the  corresponding  ordinate 
of  the  ellipse  by  a  small  quantity  which  varies  as  the  cube  of  the 
cosine  of  the  latitude.  Thus,  in  addition  to  the  attraction  of  an 
ellipsoid  of  revolution,  he  has  to  consider  the  attraction  of  a 
certain  shell  which  is  also  a  figure  of  revolution, 

,  By  investigating  the  problem,  and  following  the  hints  which 
may  be  extracted  trom  the  Journal  des  Sfavans,  it  will  be  seen 
that  Cfairaut's  processes,  though  tedious,  would  not  have  involved 
any  very  serious  difficulty. 

556.  La  Lande  mentions  this  Essay:  see  his  Btbliographte 
Asbronomique,  page  464.  He  ascribes  the  account  in  the  Journal 
des  Sgavans  to  Clairaut  himself,  "...  ob  Clairaut  en  doima  lui- 
m^e  I'extrait." 

But  from  the  commendation  bestowed  on  the  Essay  in  the 
account  of  it,  I  think  that  La  Lande  must  be  wrong.  It  is  dif- 
ficult, for  example,  to  believe  that  Clairaut  could  have  praised 
himself  in  these  words : 

Toutee  oes  transformations  que  nous  indiquons,  et  que  M.  Clairaut 
emploie  aveo  tant  d'art  et  de  anccte,  dntvent  Stre  regard£es  comme  Is 
Bceau  du  Q^metre  aupSriear  qu'il  imprime  ^  tous  sea  Ouvragoa. 

The  Essay  can  be  regarded  only  as  a  mathematical  exercise ; 
and  it  does  not  seem  ever  to  have  attracted  attention.  It  is  not 
mentioned  in  the  translation  of  Newton's  Prindpia,  which  was 
prepared  by  Madame  du  Chastellet  under  the  guidance  of  Clairaut; 
nor  in  Poisson's  reprint  of  Clairaut's  Figure  de  la  Terre:  in  this 
reprint  some  account  of  the  Essay  might  with  advantage  have 
been  given. 

557.  A  problem  in  the  Integral  Calculus  is  mentioned  with 
approbation  as  the  foundation  of  many  of  Clturaut's  investigations: 
cit'o  page  296  of  the  account  in  the  Journal  des  S^vana.     I  will 
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endeavour  to  reconstmct  this  problem  from  the  obacure  traces' 
which  are  given. 

The  equation  to  the  generatiog  carve  of  the  nucleus  whidi 
Clairaut  adopts  will  be  of  the  form 

S-l^ia'-^n+M"'-'^' {!)• 

Ijet  this  curve  revolve  round  the  axis  of  x,  so  that  the  equa- 
tion to  the  nucleus  is 


We  suppose  X  so  email  that  its  square  may  be  neglected. 

The  area  of  a  section  of  the  solid  made  by  a  plane  at  right 
angles  to  the  axis  of  x,  and  at  the  distance  x  &om  the  origin,  will 
be  «y*,  that  is  by  (1)  approximately 


It  is  required  to  shew  that  the  area  of  a  section  made  by  a 
plane  at  right  angles  to  the  axis  of  y,  and  at  the  distance  y  boxa 
the  origin,  can  be  put  in  an  anaI<^ous  form. 

We  have  from  (2) 


Thus    ,  =  ^(5'-s"-J,:,.)+- 


—  « 

The  area  of  the  section  to  our  order  of  approximation  will  be 
4  I  gdx,  where  o  stands  for  -^i/^ff—j^. 
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Hence  by  aBBuming  »  =  -»  V(^  —  y*)  si°  ^  we  easily  find  that 
the  area  is 


•  B 


(^-^+^7(5)>-^)" 


This  expression  is  of  the  required  form. 

The  use  of  the  problem  to  Clairaut  couaists  iu  this :  as  the 
formiilEB  for  the  attraction  of  an  ellipsoid  of  revolution  may  be  coq- 
udered  known,  as  soon  as  he  has  determined  the  attraction  of  the 
nucleus  for  a  point  on  the  axis  of  x,  he  can  readily  infer  the 
attraction  for  a  point  on  the  axis  of  y. 

558.  A  celebrated  French  lady  translated  Newton's  Prindpia 
and  added  a  commentary;  the  work  was  published  after  her 
death  under  the  title  of  Principes  Math^matiqaes  de  la  FhUoao- 
pkie  Naturelle,  parfeae  Madame  la  Marquise  du  GhasteUeL  2  vols. 
4to.  Paris,  1759. 

Besides  ChasteUet  we  have  the  variations  Chastelet  and 
Ch&telet :  see  pages  iv  and  v  of  the  first  volume  of  the  work, 
The  work  has  an  Avertisaement  de  FEditeur,  and  a  Preface  Siato- 
rique  by  Voltaire. 

From  these  it  appears  that  Madame  du  ChasteUet  was  a  pujnl 
oi  Clairaut's;  and  the  commentary  was  constructed  out  of  the 
materials  which  she  obtained  from  him.  The  translation  occu- 
pies the  first  volume  and  part  of  the  second ;  the  cotnmeatary 
occupies  the  remainder  of  the  second  volume.  We  will  notice 
those  pages  of  the  commentary  which  bear  on  our  subject. 

559.  Pages  56. -.67  give  an  analysis  of  Newton's  method  of 
treating  the  Figure  of  the  Earth. 

Oq  page  62  the  cause  of  a  mistake  made  by  Newton  ia 
assigned  as  in  Clairaut's  Figure  de  la  Terre,  page  256;  though 
here  apparently  with  more  confidence :  see  Art.  37. 

On  page  66  the  criticism  on  Newton's  conjecture  with  respect 
to  Jupiter  is  given  as  in  Clairaut's  Figure  de  la  Terre,  page  224 ; 
though  here  apparently  with  more  confidence :  see  Art.  31. 

The  pages  165. ..183  constitute  an  ai^ilytical  treatise  on  At- 
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tractions  in  three  sections.  First  ve  have  spherical  bodies,  ihen 
bodies  of  other  forma,  and  lastly  an  ellipsoid  of  revolution  with 
the  attracted  |Hurticle  on  the  prolongation  of  the  axis.  The  in- 
vestigatinns  are  simple  and  satisfactory. 

One  of  these  investigations  relates  to  the  attraction  of  a  sphere 
on  an  internal  particle,  when  the  force  varies  inversely  aa  the 
fourth  power  of  the  distance.  To  avoid  the  infinite  expressions 
which  might  occur,  it  is  assumed  that  if  the  particle  be  at  the 
centre  of  such  a  sphere,  the  resultant  attraction  must  be  zera 

The  pages  193. ..259  form  a  section  entitled  De  la  Figvire  de 
la  Terre,  in  two  parts.  The  first  part  on  pages  193. -.221  is  an 
abridgement  of  the  theory  of  Hydrostatics  which  constitutes  the 
first  half  of  Clairaut's  volume.  The  second  part,  on  pages  221... 239, 
is  on  the  Figure  of  the  Earth ;  this  is  almost  a  reproduction  of 
Chapters  il.  .and  ill.  of  the  second  half  of  Clairaut's  volume. 

Two  simple  examples  constitute  all  the  novelty  which  the 
commentary  furnishes ;   we  will  mention  these. 

On  page  238  the  general  formula  for  the  value  of  attraction 
given  by  Claii'aut  on  his  page  247  is  applied  to  the  case  in  which 
the  strata  are  all  similar,  so  that  the  ellipticity  is  constant,  and  the 
density  varies  as  the  distance  from  the  centre :  see  Art  336.  The 
result  is  found  then  to  be  independent  of  s,  so  that  the  attraction 
is  approximately  constant  at  all  points  of  the  surface :  see  Case  liL 
of  Art.  266.     The  result  in  our  notation  will  be  found  to   be 

7iT,'X  (1  +  5 «,),  where  X  is  the  density  at  the  unit  of  distance 
from  the  centre. 

The  othbr  example  is  discussed  on  pages  238,  239  and  246. 
Using  the  notation  of  Art  S36,  suppose  that  the  density  and  the 
ellipticity  aire  given  by  these  formulae 

p  =  Xr,  —  pr,      t  =  e,  — , 

where  X  and  p  are  constants.  Then  the  commeutaiy  finds  the 
expression  for  gravity  and  the  value  of  €,.     See  Arta  336  and  327. 

660.  According  to  the  Preface  Siatorique,  page  ix,  great  care 
was  bestowed  on  the  Commentary.     When  the  lady  had  written  a 
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chapter,  Clairaut  examined  and  corrected  tt;  and  subsequently 
the  f^r  copy  was  revised  by  a  third  party.  Nevertheless  there  are 
numerous  errors  or  misprints,  some  of  which  are  very  serious. 
Thus,  for  example,  the  formulsB  which  occur  in  the  invesvigation 
of  the  attraction  of  an  ohlougum  on  pages  182  and  183  are  much 
disfigured ;  the  former  part  of  page  197  is  unintelligible,  owing  to 
the  omission  of  important  matter ;  the  binomial  ezpressions  on 
pages  218  and  219  are  extremely  inaccurate ;  the  reference  to  a 
supposed  property  of  the  ellipse  on  page  242  is  absurd ;  and  the 
numerical  application  of  Clairaut's  Theorem  on  page  257  is 
quite  wrong. 

Flayfair  mentions  Madame  du  Chastellet  in  his  Dissertation... 
of  the  pTogress  of  MathemaiicxU  and  Phyaical  Science. . . ;  see  page 
€55  of  the  Encydopeedia  Britannica,  eighth  edition.  Vol.  L  In 
reference  to  her  writings  on  the  dispute  as  to  the  measure  of  force, 
he  says : 

...from  the  fluctuation  of  bar  opimous,  it  seema  as  if  she  had 
not  jet  entirely  exchanged  the  caprice  of  bshion  for  the  ansterity  of 
acienoe 

Voltaire  however  finds  merit  in  a  similar  fluctuation.  He  says 
in  the  Preface  Historique,  pi^  Tl, : 

...Ainsi,  aprds  avoir  ea  le  courage  d'embellir  Leibnitz,  elle  eut  oelni 
de  rabandonner :... 

Playfair  speaks  highly  of  the  translation  of  Newton  and  the 
Comn\entary.  I  do  not  agree  with  his  estimate  of  the  Com- 
mentary. The  title  is  really  inappropriate.  Instead  of  any  ex- 
planation of  Newton,  we  have  merely  other  investigations  drawn 
from  well  known  works  exhibiting  more  recent  solutions  of  the 
problems  which  Newton  discussed. 

561.  The  first  volume  of  the  series  published  by  the  Turin 
Academy  which  is  usually  called  the  Miscellanea  Tmtrinmgia  is 
dated  1759.  On  pages  142.. .145  Lagrange  supplies  a  note  to  a 
memoir  by  another  person.  The  note  relates  to  the  attraction  of 
an  indefinitely  thin  spherical  shell,  and  undertakes  to  explun  the 
paradox  which  had  disturbed  IVAlembert :  see  Art  434. 

Lagrange's  explanation  is  rather  a  hint  than  a  strict  mathe- 
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matical  investigation ;  but  tbe  idea  is  sound  and  valuable.  When 
the  attracted  particle  la  very  near  the  shell,  an  infinitesimal  part 
of  the  shell  close  to  the  particle  produces  a  finite  portion  of  tbe 
whole  attraction,  in  fact  a  half.  When  the  attracted  particle  forma 
an  element  of  the  shell,  this  part  of  the  attraction  vanishes ;  and 
when  the  attracted  particle  is  inside  the  shell  it  becomes  n^ative. 
lagrange's  idea  for  the  spherical  shell  is  really  the  boxcib  as 
Coulomb  afterwards  used  for  a  shell  of  any  form  in  the  Paria 
M^moirea  for  1788 ;  Laplace  developed  it  in  an  investigation  which 
occurs  in  Poisson'a  memoir  on  the  distribution  of  electricity,  in  the 
Paris  Mimoires  for  1811. 

562.  The  second  volume  of  the  Miscellanea  Taurinensia,  is 
for  1760  and  1761 ;  the  date  of  publication  is  not  recorded. 

This  volume  contains  the  memoir  by  Lagrange  on  Maxima 
and  Minima,  which  is  Eamous  in  the  early  history  of  the  Calculus 
of  Variations.  In  a  memoir  immediately  following,  and  connected 
with  this,  Lagrange  treats  of  various  problems  in  Dynamics ;  and 
among  others,  be  considers  the  motion  of  fluids. 

Lagrange,  on  his  page  282,  makes  a  remark  respecting  a 
passage  in  D'Alembert'a...£^ijton«e  dee  Ftuidea  to  which  I  have 
already  alluded:  see  Art.  397. 

Lt^range  makes  a  remark  that  surfaces  of  equal  density  will 
be  level  surfaces  provided  a  certain  condition  holds.  He  says  on 
his  page  284 : 

OepenilEint  tm  grand  O€om£tre  a  crfl  que  il  n'£toit  poa  toujouis 
nfcesaaire  que  lee  Burfaces  des  difiSrentes  couches  fusaent  de  niveao,  et 
il  a  doan£  un  autre  Friuoipe  ponr  conn&itre  la  figure  de  ceu  sur&cea. 

Lagrange  commences  a  mathematical  investigation ;  and  in 
effect  he  says  that  if  we  proceed  according  to  D'Alembert's  man- 
ner, as  given  in  Art.  401,  we  shall  find  that  the  siuiaces  of  equal 
density  are  level  surfaces.  D'Alembert  as  we  have  stated,  subse- 
quently admitted  hia  error:  see  Arts.  368  and  400. 

Lagrange  criticises  other  opinions  of  D'Alembert  on  pages  275 
and  323  of  the  second  volume  ot  the  MtaceUanea  Taurineima :  but 
these  do  not  belong  to  oar  subject 
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D'ALEMBERT. 

563.  We  shall  now  resume  our  examination  of  the  labours  of 
CAlemhert  in  our  subject.  With  a  few  unimportant  exceptions, 
the  present  Chapter  will  he  devoted  to  memoirs  published  by 
D'Alemhert  in  Tarious  volumes  of  his  Opitscules  Math^natiqueB. 

564.  The  article  eutitled  Figure  de  la  Terre  in  the  Encyclo- 
p4die,  was  hy  D'Alemhert ;  the  date  of  the  volume  in  which  it  was 
published  is  1756. 

The  article  occupies  pages  74)9. ..761  of  the  volume ;  it  gives 
an  interestii^  account  of  the  measurements  and  of  the  theoretical 
investigations  on  the  subject  up  to  the  date  of  pubhcation. 

D'Alemhert  awards  high  praise  to  Maclaurin,  and  to  Clairaut ; 
aud  refers  with  obvious  satisfaction  to  his  own  researches.  He 
notices  especially  the  Articlos  166. ..169  of  his  Essai  sur  la  Ri- 
tiatance  des  Fluides  >  these  he  appi'eciates  at  a  value  far  beyond 
their  worth :  see  Arts.  404. ..406.  He  also  refers  to  his  Mecherchea 
...SyaUme  du  Monde,  and  it  may  be  admitted  that  these  volumes 
are  not  without  merit  as  regards  our  subject. 

D'Alemhert  discusses  at  some  leol^th  in  a  popular  manner  the 
question  as  to  whether  the  Earth  can  be  assumed  to  be  a  figure  of 
revolution. 

In  the  3neyclop4die  MUhodique  the  account  which  D'Alemhert 
gave  of  the  theory  of  the  subject  is  reproduced ;  but  his  account 
of  the  measurements  is  omitted,  and  a  shorter  article  respecting 
them  by  La  Lande  is  supplied. 

In  the  Encyclop^die  M^thodicpte  there  is  a  reference  to  the 
fifth  volume  of  the  Opusculea  Matk^matiques  which  of  course  was 
not  in  the  original  Encydop^ie. 
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The  followiog  eentence  of  the  original  article  is  worth  notice : 
...ceux  qui  lea  premiers  meBurereot  les  degr^  dans  I'^tendue  de  la 
Frauce,  prfoccup^a  peut-£tre  de  cette  id^  que  la  Terre  applatie  donnoit 
lea  degr&  vera  le  nnrd  plus  petits  que  oeux  du  midi,  trouverent  en 
e£fet  que  dans  touto  I'^tendae  de  la  France  en  latitude,  les  dt^r^s  allotent 
en  diniinuant  vera  le  nord. 

In  the  original  article  speaking  of  what  his  Secherckea...  con- 
tained D'Alembert  says :  il  pouiroit  tr^s-bien  Stre  en  ^uilibre 
sans  avoir  la  figure  elliptique.  This  is  not  bo  strong  aa  the  preface 
to  Vol.  in.  of  the  Secherckea... pa^e  xxxvi. 

565.  The  article  entitled  Gravitation  in  the  EncydopMie  was 
by  D'Alembert ;  the  date  of  the  volume  in  which  it  waa  published 
is  1757. 

The  only  part  of  the  article  which  concerns  us  consists  of  some 
observations  respecting  the  paradox  which  D'Alembert  considered 
that  he  had  discovered  as  to  the  attraction  of  an  infinitesimally 
thin  spherical  shell:  see  his  Eeckerckes... Systems  du  Monde, 
Vol  III.  page  199 ;  and  Arts.  434  and  561. 

D'Alembert  shews  analytically,  that  if  a  particle  be  outside  the 
shell  the  resultant  attraction  on  it  is  the  same  as  if  the  mass  of 
the  ebell  were  collected  at  the  centre ;  this  result  is  no  more  than 
Newton  had  given  in  his  PHncipia:  see  Art.  4. 

D'Alembert's  observations  to  which  we  are  here  referring  are 
omitted  in  the  article  Oravitation  of  the  Ena/clop^ie  Mithodique; 
but  the  substance  of  them  is  reproduced  as  we  Bhall  see  in  the 
first  volume  of  the  Opuactd^  MatMmatiquea. 

566.  The  first  volume  of  D'Alembert's  Opuaculea  MaiMma- 
tiquea  waa  published  in  1761.  On  pages  246.. .264  we  have  a 
memoir  entitled  Remarques  stir  guelquea  queaUona  concermmt 
€attractwm. 

567.  According  to  D'Alembert's  formula  on  pf^  42  of  his 
Riflesn(ma...dea  Venta,  which  is  reproduced  in  our  Art.  376,  rela- 
tive equilibrium  might  subsist  in  the  case  of  a  solid  oblatum 
covered  with  fluid,  such  that  the  external  surface  of  the  fluid  was  an 
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ohlonffvm;  the  vhole  rotating  on  a  common  axia  Thig  result, 
D'Alembert  says,  had  been  attacked  by  un  O^ometre  Italien,  qui  a 
du  nom  dans  lea  Matkemattques :  pages  246. ..252  constitute  a 
reply  to  this  attack. 

The  Italian  Geometer  was  doubtless  Boscovich ;  see  page  463 
of  his  De  Litteraria  Exptdittone...,  and  Art  470.  The  objec- 
tion urged  f^aiost  D'Alembert's  result  amounts  to  this  in 
modem  language:  that  the  relative  equilibrium  would  not  be 
stahle.  D'Alembert  says,  very  justly,  he  might  reply  that  in  such 
researches  no  mathematician  had  as  yet  attempted  to  consider 
"whether  this  condition  was  satisfied.  However,  he  makes  some 
remarks  on  the  point.  He  contents  himself  with  shewing  when 
the  tangential  force  at  the  external  surface  of  the  fluid  would  act 
towards  the  pole,  and  when  towards  the  equator.  He  arrives  at 
the  conclusion  that  the  relative  equilibrium  would  be  stable  in  the 
case  to  which  objection  had  been  taken,  provided  the  density  of 
the  fluid  were  less  than  five-thirds  of  the  density  of  the  solid. 
D'Alembert's  investigation  is  not  adequate  to  solve  the  problem 
of  the  motion  of  the  fluid  when  disturbed  from  its  position  of 
relative  equilibrium :  but  his  defence  is  at  least  as  good  as  the 
attack  of  the  Italian  Geometer. 

The  subject  will  appear  before  us  i^un  in  the  sixtb  volume  of 
the  Opuac^^a  Mdth^matiqves. 

568.  On  his  pages  252. ..257,  D'Alembert  corrects  an  error 
into  which  he  had  fallen  in  his  B4fiexion»...de8  Tenia,  pages 
165. ..157.  We  have  already  paid  attention  to  this  correction: 
see  our  Art.  381. 

569.  Od  his  pages  257-..264,  lyAlembert  recurs  to  what  he 
considered  a  paradox,  as  to  the  attraction  of  an  inflnitesimally  thiu 
spherical  shell ;  see  Art.  565.  D'Alembert  reproduces  the  snb- 
Btance  of  some  remarks  originally  published  in  the  Encyclopedia. 
He  takes  objection  to  Lagrange's  explanation,  and  he  says  he  gives 
one  of  his  own :  see  Art.  561.  What  D'Alembert  really  does  is  to 
translate  Lagrange's  idea' from  popular  language  to  mathematical 
language ;  and  then  to  ascribe  the  entire  merit  to  himself.  He 
shews  that  the  infinitesimal  part  of  the  shell  to  which  Lagrange 
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refers  may  be  taken  to  be  the  part  determined  by  tangents  from 
the  external  particle. 

It  may  be  observed  that  neither  Lagrange  nor  D'Alembert 
usea  a  symbol  to  express  the  iniinitesimal  thickness  of  the  shell. 
If  we  consider  the  shell  to  be  very  thin,  though  not  infinitesimally 
thin,  and  suppose  the  attracted  particle  to  pass  gradually  from  the 
outside  of  the  shell  to  the  inside  of  the  shell,  all  the  so-called 
paradox  disappears :  for  the  attraction  changes  gradually  and  nob 
discontinuouoly. 

670.  The  fifth  volume  of  B'Alembert's  Opuscules  MatMma- 
iiques  was  published  in  1768.  On  pages  1...40  we  have  a  memoir 
entitled  Sur  I'^quilibre  des  Fluides;  and  the  pages  23.. .40  of  this 
memoir  constitute  an  Ajtpendtce  sur  la  F^ure  d«  la  Terre. 

571.     The  memoir  b^^iiiB  by  corrections  of  errors  in  preceding 


D'Alembert  had  supposed  that  he  had  obtained  in  his  Essai  sur 
la  assistance  des  Fluidea  more  general  results  than  his  predecessors 
in  the  theory  of  the  equilibrium  of  fluids  and  the  figure  of  the 
Earth.  He  now  admits  that  the  supposition  was  unfounded. 
The  quantity  denoted  by  K  on  page  210  of  that  work  be  now 
allows  should  be  zero;  and  so  his  result  coincides  with  Clairaut's: 
see  Art.  405. 

In  like  manner  he  admits  that  the  same  simplification  ought 
to  be  made  in  various  equations  which  he  had  given  in  the  third 

part   of  his   Recherches Systeme  du    Sfonde,   beginning  with 

page  229.  I  have  already,  in  my  account  of  this  work,  noticed 
the  correction ;   see  Art,  444. 

672.  D'Alembert  returns  to  the  subject  he  had  Introduced  on 
page  203  of  his  Essai  sur  la  R^istance  des  Fluides :  see  Art.  400. 
He  maintains,  and  rightly,  that  in  a  fluid  in  equilibrium  the  sur- 
£Eices  of  equal  density  are  not  necessarily  level  surfaces.  He  ad- 
mits, however,  that  for  such  forces  as  occur  in  nature,  the  surfaces 
of  equal  density  are  level  surfaces;  his  original  error  on  this 
point  was  corrected  by  Lagrange :  see  page  2  of  the  Opuacttlea 
MathSmatiques,  Vol  T. ;  also  Arts.  405  and  562. 
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fl73-  D'Alem1>ert  gives  a  form,  at  once  simpler  and  more 
general,  to  the  equations  which  he  had  used  in  the  Eesai  sar  la 
Bdaiatance  dea  Fluidea:  see  page  6  of  the  Opuaoulea  Mathiauk' 
tiquts,  VoL  V. ;  also  Art.  402. 

574.  D'Alembert  occupies  his  pa^es  10... 22  with  remarks  on 
.   the  conditions  of  fluid  equilibrium.     The  remarks  are  sound, 

must  have  been  valuable  at  the  time,  and  may  even  now  be  read 
with  profit  D'Alembert  objects  with  justice  to  Clairaut's  expla- 
nation of  a  paradox  in  the  subject ;   see  Art.  312. 

The  main  principle  which  D'Alembert  asserts,  expressed  in 
modem  language,  is  in  effect  this:  Consider  only  forces  in  one 
plane;  then  we  have  for  the  equilibrium  of  a  fluid  the  equa- 
tions 

Take  the  simple  case  of  homogeneous  fluid ;  then  it  is  not 
sufBcient  for  equilibrium  that  Xdai  +  Ydy  shoiild  be  a  perfect 
differentiaL  If  we  suppose  that  Xdx-\-  Ydy  is  the  differential 
oi'^{x,y)  then  ^{x,y')  must  have  only  ont  value  for  given 
values  of  x  and  y.      Thus,  for   example,   0  [x,  y)   must  not  be 

such  a  function  aS  tan""  - . 

X 

Again,  suppose  we  use  polar  coordinates,  and  find  that 
p  =  F{r,  S) ;  then  when  r  =  0  we  have  jj  apparently  a  function 
of  6  only.  But  unless  this  apparent  function  of  8  reduces  to  a 
constant,  the  pressure  would  not  be  the  same  in  all  directions 
about  the  origin ;  which  is  contrary  to  the  nature  of  a  fluid. 

Inl^e  two  preceding  paragraphs  we  have  translated  D' Alembert's 
ideas  into  modem  langu^e;  he  himself  does  not  speak  of  pressure, 
nor  does  he  use  the  symbol  p. 

575.  D'Alembert  devotes  his  pages  2S...40  to  an  Appendix 
on  the  Figure  of  the  Earth.  Hia  object  is  to  enquire  if  the  obla- 
tum  is  the  only  form  of  relative  equilibrium  for  a  rotating  mass  of 
homogeneous  fluid. 

He  says  it  follows  firom  what  he  has  proved  in  hia  E&ihenAiea 
au.r  lea  Vents,  Art.  28,  that  if  the  fluid  mass  is  originally  spherical, 
T.K.  A.  S4 
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and  is  then  put  into  rotation,  bo  that  the  ratio  of  the  centrifugal 
force  to  gravity  is  small,  the  form  of  relative  equilibrium  most  be 
an  oblatum.  It  is  almost  needless  to  remark  that  lyAlembert's 
statement  is  not  demonstrated :  the  motion  of  bu<^  a  Suid  maw 
is  too  difficult  fco*  his  rough  approximative  analysis  to  master. 

However,  he  now  proceeds  to  diBcuss  the  problem  vritboat 
assuming  that  the  mass  is  originally  spherical  He  arrives  at 
the  conclusion  that  if  the  fluid  is  in  the  form  of  a  figure  of  revo- 
lution, and  is  nearly  spherical,  there  cannot  be  relative  equilibrium 
for  any  other  form  than  an  oblatum.  Unftntunately,  his  demon- 
stration is  unsound.  The  theorem,  however,  is  now  admitted  to 
be  true.  Legendre  indeed  gave  a  demonstration,  which  do^  not 
assume  the  figure  to  be  nearly  spherical ;  but  the  demonstration 
is  not  quite  free  &om  objection.  Laplace,  assuming  the  figure  to 
be  nearly  spherical,  but  not  assuming  it  to  be  of  revolution, 
demonstrated  the  theorem :  he  omits  to  mention  the  condition 
that  the  figure  is  nearly  spherical  when  he  refers  to  the  subject 
in  the  Mioanique  Colette,  Vol.  v.,  page  10. 

576.  We  will  now  indicate  the  nature  of  D'Alembert's  method, 
and  the  point  at  which  it  &ils. 

Let  P  be  the  pole  of  the  body,  Q  any  point  on  the  surface. 
We  shall  require  the  attraction  at  Q  resolved  in  the  direction 
which  is  in  the  meridian  plane  of  Q,  and  is  at  right  angles  to  the 
radius  from  the  centre  to  Q. 


Let  B  be  any  point  on  the  surface;  let  PQ^fi,  QB^u, 
PB-«;  and  let  PQR^w-'^,  so  that  ■+■  is  the  angle  between 
JtQ  and  PQ  produced.    Let  the  polar  radius  be  denoted  by  1, 
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and  the  radios  at  £  by  l-i-aF{s),  where  a  ia  a  small  qnaDti^. 
Then  proceedmg  as  in  Art.  424,  we  find  that  the  element  of  the 
required  attraction,  estimated  from  the  pole,  to  the  order  we  have 


du  di^  ein  u  COB  -^  COS  ^  1 
4  sin'^u 

d»d^8in'»C09^^.. 

Ssin'i"  ^' 


aF(e) 


du  d-^  sin*  tt  cos  ^ 
2*(l-cos«)* 


oJ-W. 


This  agrees  with  D'Alemhert's  formula  at  the  top  of  his 
page  26 }  his  A  is  our  ■^. 

The  transverse  attraction  which  we  require  would  he  obtained 
by  integrating  the  above  ozpreBsion  between  the  limits  0  and 
2ir  for  ^,  and  0  and  ir  for  u.  Let  T*  denote  this  transverse  att^a(^• 
tion. 

Let  V  denote  the  attraction  at  Q  resolved  along  the  radius ; 
and  X  ^^  angle  between  this  radius  and  the  tangent  to  QP  at  Q, 
Then  F  cos  x  "^  the  resolved  part  of  V  along  the  tangent  to 
QP  at  Q.  Hence,  supposing  the  body  to  be  fluid,  or  at  least 
the  outer  stratum  to  be  fluid,  we  must  have  for  equilibrium 

rco8x=  2* (1). 

If  the  body  rotates,  then  to  secure  relative  equilibrium,  we 
miiBt  supply  in  this  equation  a  term  corresponding  to  the  resolved 
centrifugal  force. 

We  must  now  give  some  specific  form  to  F(ji)  before  we  can 
carry  the  investigation  further.     Assume,  with  D'Alembert,  that 
J''(«)=^  +  5coer+(7cos'*+ +  Jf  cob"*. 

We  shall  then  have  to  our  order  of  approximation 
coflx=-Bin/»C£  +  2C'cos^+ +  mJf  cos"^y9)o; 


(2)- 
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Now  COS  c  «  COB  j8  COB  u  —  sin  ^  sin  u  cos  ^.   Heoce,  correspond- 
ing to  the  term  3fcoa"a  in  F{e)  we  have  in  7* the  term 

fljf  f '  f " ain*«  C08 ^ (cob ff  C08 «  —  sin ff  sJn  v  eos^)"  ,    , . 
gTJcJo  (I-cosm)*  ."    '"' 

When  we  integrate  with  respect  to  ^  all  the  terms  which  in- 
volve odd  powers  of  cos  '^  vanish  ;  so  that  we  are  left  with 

2>    Jo  Jo      (l-cos«)» 

where  Z~  m  ooar^'  ^  siaB  cos"^  u  sin  u  cos*  ■^ 

tn(m—  !)()» -  2)       «_« o   ■  i  o       --.      ■  ,  ,  , 

+  — = j~ cos     iS  Bin' jS  co8^^  M  8in*M  cos'-y- 


Here  every  term  involves  some  odd  power  of  sin  j8.  Now 
suppose  we  put  {l—cot?ff)  sin/S  for  sin'^,  and  (1— co8*^*8in/3 
for  sin'jS,  and  so  oa.    Then  ^t&kee  the  form 

sin  j8  (ilT,  coB"^  yS  +  JT,  cos"^  ^  +  ^,  cos"^ /3  + . . .). 
where  N^,  N^,  JV,,  ...  are  functions  of  u  and  ^. 

In  like  manner  the  other  terms  in  F(,e)  will  give  rise  to  cor- 
responding terms  in  T,  involving  the  product  of  sin  y3  into  various 
powers  of  COB  J3  ;  but  these  powers  of  cos  j3  will  all  be  less  than 
the  (m  —  1)*  power. 

Hence  equating  the  coe£5cient8  of  like  terms  in  (2),  we  Bee 
that  besides  other  relations  we  must  have 

8    "~2»ioL       (l-cos«)«     ^'" 

D'Alembert  then  has  to  shew  that  equation  (S)  oannot  be 
satisfied  if  m  he  a  positive  integer  greater  than  2.  TTia  demon- 
stration, however,  fails  completely,  because  he  has  given  a  wrong 
value  to  the  quantity  which  we  denote  by  ^, :  his  error  begins 
with  Ins  Article  50,  on  his  page  26. 
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Ta^e  the  Becond  term  which  we  have  expressed  in  the  value 

of  Z;    and  pat  an ff  (1  ~  co^ ffj  for  8in'/3:  then  we  have. as 

part  of  JT, 

mCm-l)(m-2)      ^      .  ,         ,  . 
^ ^ cos^  u  Bin  u  cos'  y. 

Instead  of  keeping  this,  lyAlembert  puts  sin  u  (1  —  cos" «) 
forsin'u,  and  then  omits  sinu,  retaloiog  only  —  sinucos'u,  sothat 
instead  of  what  we  have  just  given,  he  has 

m  (w  —  I)  (tn  — 

\l 

He  treats  the  other  terms  of  Z  in  the  same  nnwarrantahle 
manner;  and  the  coDSequeoce  is  that  his  value  of  N^  is  alto- 
gether wrong.  The  error  renders  all  the  rest  of  his  argument 
worthless. 

Laplace,  as  we  shall  see,  alludes  in  his  first  and  second  memoirs 
to  B'Alembert^s  demonstration,  but  says  nothing  about  its  uu- 
.soundness.  Legendre,  who  may  be  considered  to  have  been  the 
first  to  solve  the  problem  here  involved,  does  not  even  allude  to 
lyAlembert's  demoDstration, 

577.  It  is  important  to  notice  what  D'AIembert's  process 
would  have  established  if  it  had  been  sound.  It  would  have 
tdiewn  that  F{e)  cannot  be  a  finite  series  of  powers  (tf  cos  e,  in 
which  the  highest  power  is  greater  than  2.  But  it  would  not 
have  shewn  that  F{x)  cannot  be  an  mfiitite  series  of  powers  of 
cos  2. 

678.    IVAlembert  gives  on  his  page  29  the  value  of  the  de* 

finite  int^p»l  I    r  when  for  m  we  put  1,  2, 3,  4, 5, 6,  or  7. 

■'i  (!-»)• 
There  is  no  objection  to  bis  method.     "We  may,  if  we  pleas^ 

rv» 
tranrformthe  int^ral  to  2(— l)"l     (y*— l)"^dy:  thus  it  is  easy 

to  verify  his  values. 

Afler  leaving  this  subject,  lyAlembert  on  his  pages  36... 40, 
makes  a  few  other  remaiks;  they  are  not  of  great  importance,  but 
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they  are  correct,  except  those  contained  in  hie  Art.  78,  which 
are  erroneous. 

579.  The  sixth  volume  of  D'Alembert's  Opuscuiea  Matk^- 
Tnaiiquea  wae  published  in  1778 ;  a  large  part  of  it  is  devoted 
to  our  subject. 

680.  A  memoir  entitled  Sur  la  Figure  de  la  Terre,  occapies 
pages  47."67.     It  heginsthns: 

Feu  M.  Maclaurin  est  le  pT«mier  qui  ut  d^inontr6  rigourenBemeDt 
qu'une  masse  flnide  homogene,  tonmant  autour  d'elle-mSms,  devoit 
prendre  la  figure  d'ane  ellipae  dans  rhypoth^  de  rattraction  en  raison 
inTene  dn  qnarrt  des  distences.  Mais  personne,  qne  je  saobe,  n'avoit 
encore  remarqnfi  qne  dons  ce  cm  le  probllme  e«t  snaoeptible  de  denx 
jK^ntbna,  i^eet-iudire,  qn'il  7  a  denx  figures  potEdbles  i  donner  an  sphe- 
rolde,  et  dans  lesquelles  I'^nitibre  aura  lien.  Cette  oonaidgtation  est 
I'objet  des  Bcchercbes  suivautee. 

We  have  already  remarked  that  Thomas  Simpson  had  im- 
plicitly shewn  the  possihilitj  of  this  douhle  solntion :  see  Art  285. 
However,  B'AJembert  now  gives  an  explicit  investigation,  which, 
in  substance,  was  afterwards  incoi-porated  by  Laplace  in  the 
M4camque  Celeste,  and  thus  constitutes  a  permanent  part  of  the 
subject :  see  the  M^oamque  Celeste,  Livre  iiL,  Chapitre  m. 

On  his  page  47,  D'Alembert  makes  the  nndemonstrated  asser- 
tion, that  if  a  'spherical  mass  of  homogeneous  fluid  be  put  in 
rotation  it  vnU  take  the  form  of  an  oblatum :  see  Axt  575. 

581.  We  will,  in  giving  an  account  of  D'Alembert's  process, 
adopt  to  a  great  extent  Laplace's  notation. 

Suppose  « the  wigular  velocity  of  rotation,  p  the  density  of  the 

fluid;  putjforj— .    Suppose  the  major  axis  of  the  Eartii  to  be 

VC^*  +  1)  times  the  minor  axis;    then  the  exc«itridty  of  the 
ellipM  is  -.-,     ^. .    Denote  the  minor  axis  by  2c.    Then  by  the 
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formulae  of  Art.  261,  or  by  those  of  saj  elementary  work  oa 
Statics  we  find  that  the  attraction  on  a  particle  at  the  pole  is 
*7rf)C(l  +  X')  (   _  tan-'X) 
V  I'  X     J' 

and  the  attraction  on  a  particle  at  the  equator  ia 

call  the  latter  X,  and  the  former  T, 

The  centrifugal  force  at  the  equator 

Then,  as  in  Art.  262,  the  condition  for  relative  equilibrium  is 

which  reduces  to 

2g_(V  +  3)  tan"'X-3X  .. 

3~  V  ^'■'■ 

This  is  the  standard  equation  on  the  subject :  see  the  MStxi- 
nique  Celeste,  Livre  lll.-§  IS.  lyAlembert  haa  the  same  equation: 
see  his  page  50.  He  uses  k  for  Laplace's  \  and  <o  for  liaplace's  q. 
Neither  D'Alemhert  nor  Laplace  uses  the  Bymbol  tan"",  which  is  of 
more  recent  origin.  It  will  be  observed  that  if  a  sphere  of  the 
same  density  as  the  fluid  were  to  rotate  with  the  same  angular 
velocity,  q  would  be  the  ratio  of  the  centrifugal  force  to  the 
attraction  at  the  eqoator, 

■  D'Alemhert  shews  that  the  equation  (1)  will  ^ve  two  valaea 
of  \  for  a  given  value  of  q,  joovided  q  be  not  too  great.  Denote 
by  ^(X)  the  right-hand  member  of  equation  (1) ;  then  consider- 
ing X  as  an  abscissa,  and  ^(X)  as  the  corresponding  ordinate,  he 
in  fact  traces  the  curve  which  thus  arises.  We  have  ^(X)  zero 
when  X  is  zero,  and  also  when  X  is  infinite ;    when  X  is  veiy  siaall 

Since  0(X)  vanishes  when 
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X  Tanishes,  and  when  X  ia  infinite,  tbere  must  be  some  maximam 
valud-ofX;  this  maximum  is  determined  by  puttii^  ^'(X)~0; 
this  leads  to 

.     ^.  9\  +  7X*  ,„. 

*^  ^'a+x-jo+x*) («)■ 

It  is  evident  from  vhat  has  been  said  that  this  equation  must 
hare  a  root  W^  may  tdso  establish  the  existence  of  a  root  in  the 
following  way.  When  \  is  very  small  the  left-hand  member  is 
approximately 

*■     3  +  6— • 
and  the  right-lumd  member  is  approximately 

>.  3  +  27--' 

thus,  when  \  is  very  small,  the  right-hand  member  is  the  latter. 
When  X  is  infinite  the  left-hand  member  is  the  larger.  Hence 
for  some  intermediate  value  the  two  members  will  be  equal.  See 
D'Alembert's  pages  61  and  52. 

582.  Suppose  that  q  has  a  given  value ;  let  \  denote  the 
smaller  of  the  two  values  which  equation  (1)  fumisbes.  By  com- 
paring the  weights  of  a  polar  and  an  equatorial  column  of  fluid, 
without  assuming  that  there  is  equilibrium,  D'Alemhert  finds  that 
if  X  is  a  little  less  than  X,  the  weight  of  the  polar  column  p^omi- 
nates,  and  that  if  X  is  a  Uttle  greater  than  X,  the  weight  of  the 
equatorial  column  preponderates.  Then  he  argues  thus :  Let  the 
fluid  he  in  relative  equilibrium  with  the  value  \.  Suppose  the 
oblatum  a  little  elongated ;  this  amounts  to  dimimslung  X;  then 
the  weight  of  the  polar  column  preponderates,  and  pushes  out  the 
equatorial  column  ;  thus  there  is  a  tendency  to  restore  the  equi- 
librium figure.  Again,  suppose  that  we  start  from  the  equililvium 
flgtire,  and  compress  it  a  little;  this  amounta  to  increasing  X;  then 
the  weight  of  the  equatorial  column  preponderates,  and  pushes 
out  the  polar  column :  thus  there  is  a  tendency  to  restore  the 
equilibrium  figure.  Hence  in  modern  language  the  relative  equi- 
librium is  stable;  D'Alembert  uses  the  void/ervw. 
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In  like  manner  h«  concludes  that  tho  relati™  eqailibrium  cor- 
responding to  the  lai^r  of  the  two  values  which  equation  (1) 
furnishes  is  unstable. 

His  discussion  on  these  points  Till  be  found  on  his  pages  55. .  .57 : 
it  cannot  be  considered  adequate  for  such  a  difficult  matter.  I  do 
not  find  that  the  later  writers  Laplace,  Poieson,  and  Font^ulant 
have  followed  D'AIembert  in  determining  the  stability  or  insta- 
bility. 

If  the  angular  velotuty  is  such  as  corresponds  to  a  single  solu- 
tion, so  that  (1)  and  (2)  are  simultaneously  satisfied,  D'Alembeit 
urives  at  what  he  considera  a  singular  result.  This  result  ex- 
presMed  in  modem  language  is  that  the  relative  equilibrium  is 
stable  with  respect  to  an  elongation  of  the  oblatum,  and  unstable 
with  respect  to  a  compression  of  the  oblatum :  see  his  page  57. 

583.  On  bis  page  58,  D'Alembert  says : 

Ced  me  porteroit  ^  oroire,  poor  le  dire  en  passaut,  que  dans  les 
Thteries  donnSee  juaqu'ici  iur  la  Figure  de  la  Terre,  on  a  peut-fitre  trop 
cherch^  i  feire  aooorder  enti'eux  les  deux  prinoipes,  celui  de  U  perpendi- 
cularity de  la  pesauteur  &  la  eurikce,  et  celui  de  I'^uilibre  dee  colomnea 
Oar  oe  dernier  n'est  nficesMure  'qua  quand  la  Terre  «Bt  flaide,  et  n'est 
jamais  snffliMUit,  soit  qne  la  Terre  aoit  solide  on  flnide ;  an  Ilea  que  le 
premier  est  necesmire  dans  les  deux  cas,  et  sufGt  d  la  Terre  est  solide. 

By  the  principle  of  columns  he  probably  means  the  balancii^ 
of  columns  at  the  centre.  Boscovich  had  shewn  that  if  at  everif 
point  every  pur  of  rectilinear  columns  balances,  then  also  Huygens's 
principle  of  equilibrium  is  satisfied:  see  Boscovich's  Be  LUteraria 
Ea!peditione...fe^  424 ;  and  Ari;.  463. 

584.  When  the  angular  velocity  is  very  small,  one  of  the 
tonus  of  relative  equilibrium  determined  by  equation  (1)  is 
very  nearly  spherical,  and  the  other  is  very  much  compressed; 
D'Alembert  calls  this  a  singvlier  paradoae :  see  his  page  58. 

Let  us  suppose  that  q  is  very  small ;  one  value  of  X  is  very 
large  as  we  have  said.    Thus  (1)  becomes  approximately 

*2      "TT-      oi  > 
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therefore  ^°=Z^ f^)" 

Let  r  be  the  radius  of  a  ^here  having  the  same  Ttdnme  as 

the  oblatum ;  then  with  the  Dotation  of  Art.  A81, 

(i'  +  l).^-^ (4). 

lyAlembert  BhewB  that  the  velocity  of  a  point  at  the  equator 

is  very  small  when  X  is  very  great ;  that  is,  the  smallness  of  the 

angular  velocity  more  than  counterbalances  the  largeness  of  the 

radios. 

For  the  Bqaare  of  this  velodty 

=  (X*  +  l)c*«.'-(X'  +  l)c'^y 

-.,*{X'  +  1)*  ^2  by  (4)  =.  f^^^q  approximately 

this  ia  email  since  q  is  small. 

D'Alembert  also  compares  the  centrifugal  force  at  the  equator 
in  this  case  with  the  centrifugal  forc«  at  the  equator  of  the  sphere 
of  equal  volume.    The  ratio  of  the  former  to  the  latter 


=  i25!±lW=(x.+  l)*: 


this  is  large  since  X  is  laige.     See  his  page  59 ;  there  are  mis- 
prints towards  the  bottom  of  the  page. 

585.  D'Alembert  was  aware  that  his  investigations  did  not 
shew  tGat  there  could  not  be  more  than  two  forms  of  relative 
equilibrium  corresponding  to  a  given  angular  velocity.  He  ez- 
preasty  leaves  thb  point  to  be  discussed  by  other  Geometers :  see 
his  page  61.  Zjaplace  was  the  first  who  demonstrated  that  there 
could  not  be  more  than  two  forms  of  relative  equilibrium :  see 
D'AJembert's  Opuacvlea  Math^matiques,  ToL  vilL  page  292,  and 
Laplace's  Thddrie...de  la  Figure  dea  Planetes,  page  124. 

586.  The  proposition  which  D'Alembert  thus  left  to  be  de- 
monstrated amounts  to  this,  that  ^'(X)  vanishes  onli/  ones  as  X 
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cluingeB  from  zero  to  infinity,  bemdes  when  \  =  0;  TKAlembeit 
draws  his  curve  conuBtently  with  this  proposition,  though  he  did 
not  demonstrate  it.  The  proposition  is  known  to  he  true  ae  it  is 
indirectly .  involved  in  Laplace's  investigations ;  hut  it  may  he 
useful  to  give  a  direct  demonstration. 

Put  tan  d  for  \ ;  then  ^(X) 

(S  +  tan'fl)  estaaff     (l  +  Sco^^^-Ssintfcos^       - 

—  ^ ;    -,a =  ''Ta ooaS 

tan'p  8U1  p 

sin'f' 

The  differential  eoefiScient  of  this  with  respect  to  Bia 

ooeg(8+co82fl)     (5+*cos2g)g_sin2g(8+cofl2g)-2g(5+4cos2g) 
H?S  sin*^        " 

Put  F(0)  for  the  numerator. 


easily  ohtained  hy  ezpimaion,  for 

F{ff)  =  8  sin  25  +  5  sin  4^  -  2^  (5  +  4  cos  2^ . 

Or  we  may  proceed  thus :  we  know  that  when  \  is  very  small 

0(X)  =  y^ ,  so  that  ^'(X)  then  ==  — ;  hence  when  $  is  very  small 

we  must  have  ,. ,  /   jr.  =  ^:  ,  and  therefore  F(8)  *=^r=-. 
2  (sin  6y     \b  ^  '       15 

When  5  =  o  we  see  that  F(S)  is  negative. 

If  then  F(0)  vanishes  for  more  than  one  value  of  6,  besides 
0  =  0,  between  $  =  0  and  ^  ™  s  >  it  must  vanish  for  three  values ; 
and  then  F'{ff)  must  vanish  for  two  values  of  0  besides  dsO.    But 
F'{ff)  =  8  cos  25  +  2  COS  45  - 10  + 165  sin  2fl ; 
J"(5)--8sin45+325co8  25=«16co8  25(2d-sin25),       . 
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Thua  ^"{^  is  positive  from  d  =  0  to  5  =  ^  ,  and  then  ne^tive 

from  ^—7   to  0  =  ai  therefore  ^(3)  increaseB  continually  from 

^1=0  to  ff=  J,  and  diminishes  continually  from  0=-io  0=a'- 
hence  F'(0)  cannot  vaoish  more  than  once  besides  $=0,  as  8 
changes  from  0  to  =  . 

587.    We  may  put  equation  (1)  in  the  fonn 
^  =  {X'+3)tan-»X-3X. 

If  we  suppose  \  =  0,  both  sides  vanish  whatever  may  be  the 
value  of  q.  But  X^O  ia  not  a  solution  of  (1);  we  have  in  iact 
introduced  this  solution  by  multiplying  both  sides  of  (1)  by  X*. 

D'Alembert  devotes  his  page  62  to  this  matter ;  which  would 
now  be  considered  too  obvious  to  need  remark. 

£88.  D'Alembert  gives  some  extension  to  his  investigation 
on  bis  pages  63. -.67  by  supposing  extraneous  forces  to  act ;  but 
this  exteosioik  is  of  little  importance.  D'Alembert  afterwards 
returns  to  the  subject  and  discuBses  it  in  an  elaborate  manner : 
see  Art.  596. 

At  the  top  of  his  pt^  64,  D'Alembert  seems  to  say  he  has 
four  forces ;  but  his  first  force  is  in  fact  resolved  into  his  second 
and  third,  and  is  not  in  addition  to  them. 

589.  The  next  memoir  in  the  mxth  volume  of  D'Alembert's 
Opuaculet  Math^matiques  is  entitled  Eclairdseemwu  aur  deux 
endroita  de  mea  Ouvrages,  qui  tmt  rapport  d  la  Figure  de  la  Terre  ; 
this  occupies  pages  68... 76:  it  is  followed  by  some  Remarqaes 
«ir  F^ritcte prA^iieni  on  pages  77.. .84. 

The  passages  in  his  previous  works  to  which  D'Alembert  here 
alludes  occur  on  page  42  of  the  S^fiexion8.,.de8  Vents,  Euid  on 
pages  246. ..252  of  the  first  volume  of  the  Opu^stiles  Math^ 
matiqvea:  see  Aits.  376,  378,  514,  and  567. 
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690.  We  bare  already  learned  from  Art.  567,  that  Boscovich 
criticised  D'Alembert,  and  that  D'Alembert  defended  himself 
Boscovich's  work  was  translated  into  French,  and  a  long  note 
inserted  on  pages  449. ..453  which  renewed  the  attack  on 
D'Alembert :  and  now  D'Alembert  replies. 

The  matters  in  controversy  admit  of  being  stated  briefly 
though  neither  of  the  disputants  defines  them  very  clearly. 

The  translator  ascribes  great  merit  to  Boscovich  for  intro- 
ducing the  notion  of  what  we  should  call  the  atabUity  of  the 
equilibrium :  D'Alembert  replies  that  the  notion  is  really  due 
to  Daniel  BemouUL  Next  as  to  mathematical  results  we  may 
say  that  both  disputants  accepted  the  formula  of  Art.  376 ;  and 
also  both  allowed  that  the  equilibrium  would  be  stable  if  p  were 

less  than  ^  <t.    Then  D'Alembert  asserts  that  we  may  have  p  less 

than  q  ff,  and  e  positive,  and  yet  have  e  negative ;  and  the  for- 
mula of  Art.  376  shews-  that  his  statement  is  correct.  The  French 
translator  denies  this,  and  so  is  wrong;  he  seems  tc^  have  assumed 

that  1  —  ^  must  be  positive,  which  ia  not  necessary. 

The  following  passage  of  the  translator's  note  relates  to  the 
opinion  which  DAlembort  held  of  Boscovich. 

,.  M.  SAUmbert  se  ooDt«nte  id  de  dire  qv!U  a  du  nam  Saata  let 
mathhaatiquet:  dana  un  imtre  opiuoule  poet6riear,  il  parle  da  P.  Boaeoviek 
arec  €[/agb,  en  diaant  qu'il  mirite  la  imputation  dont  il  jonit ;  mais  pour 
ajouter  qu'il  a  6t£  tellement  pen6cut£  par  les  Sup£rieurs  de  son  Ordrt^ 
qne  toute  I'autnriU  du  Soaveraiu  Pontife  a  &  peine  auffi  pour  le  dflivrer 
de  leuiB  pouTBuitea.  Cepandant  on  sait  tite  bien  que  le  B.  P.  BoaeoviA 
a  toujours  ^  oonaid^^  et  respects  daus  aa.  Gompa^ie  comme  un  do  bqs 
plus  dignes  membrw,'  et  oomme  un  homme  dn  premier  m£rite  i  toua 
figards. 

On  p^e  71  of  the  memoir  l^  D'Alembert  which  we  are  now 
considering  he  uses  the  words  Habile  Maih^maHaen,  I  presume 
with  reference  to  Boscovich,  It  has  been  asserted  in  recent  times 
that  D  Alembert  and  Lagrange  had  but  a  low  opinion  of  Boscovich ; 
Bee  Arago's  (Ewont  ampUtea,  Vol  n.  page  140. 
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591.  D'Alembeit  states  on  hb  page  76  his  objection  to  the 
fonuula  which  Clairaut  gave  on  his  pi^e  226.  I  have  discussed 
the  point  in  Art.  328.  D'Alembert  admits  on  his  pa^  82  that 
Clairaut's  more  general  formula  on  page  217  would  supply  all  that 
was  needed. 

D'Alembert  quotes  in  his  own  favour,  with  respect  to  his 
controvert  with  Boscovich's  translator,  a  passage  from  a  letter  to 
himself,  written  ss  he  says,  by  one  of  the  greatest  geometers  of 
Europe :  see  his  pi^e  83. 

592.  The  nert  memoir  in  the  sixth  volume  of  D'Alembert's 
Opusctdea  Mdtk^maHques  is  entitled  Sur  Veffet  de  la  peaantear  an 
aommet  et  an  pied  dea  Montagnea  and  more  briefly  Sur  rattractum 
dea  Mrmiagnes;  tbie  occupies  pages  86. -.92 :  it  is  followed  by  an 
Addition  <i  V Article pric4deni  o^  pages  93.. .98. 

593.  A  certain  observer  had  reported  that  on  the  summit  of  a 
mouDtain  in  the  Alps,  1085  toises  high,  a  seconds  pendulum  bad 
gained  28  miputes  in  two  months;  so  that  gravity  appeared 
to  be  greater  at  the  sunmiit  of  the  mountain  than  at  its  ba3e. 
D'Alembert  proposes  to  shew  how  the  fact  ntay  be  ezpl^ned, 
aMHiimiTig  the  observatioD  to  be  accurate. 

D'Alembert  investigates  the  attractions  of  mountains  of  various 
shapes.  The  investigations  are  simple  and  satisfactory.  In  one 
case  he  supposes  the  mountun  to  be  cylindrical,  its  height  being  . 
small  compared  with  the  radius ;  he  obtains  a  result  which  was 
first  given  by  Bouguer,  and  has  since  passed  into  the  elementary 
books :  see  Art  363. 

D'Alembert  also  investigates  the  influence  exerted  on  a  pen- 
dulum when  it  is  placed  in  a  valley  between  two  mountains. 

If  />  be  the  mean  density  of  the  Earth,  and  p'  that  of  the 
mountain,  D'Alembert  finds  that  supposing  we  accept  the  obser- 

Tation  on  the  Alps  as  trustworthy  we  must  have  />'  =  -^  •    This  we 

should  now  consider  to  be  quite  inadnusuble,  and  so  we  ehoold 
have  no  faith  in  the  observation.    But  at  the  date  of  the  memoiz 
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the  state  of  knowledge  was  differeot ;  and  lyAlembert  aays  on  his 
pages  90,  91 : 

...oettoliypothteeii'a  rien  de  forc6;  pnisqn'on  pent  tr^  bien  nippoBer 
que  la  densitfi  moyenne  de  la  tTeire  est  moindre  qu«  la  denratfi  des 
couches  qui  sont  k  sa  sni&ce. 

The  words  are  hardly  fait ;  for  the  formula  would  make  the 
mean  density  of  the  Earth  scarcely  one-third  of  that  of  the  moun- 
tain. 

D'Alembert  refers  on  hiB  page  92  to  Bouguer*a  work  on  the 
Mgure  of  the  Earth,  p^es  357  and  following.     D'Alembert  says : 

On  7  trouve  nue  Thforie  de  1' Attraction  dm  Montagnea,  mais  beau- 
oonp  moina  g6n6rale  que  oelle  qui  a  £t^  I'objet  de  oe  Memoirs. 

594.  On  his  page  93  D'Alembert  refers  to  new  observations 
with  which  he  had  become  acquainted  long  after  he  had  finished 
the  preceding  memoir.  These  observations  seemed  to  shew  that 
in  a  certain  district  of  the  Alps,  attraction  in  ascending  the  moun- 
tains varied  directly  (not  inversely)  as  the  square  of  the  distance 
from  the  centre  of  the  Earth.  He  traces  the  consequence  of  this 
hypothesis. 

Let  h  he  the  height  of  the  mountain,  p'  its  mean  density,  p  the 
mean  density  of  the  Earth,  r  its  radius.  Then  by  the  investiga- 
tion referred  to  in  Arts.  363  and  ^93  it  appears  that  the  attraction 

at  the  top  of  the  mountain  is  „.  r\'\i  +  ^p'K  that  is  approxi- 
mately ~^+^^(/>'~  a  )•  If  the  attracti(Ht  Taries  directly  as 
the  square  of  the  distance  from  the  Earth's  centre  this  must  be 
equal  to  -^  {^ j  ,  that  is  approximately  to  -^  (^  "*"  t)  * 


Hence  we  have 

*2r.^,j^ 

this  leads  to 

.'-I- 
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The  coincidence  of  this  result  with  that  in  Art.  593  is  certainly 
curious;  because  it  is  a  theoretical  inference  &oin  observations 
which  do  not  seem  to  have  been  influeuced  by  theory.  However 
there  can  be,  I  presume,  no  doubt  that  the  observations  must 
have  been  erroneous.  Frisi  alludes  to  the  mfttter;  see  bis  Cosmo- 
ffi-aphia.  Vol.  II.  page  142 :  be  seems  to  treat  the  observations  as 
fictitious.     He  says : 

Notitiisenim  conquiaitiB  nndiqne  acoepi  alpina  ilia  experiinenta... 
omuiuo  esse  auppoeita,  et  circa  difTisrentuiiii  attractiouum  in  vertice, 
et  ad  pedes  montium  Bongaerii  tantum  experimenta  Bupereesa  qu» 
in  investigatioiiibuB  figune  terrestris  locnm  aliquem  Bsmper  habere 
debeant. 

See  also  La  Lande's  BibUoffraphie  Astrojiomique,  page  532. 

595.  The  next  memoir  in  the  sixth  volume  of  D'Alembert's 
Opusctdes  Matk^matiques  is  entitled  Suite  des  Ssckenhes  sur  la 
Figure  de  la  Terre;  this  occupies  pages  99. -.133;  it  is  followed 
by  some  ReTTWtrquee  fur  le  M^oire pr^cident  on  pages  13i..^l60. 

596.  The  problem  discussed  is  one  which  D'AIembert  briefly 
noticed  on  pages  63.. .67  of  the  volume  :  a  homogeneous  mass  of 
fluid  in  the  form  of  an  ellipsoid  of  revolution  rotates  with  uniform 
angular  velocity  round  its  axis  of  figure,  and  is  supposed  to  be  in 
relative  equilibrium  under  its  own  attraction  and  the  attraction 
of  a  distant  body  situated  on  the  prolongation  of  the  axis  of  figure; 
then  the  condition  for  this  relative  equilibrium  is  found  and  dis- 
cussed. Although  the  problem  cannot  be  considered  to  be  of  any 
jjbjMcal  importance  yet  the  analytical  processes  are  both  inter- 
esun^UM  iQStructive. 

Let  M  denote  the  mass  of  the  distant  body,  h  its  distance  &om 
the  centre  of  the  ellipsoid ;  the  axis  of  revolution  of  the  ellipsoid 
when  produced  passes  through  M\  take  this  for  the  axis  oix. 

Then  the  distant  body  exerts  an  action  ^  at  the  centre  of  the 

elhpsoid ;  and  then-  in  the  usual  way  we  find  that  what  we  may 
call  the  disturbing  action  of  the  distant  body  at  a  point  {x,  y)  is 

equivalent  to  -p—  and  -M-  parallel  to  the  axes  of  x  and  y  tb.- 
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spectivety;  the  former  in  the  directioD  in  wUcti  x  increasea, 
the  latter  contrary    to   the    directioD    in    which   y   increases. 

D'Alembert  saya  nothing  ahout  the  force  t*;  we  must  in  fact 

ima^ne  it  to  he  counteracted  by  an  equal  force  applied  at  every 
point 

Let  us  auppoBe  that  the  equatorial  axis  of  the  ellipsoid  is 
m  times  the  polar  axis ;  and  let  Jt  =  •t/{ft^  —  1}- 

Suppose  the  density  of  the  ellipsoid  to  be  tmlty ;  then  taking 
it  to  be  an  ohiatnm  the  attractions  at  {tr,  t/)  parallel  to  the  axes  of 
X  and  y  respectively  are  by  Art  681 

^(i*  +  l){t-tau-i)ajand  ^[(J'+l)  tan->fc-A}  y. 

We  have  also  thn  centrifugal  force  (u*y  parallel  to  the  axis  of  y, 
where  to  is  the  angular  velod^. 

Heuce  putting  X  and  Y  for  the  whole  forces  at  (x,  y)  parallel 
to  the  azee  of  x  and  y  respectively,  and  estimating  these  forces 
inwards,  we  have 

X=^(i>  +  l)(l-ton-it)»-?^, 
r=^(Cf  +  l)lan-i-il,  +  ^?-^y. 

Now  we  may  apply  Euygeus's  principle  to  obtain  the  condition 
of  relative  equilibrium.  Thus  X  and  Y  must  be  positive,  snppos- 
ii^  X  and  y  to  be  positive;  and  Xdx+  Ydy  =  0,  must  coincide 
with  the  difTerential  equation  to  the  ellipse  which  generates  the 

ellipsoid,  that  is  with  xdx  +  -^^^  ~  0-     Hence  we  obtain 

^(W  +  l)(t-ton-i)-^ 

-  (f  + 1)  fp  ((f  + 1)  tan-' i  -  i)  +  ^- «'l ; 
and  aunplifying  we  bave 

0^     ^     (S  +  yjtan-t-St  .         M 
2ir"2ir4""  If  *  irh' (If  +  ly 

T.  M.  A.  25 
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This  is  tbe  fuDd&mdntal  equation  of  the  prohlem ;  it  sgreeB 
vith  D'Alembert's  on  his  page  100,  though  with  rather  different 
notation. 

We  Bhall,  as  in  Art  581,  put  ^{k)  Sot 

(3  +  i»)tan-'J-3*       . 
HP • 

697.  We  have  hitherto  supposed  the  ellipsoid  of  revolution 
to  be  an  ohlatum.  If  it  be  an  obloogum  our  fundamental  equa- 
tion still  holds,  only 'as  k=*i/(m*~l),  and  m  is  now  less  than 
unity,  ^(jt)  contains  impoBsible  qnantitiee  which  must  be  trans- 
formed.    We  have 


«*) 


3  +  y  texj-'k     8     i  +  m'  taii''V(m'-l)         3 
°    **    ■     k        If    i»"-l'     VK-1)     ~iii"-X' 

If  nt  is  less  than  1,  we  find  that „  ,     ,T      transforms  in 

-V(l ->»■)" 
598.    Our  fundamental  equation  may  he  written  thus 

£-5^.-*(*)+^;jr^=*lv'(-»--l))+i^- 

We  have  to  consider  whether  a  valne  or  values  of  m  between 
zero  and  infinity  can  be  found  to  satisfy  this  equation.  Moreover, 
if  m  is  lees  than  unity,  we  must  coneider  that  the  proper  fonn 
for  ^V(^'~l)>  Siee  from  impossible  ezpressiomf,  is 

we  will  denote  this  by  ■•^  (m), 

lliat  we  have  obtained  the  r^ht  equation  for  the  case  in 
which  m  is  less  than  unity,  may  be  verified  by  an  independent 
investigation  of  the  attraction  of  an  oblongwn  on  a  particle  at  its 
surface.  lyAlembert  himself  indicates  this  method  of  confirming 
the  result  obtained  by  the  ordinary  use  of  imaginary  symbols ;  see 
his  pages  134, 136. 
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599.  Let  UB  fint  ooosider  the  range  of  valaee  of  ^  (it),  as  k 
increases  from  zero  to  iofiiiitj. 

a? 

When  A;  is  very  Bmall  if>  (k)  is  approximately  equal  to  y^ ,  as 

may  be  easily  shewn  by  expansion.  And  <j>  (k)  obviously  vanishes 
when  h  is  infinite. 

D'Alembert  wishes  to  shew  that  <j>{k)  ia  always  positive;  see 
his  pages  102  and  103.    His  demonstration  is  unsound.  He  shews 

that  tan~*  k  ~-  ^       „  ia  positive  wh^i  k  is  iufinitesinial ;  and  he 

h 
shews  that  this  expression  is  positive  when  f-rn'u  ^^  ^^  greatest 

value,  namely,  when  k  =  V^-  It  is  easy  then  to  see  that  the  ex- 
pression must  be  positive  when  k  is  greater  than  V3-  But  it  does 
not  necessarily  follow  that  as  k  changes  from  0  to  V^  the  expres- 
sion is  (dways  positive. 

We  may  proceed  thus.     Put  tt=(3  +  i^tan"'i-3t;  then 

^  =  afert8n-'ft-Y-^)-2tantf(^-sin5cos^,   if  tan"' 4  =  ft 

du. 
'dk" 
u  continuEilly  increases  with  k  and  never  vanishes. 

Since  0  (it)  is  always  po^tive  and  vanishes  both  when  k  is  zero 
and  when  k  is  infinite,  it  follows  that  ^'  (k)  must  vanish,  once  at 
least,  within  this  range  of  values  of  k.  We  have  moreover  shewn 
in  Art.  586  that  ij>'{k)  can  vanish  only  once.  We  may  observe 
that  D'Alembert  draws  his  diagrams  consistenUy  with  the  &ct 
that  ^'  {k)  vanishes  only  once,  though  as  we  have  remarked  he 
did  not  demonstrate  this. 

600.  D'Alembert  shews  that  '^(m)  is  always  negative  if  m 
lies  between  0  and  1.    We  have,  in  fact,  to  shew  that 

"2(i-m')»^i-V(i-i»') -r^^ 

ia  always  negative.    D'Alembert's  method  is  rather  laboriouB :  see 
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his  page  104.    The  best  -way  is  to  expand  io  powers  of  i/O.  —m*). 
Put  t  for  -^(1  —  m^ ;  then  we  have 

,  .   ,         3-^ ,      l+*^3 

Expanding  the  logarithm  we  find  that 

*(")—■ 'ls7B+TT  +  -  +  (2»+l)(2«+3)  +  -f- 

Thus  as  m  increases  from  zero  to  unity,  we  hare  -^(m)  always 
n^^tive,  and  numerically  oonimually  decreasing  &om  infinity  to 
zero.  This  continual  decrease  is  not  mentioned  by  D'Alembert, 
thou^  he  draws  his  diagram  consistently  with  it 

It  will  be  convenient  to  give  also  the  expansion  of  ^(l). 

Wehave  *(*>  =  (l  +  |i)T^-F' 

expand  tan~*jb;  thus  ve  get 

Since  i'  =  m'  —  1  =  —  ?,  we  see  by  comparing  these  two  ex- 
pansions that  the  value  of  ^  {%/(in*—  1))  suffers  no  disoontinuity 
as  m  passes  through  the  value  unity.  This  of  course  might  have 
been  held  probable,  but  now  it  is  demonstrated. 

The  series  for  i^  (m)  and  ^{k)  furnish  us  with  an  expansion  for 
^{i/{m*'~l)],  which  will  remain  convei^ent  for  values  of  m 
between  0  and  V2,  the  former  extreme  ralae  being  excluded. 

601.  Suppose  we  put  M=  0  in  the  fundamental  equation  of 
Art  S96 ;  then  we  see  that  the  equation  cannot  be  solved  by  a 
value  of  m  less  than  unity ;  for  the  left-hand  member  would  be 
positive,  and  by  Art.  600  the  right-hand  member  would  be 
negative.  Hence  a  mass  of  rotating  fluid  cannot  be  in  relative 
equilibrium  if  it  is  in  the  form  of  an  oblongwm,  the  axis  of  rotation 
coincidtng  with  the  axis  of  figure. 

D'Alembert  does  not  draw  this  inference  &om  his  formula. 
The  theorem  was  first  given  by  Laplace  in  his  7Tt4orie...de  la 
Ftgttre  dn  Pkmetei,  page  12S. 
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C02.  From  Arte.  599  and  600  we  have  the  following  reeults 
as  to  the  value  of  ^  [-^{^  —  1)}.  When  m  increases  from  zero  to 
infinity,  0{V{»m*-  1)J  begins  by  being  negative  infinity,  increases 
ftlgebraically,  is  zero  when  m  —  1,  then  becomes  positive  and  in- 
creases to  a  nuudmum,  and  finally  reduces  to  zero.  In  the  diagram 
we  take  m  as  the  absoissa,  and  ^  {v'(tn*  —  1)}  as  the  ordinate  of  the 
curve,  and  we  consider  ordinates  positive  when  they  are  abovt  the 
straight  line  OMi-  lyAlembert  reverses  this  arrangement 


603.  Next  we  may  proceed  to  conrfder  the  curve,  the  ordi- 
nate of  which  is  formed  by  adding  to  the  corresponding  ordinate 

of  the  preceding  curve  the  term  -p-^ ,  as  required  1^  the  funda- 
mental equation  of  Art  598. 

Put  /(m)  for  ^  y{m'  -  1)J  +  -^-i ,  so  that  the  fundamental 
equation  becomes 

a>*        M        ,.   . 

When  m  is  indefinitely  small, /(m)  is  positive  and  Indefinitely 
great ;  when  m  b  infinite  fim)  yanishes.  Let  y  denote  an  ordi- 
nate corresponding  to  the  abscissa  m;  then  tbe  curve  determined 
by  y  "/(m)  may  take  various  forms. 

D'Alembert  discusses  the  fundamental  equation  with  great 
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detail,  conBiddriog  Tarioofl  caaea  Trhicli  arise  acoordii^  to  the 

values  of  7j ,,  and  the  different  fonnB  of  the  curve  v  =/(«)■ 

We  will  notice  briefly  some  of  the  more  interesting  pinnts  vhic^ 
occur. 

Let  us  coQsicIer  some  of  the  pecuUajities  of  the  curve  y  =/(«}■ 

(1)  Let  m,  denote  the  value  of  m  for  which  ^  (-/(m'  — 1)1  h^s 

ita  maximum  value.    If  — r.  is  less  than  A  {•J{m*  —  \)\  H — n— >> 
irfy  r  I'  \    1        It      'trntti 

we  have/(m)  greater  when  tn  =  m,  than  when  tn  =  1.    And/{m) 

is  greater  when  m=m,  than  when  m  =  oo .    ThuB/(in)  must  have 

some  maximum  value  between  nt=l  and  tnsoo.    D'Alembert, 

pages  107  and  148. 

(2)  It  is  possible  that  /(tn)  should  he  ne^tive  for  part  of 
the  rai^  between  m  — 0  and  m=  1.    For  this  merely  requires 

that      , .    t  4- '^ (m)  should  be  negative,  or  that  — n  +  *»*^(m) 
irhm'      T  \   /  o  ^y  7 

should  be  negative.    Therefore,  if  —n  is  less  than  the  numerically 

greatest  value  of  m''^(m),  which  is  always  negative  between  m  =  0 
and  m=l,  there  will  be  negative  values  of/(m).  As  m?i^(m) 
vanishes  when  m  =  0  and  when  m  =  1,  thei«  will  be  a  numerically 
greatest  value  of  m  within  this  range.  D'Alembert,  pages  111 
and  148. 

(3)  If,  however,  -^  is  greater  than  the  numerically  greatest 

value  of  »n*^(m)  within  the  range  from  m  =  0  to  m«»l,  theii/(m) 
is  always  positive  from  m  =  0  to  m  =  oo , 

(4)  It  is  poBflible  to  have  such  a  value  for  —^  that  _f{m)  shall 

decrease  continually  irom  m=0  to  m=<»  ;  that  is, /'(m)  shall 
be  always  negative.     D'Alembert,  pages  117  and  120. 
Firsti  from  m  =  0  to  ms-l.     Here  we  have 

/■(«).  f(«)-^ 

(8  +  m')m.     l+^/(l-m^)        7<i»'+2         SM 
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This  will  be  negative  within  the  range,  if  algebraicallj 

-r;  ifl  greater  than  i-7= Lr- -^^-^ — ^  log^  -    ,;i s- 

wA'     »  (l-m-)»         2(l_m')*        l-V(l-m') 

The  expresaion  on  the  right-hand  side  vanishes  when  m »  0 ; 

and  by  evaluation  it  will  be  foand  to  be  =-^  when  m-^l.    It  is 

always  finite  between  these  limiting  values ;  and  if  -r;  is  greater  ' 

than  the  algebrucally  greatest  of  the  values,  /'(tn)  wiU  be  nega- 
tive from  m  — 0  to  )»==1. 

Next  from  m-l  to  m-oo.    Here  we  have 

where  *•-.*»'- 1.     This  will  be  n^fatjve  between  k->0  and 
k^»,  if  aJgebnucally 

^  «  greater  than  !^^  j^^,^^-^  -  _^  tan- ij . 

The  expresaion  on  the  right-hand  side  will  be  found  to  be  — 

when  ib  =  0,  as  it  should  be  from  above;  and  it  is  negative  infinity 
when  k=ix).    Hence  there  must  be  a  greatest  value  among  the 

positive  values  which  it  can  take.    If  — rj  is  greater  than  this 

Talae,/'(in)  will  be  negative  from  »t— 1  to  m  — oo. 

If  then  — n  be  greater  than  the  greatest  of  the  two  values 

which  have  thus  presented  themselves,  /'(m)  will  be  negative 
from  m  M  0  to  m  t=  « . 


604.  The  numerical  result  -j-=-  which  occurs  in  the  preceding 
Article  may  be  eamly  verified.  In  fiwt,  it  is  the  value  of  "^'(m) 
wh^i  fflM  1,  or  of  -,  -  ip{k)  which  is  required.     Take  the  latter; 

then  we  have  f  {&)  ^,  that  is,  0'(i) ",  that  is,  by  Art  600, 
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aad  Trhen  m  =  1  so  that  ^  =  0,  this  becomes 


Ys .    The  same  result  will  follow  by  the  aid  of  Art  600  from  the 
value  of  ^'{m). 

605.  D'Alembert  shews  that  the  problem  may.  in  certain 
cases  have  two  or  three  solutions  for  given  values  of  a,  M,  and  K 
He  makes  some  remarks  as  to  what  we  should  now  call  the 
BtabiUty  of  the  relative  equilibrium,  like  the  remarks  on  pages  56 
and  57  of  the  volume  which  we  have  noticed  in  Art.  582.  See  bis 
pages  112.. .115,  126. ..128,  153. 

606.  In  the  fundamental  equation  of  Art.  598  put  m « 1 ; 
then  since  ^(V(m*-1)}  =  0  when  ia  =  \,  we  have 

^     3Jf 
27r"2^' 
Hence  this  relation  must  hold  in  order  that  a  sphere  may  he  a 
possible  form  of  relative  equilibrium. 

607.  When  we  have  obtained  a  solution  of  the  fimdamental 
equation,  it  will  still  be  necessary  to  advert  to  the  condition 
stated  in  Art.  696,  that  X  and  Y  must  be  positive  if  x  and  y  are, 
before  we  can  say  that  relative  equilibrium  exists.  It  will  be 
sufficient  to  ensure  that  one  of  them  is  positive,  because  if  the 
fimdamental  equation  is  satisfied,  we  know  that  X  and  F  are  of 
the  swme  sign,  supposing  x  and  y  to  be.  D'Alembert  payfl  proper 
attention  to  this  point ;  see  his  pages  105, 116, 117,  122,  123. 

Let  us,  for  instance,  consider  the  value  of  T.    Hence  we  see 

*k  *               ..^  1,         {ft'  +  l)tan-'Jfc-i  ^      ^.         *>*        M 

that  we  must  have  ^ — „  — ■ greater  than  or— g-ri' 

Denote  the  former  expression  by  v ;  then  it  vUl  be  found  that 
dv     3ifc-(3  +  ;fc^tan'^fe 

By  Art.  599  we  see  that  -^  is  always  negative  for  real  values 
of  Tc  ;  and  so  for  such  values  v  is  greatest  when  it  =  0 ;  and  then 
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When  we  pat  ii/(m*-^l)  for  ^ and  suppose  m  less  than  1,  we  get 
dv  _dv  dk      mi       /o.ia^^EI*! 


(m"  - 1}"  f      2  ^/(l  -  m-)    ^  l-V(l-i»*)J ' 
By  Art  600  we  know  that  thiB  ia  always  negative  if  m  lies 


I  log 

a  is  8 
between  0  and  1 ;  and  ao  for  such  values  v  is  greatest  when  m-- 

But  »— ;  log^; r^ if+= =,  BO  that  when 

4»  B  0  we  have  v^l. 

Thns  as  m  varies  from  zero  to  infinity,  v  continaally  dimin- 
ishes  from  unity  to  zero.  See  lyAlembert's  pages  116, 117, 151, 152. 

The  fitct  that  v  continually  diminishes  aa  m  increases  may  also 
be  shewn  by  putting  the  value  of  -r-  thus : 
dv         m      ,  c  ,,   ,     ,11 

this  is  always  negative,  for  the  factor  ^{V(m*— 1)}  is  negative 

when  m  is  less  thau  1,  and  the  factor  = 1  is  nuiative  wbenm 

1  — m 
is  greater  than  1, 

It  follows  &om  this  discussion  that  there  can  be  no  relative 

equilibrium  if  t; «— r;  is  algebraically  greater  than  unity.    See 

CAIembert's  page  117. 

€08.    Now  let  us  conrader  the  value  of  X    Hence  we  see 

XV*              ^  v         (A-tan-'iE:)(4'+l)  .      .,  M     ^. 

that  we  must  have  jt^-^ — ■ — -  greater  than  5— r-,.  This 

leads  us  to  investigate  the  greatest  value  of  the  former  expression. 

T*    -11  u   *      J  *i.  *  *i.-  ■         1      (Jf+l)tan-'4-i     , 

It  will  be  found  that  this  ezpressKHi  =  1  — -^ —r^ :-  =  l  —  u; 

and  as  v  continually  diminishes  from  unity  to  zero,  this  expres- 
sion continually  increases  from  zero  to  unity.     It  follows  that 

there  can  be  no  relative  eqiulilnrium  if  3—7;  is  greater  than  unity. 
See  FAlembert^s  page  1S4. 
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609.  D'Alembert  suggesta  another  iflode  of  obtaioing  oola- 
tiou8  of  the  problem:  see  his  pages  128.. .132.  Iiet  m  be  an 
abscissa  and  y  an  ordinate  as  before;  and  let  k^tj(^—'i^. 
Than  draw  the  ourves 

2(fe-tan-'t)  M 

^~  ]P  irA*(ifc"+l)' 


and  y-^ ' -p  +  s 


(fe'  +  l)tau'';fc  1  .  M  »' 
i*  "•"  2irA'  ~  27r  • 
At  a  point  of  intersection  of  these  curves  the  correqtonding 
value  of  m  will  satisfy  the  fundamental  equation;  and  if  the 
value  of  y  at  the  point  of  intersection  is  positive,  the  resultant 
force  at  the  surface  tends  inwardi :  therefore  with  the  value  of 
m  thus  obtained  relative  equilibrium  will  subsist 

It  ia  sufficient  b;  Art.  608  to  confine  ourselves  to  the  case  in 
vrhich  ^-n  is  less  than  unity. 

In  drawing  the  curvee  the  results  obtained  in  Art.  607  will  be 
found  useful.  Thus,  for  instance,  the  equation  to  the  first  curve 
may  be  written 

-^■(-.^-)' 

and  we  know  that  it  diminishes  continually  from  imi^  to  zero  as 
m  inoreaaes  &om  aero  to  infinity.  Hence  y  begins  by  being  nega- 
tive infinity,  vanishes  and  (jhanges  sign  onoe  and  only  onc^  and 
is  zero  when  tn  is  infinite. 

«T,_  1  L  „       Jf       4      2        Jf       ^..     . 

When  irt»l  webavey  —  S S'~3°'a~«A''   ^o"  "  P<*8i- 

tive  or  negative  aooording  as  ^--r,  is  less  or  greater  than  s , 

610.  Instead  of  the  two  curves  of  the  preoedii^  Article, 
D'Alembert  suggests  in  his  pages  168.. .160,  that  we  may  take  the 
two  curves 

2(f +  !)(&- tan-*  A)      M^ 
^*  le  ~7rh" 


and  y  =(**  +  !) 


((ifc»  +  l)tan-'A      1        M 

1         ^ "i'+SS?" 
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611.  IVAlembert  discusses  at  some  length  two  analytical 
matters  Trhicli  present  themselveB. 

On  pages  134. ..142  he  treats  of  difficulties  which  may  occur 
in  the  use  of  the  ^mbol  V(—  !)■  For  example,  suppose  we 
require  the  product  of  ^(— o)  into  '/{—b).  On  one  hand  we 
may  take  for  it  •^{—ax—h),  that  is,  ti/iah).  On  the  other 
hand  we  may  take  for  it  ii/{a)  x  i/{—  1)  x  -^{b)  X  •/{—  1),  that  is, 
V{o*)  X  V(- 1)  X  Vi- 1),  that  is,  -  VCoi). 

On  pages  142., .145  he  shews  in  various  ways  that  a:  log  a;  is 
zero  when  x  ia  ;  and  bo  also  is  is' logs'  where _p  and  q  are  positive 
and  finite. 

612.  The  next  memoir  in  the  sixth  volume  of  UAlemhert's 
Opuaculu  Matk^maUqtut  is  also  entitled  Suite  dm  Recherchea  sur 
la  Figure  de  la  Terre;  this  is  a  continuation  of  the  preceding 
memoir;'  it  occupies  pages  161. ..197:  it  is  followed  by  some 
.finnargues  aur  le  Memoirs  president  on  pages  198. .  .210. 

613.  In  the  preceding  memoir  D'AIembert  had  considered  the 
relative  equilibrium  of  a  mass  of  rotating  fluid  in  the  form  of  an 
^Uipsoid  of  revolution  acted  on  by  the  disturbing  force  of  a 
distant  body,  situated  on  the  axis  of  rotation  produced.  In  the 
present  memoir  be  generalises  the  problem  by  giving  any  situation 
to  the  distant  body,  and  by  taking  for  the  fiuid  moss  the  form  of 
an  ellipsoid,  not  necessarily  of  revolution. 

614.  We  shall  use  notation  more  symmetrical  thanB'Alembert's. 
Suppose  then  that  the  fluid  is  in  the  form  of  an  ellipsoid.  Take 

the  axes  of  ic,  .v,  '  to  coincide  with  the  axes  of  the  eUipsoid ;  let 
2a,  2i,  2c  be  the  corresponding  lengths  of  the  axes.  Let  there  be 
a  distant  body  of  mass  M;  and  let  its  co-ordinates  be  f,  fn,'n 
respectively :  put  J  =  P  +  m'  +  b'. 

Suppose  the  fluid  to  rotate  with  angular  velocity  o>  round  an 
axis,  the  direction  cosines  of  which  are  X,  (i,  v.  We  have  to  foi-m 
the  conditions  for  relative  equilibrium. 

If  ow  here  we  must  observe  that  the  distant  body  mnat,  in  fiwt, 
be  supposed  to  share  in  this  rotation  of  the  fluid  masa  D'AIembert 
never  notices  this  fact,  though  it  is  really  involved  in  his  process. 
In  the  particular  case  of  Uie   preceding  memoir,  in  which   the 


L.^;,z>.dLAjOOglC 


896  DALEKBEBT. 

distaat  body  is  supposed  to  be  on  the  axis  of  rotation,  we  may 
practically  regard  the  distant  body  as  fixed ;  but  we  cannot  ia  the 
present  memoir.  A  particular  case  of  the  present  memoir,  as  we 
shall  see,  was  afterwards  discussed  by  Laplace ;  in  this  case  the 
Moon  is  taken  to  be  the  fluid  mass,  and  the  Earth  to  be  the 
distant  body.  See  Laplace's  Thffyrie...tU  la  Figure  dea  Planetea, 
pages  113.. .116. 

615.  Let  P  be  any  point  of  the  fluid ;  let  x,  y,  ehe  the  co- 
ordinates  of  P.  The  attraction  of  the  fluid  ellipsoid  parallel  to  the 
axes  oix,y,z  respectiyely  will  be  Ax,  By,  Ce  respectively  where 
A,  B,  (7  are  certain  constants.  D'AIembert  in  effect  briefly  states 
that  this  can  be  easily  shewn  in  the  way  in  which  Maclaurin  treated 
the  attraction  of  an  ellipsoid  of  revolution ;  this  is  true,  and  it  is 
to  be  noted  that  we  have  here,  for  the  first  time,  the  important 
extension  of  Maclaurin's  result  from  an  elhpsoid  of  revolution  to 
the  general  ellipsoid.  See  D'Alembert's  page  165.  But  as  we 
shall  hereafter  point  out,  Frisi  had  previously  gone  some  way  in 
this  direction :  see  hb  De  Oramtate,  pages  157  and  159. 

616.  The  attraction  of  the  distant  body  at  P  parallel  to  the 
axis  of  X  is ^— — -j ;  the  dtBturbing  part  of 

this  is  app-oximately 

Mx     SMI  (tc  +  my  +  m) 

~  1?  '*""    i?         ' 

Mx     SMlu    .  .        X  J     » 

say  —  -js  +  ~~s~  where  w  is  put  for  Ix  +  my  +  nz. 

It  ia  only  the  disturbing  part  of  the  action  of  if  which 
D^embert   r^ards;    be  makes  no  allusioa  to  the  other  part, 
Ml  . 

Let  0  denote  the  centre  of  the  ellipsoid ;  let  Q  denote  the 
foot  of  the  perpendicular  from  P  on  the  axis  of  rotation ;  then 
the  80>ca]led  centrifugal  force  is  <o*PQ,  and  we  require  the  re- 
solved part  of  this.  We  have  to  project  PQ  on  the  axis  of  x ;  and 
by  a  known  theorem  of  {nvjections  we  may  take  the  difference  of 
the  projectioita  of  OP  and  OQ  ibr  the  projecti(m  of  PQ. 


Did-izcdbyGoOgIC 


D  ALEHBEBT.  397 

Thna  we  obtain  ia*[OP.jrp~  ^Q  cobX);    and  this 

=  w»  {x-OQ  co8X)  =  o>*Ca;-  OP  cob POQ  cooX) 

=  io*{x  —  (xcoa\  +  xf  coBfi+z  coav)  cm\] 

=  ^(x—V  cos\)  where  vis  put  for2;GOsX+^  cos/t  +  z  cosk. 

Let  X  denote  the  whole  force  parallel  to  the  am  of  x,  erti- 
mated  inwards;  then 

X=-Ax  +  -^  —  --^ (sr{x  —  v  cosX}. 

Similar  expresBions  hold  for  the  attractions  parallel  to  the 
other  axes,  which  we  will  denote  by  Y  and  Z  respectively. 

D'Alembert's  method  ia  substantially  equivalent  to  this  though 
his  notation  is  leas  Bymmetrical. 

617.    The  conditions  for  relative  equilibrium  are 

a  ft  c" 

Take  the  equation  Xa'y  =  Yl^x ;  this  must  be  identically 
true,  and  so  we  may  equate  the  coefficients  of  xy,  s^,  y,  xz,  yx. 
By  equating  the  coefficients  of  xy  we  obtain 

a*  1^  +  ^  — ^  -  «'(1  -  cos*  \)f 

By  equating  Mie  coefficients  of  sf,  and  by  equating  the  coeffi- 
cients of  ^,  we  arrive  at  the  same  condition,  namely, 


it 


>*  cos  X  cos  /t  3s  0. 


By  equating  the  coefficients  of  xz  we  have 

3Mnn  .     ,  -, 
Si—  +  «>  cos  /*  coa  n  =  0. 

By  equating  the  coeffidenta  of  yz  we  have 

ZMnl       ,  ^      „ 
nj-  +  »  cos  y  cos  A  «  0. 
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Iq  like  manner  we  may  take  the  equation  Xcfm  =  Z^x ;  by  so 
doing  ve  shall  find  tliat  we  get  only  one  new  condition. 
The  whole  reButta  may  be  written  thus: 

— ^- sw'coB/tcoei',  — „£--■»■  COS V cos X,  — ^j— =  M'coaXoo8/i. 
(     "*"!^ — '^--«*«n*XJ  =  6  ^£  +  ;gl--£i a^sinVJ 

—  (T I  C7+  ^ ft* ^      V  • 

618.  As  a  particular  case  of  the  preceding  investigation,  sap- 
pose  that  there  is  no  distant  disturbing  body ;  then  Jf =0  ;  thus 
cos  fi  cos  v  =  0,  cos  V  COB  X  »>  0,  cos  X  cos  ;*  G3  0.  Hence  two  of  the 
three  cosines  cos  X,  cos  ft,  cos  v  must  vanish ;  so  that  the  rotation 
must  be  round  one  of  the  principal  axes  of  the  ellipsoid.  Hence 
we  see  that  the  case  taken  in  Jacobi's  theorem  is  the  only  case  in 
which  an  ellipsoid  of  fluid  rotating  round  a  diameter  can  remidn 
in  relative  equilibrium.  A  statement  which  has  been  recently 
made  to  the  contrary  by  Dahlander  and  by  Schell  is  inaccurate : 
see  the  Proceedings  of  the  Soyal  Society,  Vol.  xxu 

619.  Beturu  to  the  conditions  obtained  in  Art.  617.  Let  ns 
suppose  that  I,  m,  and  n  are  not  zero.  The  first  and  the  second 
of  these  conditions  give 

ni_cos/t 

the  second  and  the  third  ^ve 

n      cosy 

m     cos  ft '  ^ 

'Hence  the  radius  vector  to  the  distant  body  coincides  in  direc- 
tion with  tiie  axis  of  rotation ;  thus 

I  m  n 

cosX=-=,       coa/i=-=,       co8i'  =  -H-. 

and  then  from  any  of  the  first  three  conditions  we  get 
3Jf       , 

and  the  other  conditions  reduce  to 

nji^db,  Google 


these  last  vill  be  satisfied  if  a  — i»c,  that  is  if  the  fluid  mass  be 
spbericaL 

'  The  particular  case  in  which  the  radios  vector  to  the  distant 
bodj  and  the  axis  of  rotation  coincide  in  direction  presents 
itself  in  B'Alembert's  memoir ;  but  he  does  not  pay  much  atten- 
tion to  it :  see  his  page  200. 

He  also  notices  a  particular  case  in  which  it  ia  girea  that  two 
of  the  Uiree  a,  b,  e  are  nearly  equal :  see  his  page  209. 

But  he  does  not  notice  that  we  may  have  a  sphere  exactly  if 

I  m  »  ,     ,     33f 

^  " «= and  a  *■  -73- . 

cosA     C06/(     cosy  Jc 

620.  It  will  be  interesting  to  enquire  if  the  conditions  in  the 
preceding  Article  can  be  satisfied  in  any  other  way  besides  having 
a  =  ft  =>  0 ;  this  enquiry  leads  us  a  little  beyond  the  point  at  which 
the  theory  of  the  attraction  of  ellipBoids  had  arrived  at  this  date. 

Let  V  denote  the  mass  of  the  ellipsoid ;  then  we  know  that 

J     SFp         ai'dx 

a  it  V[o'  +  (*•  ~ o*) <^]  K  +  (c* -a') a*]' 

This  result  was  given  by  Laplace  in  his  TlUorie  ...de  la  Fiffun 
dea  Planetea,  page  92 ;  as  we  shall  see  D'Alembert  himself  first 
obtained  it  but  rejected  it*ia  the  seventh  volume  of  his  Opuacviet 

■Assume  «»«-T7-i — ; ;  then  we  find  that 

2  J,  K  +  «)2)' 
where  D  stands  for  V((o*  +  *)  C^+ »)  {<^  +  «))■ 
In  like  manner  we  have 

"    -TJ,  W*^'        TJ,  (?+^- 

air 

Put  ^*  for  -nr ;  then  the  conditions  we  have  to  examine  may 
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(y-,?)*  ~VB-iO 2 J^  (4.  +  ,)  (»•+.)/)■ 

hence  ve  see  that  these  coDditions  cannot  be  satisfied  if  a,  6,  c  are 
all  unequal ;  for  they  would  lead  to  two  different  values  of  0*. 

But  Buppoee  two  of  the  three,  a,  &,  c  to  be  equal ;  say  a  and  h : 
then  our  conditioDs  reduce  to 


and  this  ia  quite  admissible  if  J,  c,  Fand  0  be  properly  adjusted, 
whether  i  is  greater  or  less  than  c 

621.  If  ?,  m,  rt  are  all  different  from  zero  we  have  the  case 
discussed  in  the  preceding  two  Articles,  in  which  the  radius  vector 
to  the  distant  body  and  the  axis  of  rotation  coincide  in  direction. 
D'Alembert  himself  pays  little  attention  to  this  case :  indeed  in 
his  page  200  he  seems  to  consider  that  it  cannot  occur.  Let 
us  now  return  to  the  general  conditions  dt  Art,  619 ;  and  suppose 
that  I,  m,  n  are  not  all  different  &om  zero.  Suppose  for  example 
that  nE=0;  then  it  follows  from  the  first  and  second  conditions 
that  either  cos  i>  =  0,  or  else  cos  X  =  0,  and  cos  /t  s:  0 :  if  we  suppose 
the  latter,  then  latm  must  also  =  0.  In  the  former  case,  the  axis 
of  rotation  is  in  the  principal  plane  corresponding  to  a  and  i  \  in 
the  latter  case  the  axis  of  rotation  coincides  with  the  axis  corre- 
sponding to  c.  In  each  case  the  axis  of  rotation  and  the  radius 
vector  to  the  distant  body  are  both  in  one  of  the  principal  planes 
of  the  fluid  mass. 

622.  In  Arts.  619  and  620  we  see  that  the  supposed  ellipsoid 
is  either  a  sphere  or  an  ellipsoid  of  revolution;  and  in  Art.  621 
we  see  that  the  axis  of  rotation  and  the  radius  vector  to  the  distant 
body  must  he  in  one  of  the  principal  planes  of  the  fluid  mass. 
Combining  these  two  results,  we  may  say  that  in  every  case  in 
which  the  relative  equilibrium  is  possible  the  axis  of  rotation  and 
the  radius  vector  to  the  distant  body  must  be  in  one  of  the  princi- 
pal planes  of  the  fluid  mass.    D'Alembert  arrives  at  this  result, 
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and  confirms  it  hy  seme  general  reasoning  which  is  not  very  cogent: 
see  his  pages  198.. .200. 

623.  As  a  particular  case  of  Art  617  let  us  suppose  ire  hfive 
gireo  that  the  axis  of  rotation  and  the  radius  vector  to  the  distant 
body  are  at  right  angW  This  may  he  considered  to  hold  with 
respect  to  the  moon  supposed  fluid,  the  distant  body  being  the 
Earth.  Since  here  ve  have  not  the  case  of  Arts.  619  and  620, 
it  foUowB  that  one  or  two  of  the  three  (  m,  n  moat  be  zero.  Sup- 
pose »  =  0;  then  from  the  first  two  conditions  of  Art.  617,  we 
shall  find  either  oos  v  »>  0,  or  both  cos  X  —  0,  and  cos  /u  «  0. 

L    Suppose  COS  f  =  0.    Then  the  third  condition  is 

SUflm 


iSXcos^K 


ff 


N,ow  by  our  hypothesis  that  the  two  directions  are  at  right  angles, 

this  would  give  0*  =  —  -^,  if  we  suppose  that  bn  does  not  vanish ; 

this  is  impossible.    Therefore  bn  vanishes.    Hence  we  must  have 
either  2  s  0,  and  cos  /t  =  0,  or  m  =  0,  and  ooo  X  =  0. 

n.    Suppose  cos  \  =  0,  and  coa  /c  0. 

Then  the  third  condition  shews  that  lm  =  0.  Therefore  dther 
2=:0,  orm-0. 

Hence  we  must  h&ve  the  azia  of  rotation  coinciding  with  one 
of  the  principal  axes  of  the  body,  and  the  radius  vector  to  the 
distant  body  coinciding  with  another.  , 

The  result  might  have  been  anticipated  perhaps ;  aod  we  shall 
find  that  Laplace  assumes  it  as  evident;  see  the  ref<^ence  in 
Art  614. 

624.  We  have  seen  in  Art.  622  that  the  axis  of  rotation  and 
the  radius  vector  to  M  must  always  be  in  one  of  the  principal 
phmes  of  the  ellipsoid.  We  will  suppose  that  n  —  0,  and  cob  v  —  0. 
Hence  the  ccmditioos  of  Art.  617,  reduce  to 

-gj— =  «*  cos  X  cos  >», 
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<rM  +  -™ ^ a»  Bin  Xf 

„f.-Jf    SJfoi'       ...   1      .(„     Af       ,) 
-yjB+g.— p-— ■,mV|.e-|C+g,-.'}. 

And  in  virtue  of  our  sappoflition  that  n  and  cob  v  vaioMh  we  htiTe 
C08*X  +  (»s*/i  =  l,     P  +  m'  =  ff. 
As  to  whether  them  equatioDs  are  conaistent  nothii^  ib  sud 
by  lyAlembert ;  we  have  diacuseed  one  case  of  the  general  problem 
mArt&619  and  620,  but  the  matter  is  not  of  Bofficient  nofxstuce 
to  detain  us  longer. 

625.  CAlembert  begins  on  his  page  174  an  investigation  d 
the  attraction  of  an  ellipsoid  on  any  particle  at  the  surface.  Thu 
amounts  to  seeking  the  values  of  the  A,  S,  C  of  Art  615. 

He  makes  somedmple  and  usefulremarksoD  his  pages  174.. .176; 
we  will  give  an  example  of  them.  Suppose  the  semiaxes  (k  an 
ellipsoid  to  be  r,  r(l  +  a),  and  r(l  +  ff),  where  a  and  (Bare  very 
smaU.  Let  the  tqiproximate  value  of  the  attraction  be  required 
for  a  particle  mtuated  at  the  end  of  the  aemiaxis  r.     We  maj 

assume  that  this  attraction  will  be -g-  (l+pa+j^),  wherepandj   | 

are  certain  constants  to  be  determined :  this  assumption  depends  on 
the  £urt  that  if  a  and  fi  vanish,  the  body  becomes  a  sphere,  and 

the  attraction  then  is  -=— ,  Next  we  may  admit  that  j>  =  y ;  be- 
cause the  attraction  ought  to  rem&iu  unchanged  if  we  iaterchange 
'the  second  and  third  semiaxes.     Hence  the  attraction  becomes 

-H— [1  +p  (a  +  ^}.  Now  we  can  detennine  p.  For  if  we  suppose 
o^^  the  ellipsoid  becomes  an  ellipsoid  of  revolution,  and  the 
attraction  of  such  a  solid  on  a  particle  at  the  pole  ta  known :  hence 
equating  this   known  attraction,  estimated    approximately,  to 

-s-  (1  +  2pa)  we  determine  p.    We  should  thus  get  p  =  ^ . 

626.  D'Alembert  attempted  to  6nd  the  attraction  of  an  ellip- 
soid by  decomposing  it  into  slices  in  various  ways ;  bat  he  does 
not  succeed  in  efTecting  the  integrations.    We  know  now  that  the 
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resuH  can  "be  expressed  by  means  of  elliptic  integrals,  but  not  hj 
circular  arcs  or  logarithms.  We  will  briefly  state  the  methods  of 
decomposition  of  the  eUipsoid  which  he  tries.  The  attracted 
particle  is  supposed  to  be  at  the  end  of  the  semiaxis  c. 

I  Snppose  a  plane  to  pass  through  the  attracted  particle,  and 
also  throuj^  the  tangent  to  the  ellipsoid  at  that  point  which  is 
parallel  to  the  axis  2a.  Let  this  plane  turn  roand  the  tangent  line 
md  ont  the  ellipsoid  into  wedge-shaped  slices :  see  D'Alembert's 
page  180.  This  decomposition  is  like  that  used  by  Thomas  Simpson ; 
which  we  have  noticed  in  Art  279. 

IL  Instead  ctf  using  the  tangent  parallel  to  the  axis  2a,  we 
may  use  the  tangent  parallel  to  the  axis  2J^ 

IIL  Snppose  a  fdane  to  pass  through  the  axis  2e  imd  to  turn 
ronnd,  and  thus  cut  the  ellipsoid  into  wedge-shaped  slices:  see 
D'Alembert's  page  183.  This  decompoation  ia  like  that  used  by 
Maclaurin ;  which  we  have  noticed  in  Art.  268. 

tV.  Or  the  ellipsoid  may  be  cut  into  laminee  by  a  plane  which 
is  always  at  right  angles  to  the  axis  2c :  see  D'Alembert's  page  184 . 

627.  For  the  case  of  an  ellipsoid  in  which  two  of  the  axes  are 
very  nearly  equal  D'Alembert  obtains  approximate  values  of 
the  attraction  at  the  end  of  the  principal  axes :  see  his  page  192. 
A  mistake  in  the  results  is  corrected  on  page  424. 

The  approximate  results  jnst  referred  to  are  applied  by 
D'Alembert  to  the  question  of  relative  equilibrium  which  was 
proposed  at  the  b^inning  of  the  memoir:  see  his  pages  194.. .197. 
He  finishes  in  a  patronising  tone : 

Je  ne  doate  point  que  oette  noavelle  Becherohe  ne  doun&t  lieu 
k  plnaienn  remarqaee  cnrieuseB;  mxis  je  les  abandomie  il  d'autrea  Q€o- 
mfltrw,  la  matiere  n'ayant  plus  aocnne  difficult^ 

628.  The  next  menunr  in  the  sixth  volume  of  D'Alembert's 
OputctUea  ifathSmUiquei  is  »iBO  entitled  Suite  dea  BechertJia 
ntr  la  Figure  de  kt  Terre;  this  ia  a  (Jbntinuatjon  of  the  preced- 
ing memoir;  it  occupies  pe^es  211. ..246;  it  is  followed  by  some 
Eemarquti  «w  It  M^toire  pr^o&Unt  on  pages  247.. .239. 

26—3 
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629.  D'Alembert  bow  proposes  to  extend  the  jRoblem  of  the 
preceding  memcat  hj  aupposiog  several  distant  attracting  bodies 
instead  of  the  single  distant  attracting  bod;  there  considered. 

This  extension  becomes  very  easy  with  the  aid  of  modem  sym- 
metrioal  notation.  Let  3^,  Mp  M,...  denote  the  masses  of  the 
various  distant  bodies  respectively ;  let  2„  m,,  n,  be  the  oooitlinstes 
of  the  first  body,  B,  its  distance ;  and  let  nisiilar  notation  hold  with 
Teflpect  to  the  other  bodies. 

Then  instead  of  the  first  equation  of  Art.  617,  namely 

ZMvm      . 

— 5j—  ™  ar  cos  (t  COB  v, 

we  now  have  — ^^-*'H — ^^"+ -^^^ +  ...«»' Cos /* cos n,  ' 

which  we  may  Write  thus  8%  —^  =  an' coe  ft  <sob  v. 
cdmilarly  the  other  equations  may  be  expressed. 

D'Alembert  himself  does  not  proceed  in  this  waynor  adopt  this 
notation.  He  uses  spherical  trigonometry.  It  may  be  observed 
that  he  demonstrates  the  expression  for  the  cosine  of  an  angle  of  a 
spherical  triangle  in  terms  of  the  sines  and  coanes  of  the  sides ; 
he  starts  fkou  formuUe  for  a  right-angled  spherical  triangle  which 
he  assumes :  see  his  pages  247  and  218. 

As  we  have  remarked  in  Art  614,  the  distant  bodies  must  be 
supposed  to  rotate  with  the  fiuid  mass ;  though  D'Alembert  does 
not  notice  this  fact.  And  as  in  Arts.  5d6  and  616,  D'Alembert 
says  nothing  about  certun  forces  which  are  not  what  I  have  called 
diaturbir^  forces. 

630.  The  only  point  which  appears  to  be  of  any  interest  in 
the  problem  is  a  remark  which  D'Alembert  makes  on  his  page  253; 
the  remark  amounts  to  this :  if  the  axis  of  rotation  and  the  radii 
vectores  to  the  distant  attracting  bodies  are  all  in  one  plane  that 
plane  must  be  a  principal  plane  of  the  ellipsoid.  He  does  not  de- 
monstrate this,  but  seems  to  rely  on  the  principle  of  symmetry  as 
in  the  corresponding  theorSm  for  a  single  distant  attracting  bbdy  : 
see  Art  622.  We  will  examine  the  theorem.  Suppose  that  the 
equation  to  the  plane  is  aai  +  0}f+yz  —0;  so  that 
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■acoe\  +  /5cos/*  +  7CO8i'«»0, 

o/,  +  ^m,  +  7n,=!0, 
and  80  on. 

Take  the  tluree  eqoationa 

SS— s-  "ttrcoa/itsoav,        3S-^  —  «  cosvcosX, 

Sabetitute  in  the  first  of  these  for  t^  fly  ...,  and  for  cosy; 
thus  S2^!^f^l^-«'co8^(acofl\  +  ,3coe/.); 

therefore  b;  means  of  the  third  equation  we  obtain 

Similariy      82 -^r  "■  "*  <»^  \     32-nr  =*»*™'^»'' 
Hence  the  first  of  the  three  equations  becomee 

S,u.ring  w,  g,t  |i^+ ^+ ^+ ...  j." 

This  bv  common  Algebra  leads  to  ™  —  ^  — ^"... 

In  this  way  we  see  that  all  the  radii  Vectores  to  the  distant 
bodies  must  coincide.     Thus  the  case  reduces  to  that  of  Art  619. 

But  suppose,  as  in  &ct  CAlembert  does,  that  the  plane  in 
which  the  axis  of  rotation  and  the  radii  Tectoree  to  the  distant 
bodies  lie  is  perpendicular  to  a  principal  plane ;  let  its  equation  be 

OKB  +  ^Stf-O. 
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Then  as  befixe  we  can  obtain  &om  our  three  equations, 
32  -—■  =  a^  coeF  X,  32  -^r  =  ••'  w**  M ; 

but  we  do  mt  now  haTe  also  3S  -^  =  «"  cob"  v. 

The  eqaations  whi(ih  correspond  to  tbe  last  two  of  Art.  617 
are 

for  ••sin*  V  =  ««  Coos' X  +  cos- ;.)=  SSJf^^' -  32  ^^^^=^ . 

If  lyAlembert's  remarii  were  universally  true  the  equations 
connecting  a,  b,  and  o  ought  to  be  impossible,  or  inconsistent  with 
the  others,  if  a,  b,  and  c  are  unequal  But  this  does  not  seem  to 
be  the  case.    By  the  method  of  Art.  620,  we  get  from  them 

^       2  J,  («■  +  .)  (4'  +  «)J>' 

and  these  if  c*  (a"  +  J*)  —  JV  is  positive  present  nothing  imposable. 

As  an  example  we  might  suppose  two  distant  bodies,  and  take 

J,  =  0,    w^  =  0,    »,  =  S, 

7,  =  S,cobX,    m,  =  5,co8^    fl,  =  fi,coay. 

Then  it  will  be  found  that  our  first  three  equations  give 

** "  -^ ;  attd  we  have  only  to  ascertwn  if  this  is  conMstent  with 

the  last  two  equations,  the  form  of  which  has  just  been  given. 
Thus  we  have  to  put 

2^_^     3rr(c'  +  «)«fo 
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It  will  be  found  that  these  lead  to  ralues  of  =!  and  e-J  vliich 

are  certttioly  pontire  if  (c^  —  ^  (^  —  fc^  is  poaitive ;  for  then 
also  c'(a*  +  &*)  —  Vd^  is  poaitiva  It  is  manifest  that  this  condition 
may  be  satisfied ;  and  thus  D'Alembert's  remark  is  not  true. 

631.  D'Alembert  on  his  page  216,  refers  to  Maclaurin'a  Essay 
on  the  Tides,  as  containing  a  little  matter  bearing  od  the  problem 
discussed  in  this  memoir;  but  Maclaurin  had  not  effected  much. 
Maclaurin  did  not  shew  that  the  figure  of  an  ellipsoid  would  satisfy 
the  conditions  of  equilibrium ;  nor  did  he  show  how  to  determine 
the  position  of  the  axes  of  the  ellipsoid.  D'Alembert  says  of  bis 
own  memoir:  Nous  avons  de  plus  d^montr^  dans  celui-ci  que  la 
figure  du  spheroids  est  elliptiqne...  However  he  does  not  shew 
that  the  figure  it  an  ellipsoid,  but  only  that  it  may  be  an  ellipsoid. 

632.  D'Alembert  says  on  his  page  217,  that  he  will  conclude, 
with  some  detached  reflexions  bearing  on  the  Figure  of  the  Earth. 

633.  He  says  that  among  the  solutions  hitherto  given  of  the 
problem  the  only  one  which  is  exact  is  that  which  suj^toses  the 
spheroid  to  be  fluid  and  homogeneous ;  the  other  solutions  beii^; 
approximations.  Suppose  that  a  is  a  very  small  quantity;  and 
we  have  found  that  neglecting  a*  the  equation  of  relative  equili- 
brium is  satisfied  for  a  certain  figure  ;  we  must  not  say  that  this 
figure  exactly  satisfies  the  conditions  of  relative  equilibrium.  But 
D'Alembert  suggests  that  if  we  give  to  the  figure  a  oertain  small 
chaise  of  the  order  a?  the  conditions  of  relative  equilibrium  may  be 
rigorously  satisfied ;  Oud  he  considers  it  a  plausible  supposition  that 
there  may  be  an  infinity  of  figures  in  which  the  relative  ei^uilibrium 
will  subsist  rigorously :  see  his  page  223.  Probably  few  persons  will 
^ree  with  D'Alembert  in  considering  this  suppositi6n  plausible. 

634.  D'Alembert  retumsonhispages  225. . .230 and 2S4... 259, 
to  his  favourite  equation  relating;  to  the  elHpticity  of  fluid  sur- 
rounding a  solid  nucleus  :  see  Arts.  376,  430,  and  690. 

We  shall  briefly  notice  some  points  that  arise. 

On  his  pages  227. .  .229,  D'Alembert  criticises  as  inexact  certain 
formuhe  on  page  247  of  CWraut's  work,  and  thus  as  affording  an 
insufficiuit  proof  of  Clairaut's  tiicorem  which  is  founded  on  them. 
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But,  as  might  be  expected,  D'Alembert  is  wrong  and  Qairaut  is 
right  The  fact  amounta  to  this :  what  I  have  called  for  instance 
A  in  Art.  336,  is  called  A  by  Clairaut  Now  D'Alembert  really 
supposes  A  to  stand  for  an  int^ral  taken  not  &oin  0  to  r^,  bat  from 
some  value  say  r,  up  to  r, :  and  thus  he  wants  to  add  terms  to 
Cluraut's  formulfe.  Plana  rightly  takes  the  side  of  Clairaut:  see 
Agtrvnomiacke  Nat^ru^ttm,  Tol  xxzvin,  page  S43. 

On  his  pages  254,  255,  D'Alembert  gives,  without  any  prepara- 
tory statements  what  is  really  a  more  exact  investigation  of  the 
problem  of  Art.  376.  He  thus  arrives  at  the  result  ^ich  I  have 
pv&a  in  Art  377,  ia  which  the  difference  between  r*  and  r,  is  not 
neglected.  In  this  investigation  however  he  assumes  on  the  second 
line  of  his  page  255  the  expression  for  the  force  at  right  angles  to 
the  radius.  In  Clairaut's  investigations  the  necessary  results  are 
demonstrated.  D'Alembert  does  not  observe  that  the  theorem  is 
included  in  a  more  general  one  which  he  had  demonstrated  like 
Clairaut :  see  Art  443. 

In  the  fonnulffi  of  Art  376,  suppose  that  e  —  e;  then  we  get 

«  s  2  ^  where  ^  stands  for  w'  +  —5- ,     This  result  w  iwi^)endsnt 

of  p;  it  is  the  aame  as  we  shoidd  get  for  a  homogeaeous  fluid. 
D'Alembert  seems  to  attach  special  importance  to  this  result :  see 
pages  79,  225,  256  of  the  Volume.  But  the  result  is  what  might 
be  expected.  Suppose  a  homogeneous  fluid  rotating  in  relative 
equilibrium :  solidify  all  but  a  film  of  fluid ;  the  relative  equili- 
brium wilt  not  be  disturbed.  If  we  conmder  the  film  so  thin  that 
iis  action  on  itself  may  be  disregarded,  it  is  kept  in  relative  equi- 
librium by  the  attraction  of  the  solid  part  Hence  if  we  alter  the 
density  of  the  fluid  film,  it  will  still  be  kept  in  relative  equiU- 
brium. 

635.  On  his  page  231  D'Alembert  refers  to  the  demonstration 
he  bad  given  of  the  proposition  that  an  oblatum  is  the  only  form 
of  relative  equilibrium  for  a  revolving  fioid :  see  Art  575.  That 
demonstration  we  pronounced  a  failure.  From  what  he  now 
fiays,  it  appears  to  me  that  he  overlooks  the  consideration  brought 
forwaid  in  Art.  577,  as  to  what  his  theorem  would  have  esta- 
blished if  the  demonstration  had  been  sound. 
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6S6.  D'Atembert  devotee  his  pages  2S2...S46  to  inTeatiga- 
tioDS  relative  to  the  attraction  of  an  ellipsoid  on  an  external 
particle.  He  confirms  by  analysis  Maclaurin's  proposition  respect- 
ing the  attraction  of  confocal  ellipsoids  of  rerolation  on  an  exter- 
nal particle  which  is  on  the  line  of  the  axis  or  in  the  plane  of  the 
equator.  But  D'AIembeit  was  unable  to  extend  this  as  Maclaurin 
did,  to  the  case  of  ellipsoids  not  of  revolution.'  D'Alembert  says 
on  his  pages  242  and  243. 

Je  sonp90iine  done  qua  M.  Maolanrm  s'cit  tnanp^  dans  1'  art.  603 
de  Bcm  Traiti  dea  Fluxione,  qoand  il  a  dit  que  sa  methods  ponr  tronver 
I'attraotion  d'un  sphtirolde  de  rtirolntioD  dana  le  plan  de  I'fquateur,  on 
dana  I'aze,  pouvoit  B'appliquw  k  no  solide  qui  ne  senat  pas  de  rfivo- 

luticm Au  retit«,  oe  n'eatim  qu'un  donte  que  je  propose,  n'ajant  pas 

Buffisamment  examing  la  proposition  de  B£  Maolaurin,  qu'il  se  oontente 
d'taoncer  aans  la  d^ontrer. 

As  we  have  stated  in  Art.  260  Haclaurin  really  demonstrated 
the  theorem  whi(^  D'Alembert  considers  to  have  been  only 
enunciated,  and  the  truth  of  which  he  here  doubts.  Subsequently, 
as  we  shaJl  see,  D'AIembert  conquered  his  doubts  and  demon- 
strated the  theorem :  he  Was  the  first  person  who  drew  attention 
to  the  theorem  and  dei&onittrated  it  after  Maclaurin  himselfl 

637.  The  next  memoir  in  the  sixth  volume  of  ,D' Alembert's 
.  Opuaeulei  MaihStnatCques  is  entitled  8ur  lea  Atmotpherm  dea  Corps 

CileOea;  it  occupies  pages  339.. .359. 

638.  The  first  paragraph  explains  the  object  of  the  memoir : 
Ls  bat  dea  BeoherchM  soirantea  est  de  donner  but  I'Atmoephete 

dea  FlanetM  qaelqaes  fiemarquee  qne  je  orois  nonvellea,  et  de  oorriger 
en  mdme-temps  quelquee  m£pnses  ol  des  Auteiira  c^Sbres  aont  tombSs 
BUT  oette  matieTft 

D'Alembert  refers  on  his  pages  345,  347,  349  and  350  to 
Matran's  Treatise  on  the  Aurora  Borealisj  he  refers  to  Euler 
on  his  page  350;  and  to  Maupertuis  on  his  page  S58.  Thus, 
I  presume,  these  are  the  celebrated  authors  whose  mistakes  he 
proposes  to  correct. 

639.  D'Alembert  obtains  bis  fundamental  equation  in  an  un- 
satisfactory manner.    He  assumes  thftt  the  stratum  fti  the  air  in 
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contact  fiitb  the  surtiice  of  tlie  planet  is  a  level  stuiace;  then 
he  takes  an  exterior  level  sur&ce ;  and  he  makes  what  he  calla 
the  veight  of  a  column  tenninated  at  these  sui&ces  constant. 
He  ought  not  to  assume  that  the  surface  of  the  planet  is  a 
level  surface  for  the  air. 

Suppose  M  the  angular  velocitj,  r  the  distance  of  a  point  in 
the  atmosphere  from  the  cenbB  of  the  Earth,  8  the  angle  which  ** 
makes  wiUi  the  pohir  axis,  M  the  mass  of  the  Earth.  Then  by 
the  usual  equations  for  relative  equilibrium 

— f-  ^  —  — i-ooB  ft     -  J    = =  sm  ff  +  orse, 

pdy         r  p  ax         *■' 

Hence  the  equation  to  a  lerel  surfece  is 


2 

Let  r,  and  r,  be  the  values  of  r  at  the  equator  and  the  pole 
respectively  in  the  same  level  sur&ce ;  then 

M    «V„3f 
r,        2        r,' 

The  matter  is  discussed  hj  Laplace,  as  ire  shall  see  hereafter; 
but  nothing,  is  really  added  to  what  ve  find  in  D'Alembert's 
memoir.  D'Alemhert  shews  that  the  zodiacal  light  cannot  be 
caused  by  the  atmosphere  of  the  Sun :  the  remark  is  repeated 
by  Laplace.    See  the  M^cantque  Celeste,  Livre  IIL,  Chapitre  vu. 

640.  The  form  of  the  atmosphere  is  determined  by  a  curve  of 
which  the  equation  in  polar  coordinates  is 

'^fli'  +  i.o.       ■ 

e  b 

It  may  happen  that  corresponding  to  a  given  value  of  6  we 
have  two  positive  values  of  r,  and  one  negative  value.  The  three 
values  would  all  he  regarded  in  tracing  the  curve  according  to 
modem  notions.  D'Alemhert  touches  on  the  subject  in  his  pages 
347.. .349.  We  may  state  that  his  opinion  briefly  amounts  to 
rejecting  the  negative  value  of  r  entirely.  He  observes,  in  feet, 
that  if  we  put  V(3^  +  jT)  ^o''  ^t  ^'^  clear  of  radicals,  we  obtain  an 
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equation  of  the  Buth  degree ;  and  this  gives  a  brandi  oorrespond- 
ing  to  the  negative  value  of  r  just  meDtioned.  Bat  aoGording  to 
him  this  new  branch  does  not  belong  to  ne.  However,  he  ia  not 
BO  much  regarding  the  curve  itself  as  the  physical  prohleBi  from 
which  it  arose. 

641.  Hitherto  we  Kave  not  supposed  any  actitm  on  the  at- 
mosphere except  that  of  the  planet  to  whidi  it  belongs;  but 
IVAlembert  proceeds  to  consider  the  action  of  one  or  more  other 
pluieta  As  in  the  case  of  a  revolving  fluid,  when  he  introduces  a 
distant  planet  he  first  puts  it  on  the  prolongation  of  the  axis  of 
rotation :  see  his  p^es  354  and  355.  Next  he  sopposes  the  distant 
planet  to  have  any  position.  As  before  too  he  really  sni^Kwes  the 
distant  planet  to  preserve  the  same  relative  position,  bo  tba^  in 
&ct,  the  distant  planet  must  be  supposed  to  rotate  with  the  planet 
which  carries  the  atmosphere.     See  Art  6S9. 

642.  The  mode  in  which  D'Alembert  finds  what  we  should 
now  call  the  pressure  at  any  point  of  the  atmosj^ere,  when  there 
is  besides  the  planet  itself^  a  distant  planet  acting  may  be  noticed. 
See  his  pages  355.. ,357. 

We  know  that  the  polar  equations  Sar  idative  eqailibtmm  ai» 

fdr  ■"'  prd9  ■^■ 
Now,  in  fact,  he  only  considers  the  first  of  these  equationa 
The  valne  of  p  found  &om  this  must  give  the  right  result,  pro- 
vided we  remember  that  the  so-called  arbitrary  constant  must  be, 
if  necessary,  r^arded  as  a  function  of  0.  But  witbont  wm-kmg  oat 
the  problem  fully  in  rectangular  coordinates,  we  eAsIy  see  that 
the  value  ofp  must  be  such  that  6  never  enters  aioas,  bat  always 
accompanied  by  r.  Thus  p  cannot  contain  any  arbitrary  function 
of  0  alone.  Therefore,  the  first  equation  alone  ia  suffident  for 
finding  p.  I/Alembert  himself,  however,  gives  no  explanation  of 
his  process. 

643.  In  the  Nouveaax  Mhwirea  de  VAcad^ie. . .  cf  Berlin,  for 
1774,  pnUished  in  1776,  we  have  extracts  from  two  letters  ad- 
drened  by  0Alembert  to  Lagnpge;  we  pagei*30S.,.311  of  the 
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Tolume.  D'Alembert  had  discovered  that  Madauiin's  theOTem, 
aboat  whidi  he  formerly  doubted,  was  really  true ;  and  here  he 
sends  to  Lagrange  Bketchee  of  two  demooBtratioiiB :  see  Art.  636. 
The  demonatrations  are  given  at  full  in  the  serentb  volume  of  the 
OpuaeuUs  MatMmaHquea,  to  which  we  now  proceed. 

644.  The  seventh  volume  of  ZyAIembert's  Opuaoulet  Math^ 
tRoffjuo  was  published  in  1780 ;  a  memoir  entitled  Sur  ^attrac- 
tion dea  Sphiroides  EU^tiquea,  occupies  pagea  102.. .207;  this  is 
followed  by  some  Bmua-guta  8ur  le  M4moire  pr4c4d«nt  on.  pages 
208... 233.  From  page  208  we  learn  that  the  Remarks  were 
written  long  after  the  memoir ;  and,  therefore,  the  memoir  must 
have  been  written  long  before  1780. 

D'Alembert  says  that  his  attention  had  been  turned  to  the 
subject  again  by  reading  the  ezcdlent  memoir  by  Lagrange  in  the 
Berlin  M4moirea  for  1773. 

645.  The  first  part  of  the  memoir,  which  occupies  pages 
103. .-.116,  is  devoted  to  the  proof  of  Maclaurin's  theorem:  see 
Art  636.  D'Alembert  starts  from  formuls  given  in  the  sizlh 
volume  of  his  Opwotdca  MaihSmaii^es ;  and  by  three  difEereot 
methods  arrives  at  the.iequired  result. 

One  of  these  methods  occupies  D'Alembert's  Article  80 ;  it  is 
curious  from  its  obscurity.  When  carefully  ezamined  it  is  found 
to  be  equivalent  to  a  circuitous  method  of  arriving  at  the  ex- 
pression wab  for  the  area  of  an  ellipse,  of  which  a  and  b  are  the 


D'Alembert,  on  his  p^e  114,  corrects  an  important  misprint 
inX^range's  memoir  in  the  Berlin  M&awnrea  for  1773. 

646.  The  second  part  of  the  memoir,  which  occupies  pages 
116.  ..159,  is  devoted  to  the  discussion  of  two  formulie  relating  to 
.the  attraction  of  an  ellipsoid,  which  were  given  on  pages  180  and 
184  of  tiie  sixth  volume  of  the  Optucviea  MatMmaiiqwa:  see 
Art  626.  We  will  briefly  indicate,  by  modem  methods  and 
notation,  the  nature  of  these  formulie. 

Suppose  we  wi^  to  find  the  attraction  of  an  eUipsoid,  the 
axes  of  which  ara  2(^  26, 2(^  on  a  particle  at  the  end  of  the  axis  2e. 
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We  use  the  method  1  of  Art  626.     Taking  tliis  point  as  origin, 
we  have  for  the  equation  to  the  ellipsoid, 

Put  fP  =  rco8d,  y  —  raindcos^  ssrenn^sin^;  then 
2  Mngain^__^^coi^g  ^  sin'gcoJ^  ,  sin* g  sin* ^\ 


The  attraction  which  we  require  is  eqo^  to 
I \dr  a.ti0dBd^.faa0  ant^, 


that  IB,  =^*^«  jj  j.^  («e*  ^  +  „.^(^i^  cos*  *  +  a*6' Bin' e  sin*  ^* 
The  hmits  for  0  are  0  and  IT ;  the  limits  for  ^  are  —  ^  and  ^. 

Now  suppose  we  integrate  first  with  respect  to  $;  pat  f  for  cos  ^ ; 
thus  we  obtain  the  fonn 

f il-f)dt 

Ji^c*cos'^  +  a*J'8m'^+C(ft'c»-a'c'cos'^-a'J*sio'^)" 

There  ia  no  difficult;  in  int^[rating  this ;  hut  the  form  of  the 
int^ral  is  dififerent  according  to  the  sign  of 

fc*  — aV  coB*^  — a'S*  sin*^; 
invcdnng  circular  fiinctions  if  this  quantity  is  positive,  and  l<%a- 
rithms  if  this  quantity  is  negative.     It  is  this  double  form  which 
renders  the  process  troublesome,  if  we  adopt  this  order  of  integra- 
tion ;  and  D'Alembert  discusses  the  matter  at  great  length. 

The  best  mode  would  be  to  integrate  with  respect  to  ^  first ; 
this  would  lead  to  a  result  which  we  shall  presently  obtiun  in 
another  way :  but  lyAlembert  does  not  adopt  this  order  of  inte- 
gration. 

647.  Let  us  now  consider  the  problem  by  the  method  HI.  of 
Art.  626. 

Suppose  that  instead  of  an  ellipsoid  we  had  an  ellipsoid  of 
rerolation,  in  which  the  semiazes  are  o,  b,  and  b.     Ihen,  by 
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Art  255,  the  attraction  on  a  particle  at  the  end  of  the  semiaxis 
c  would  be 

■••■j"*  sin  6  cos*  6dud0 


^r^Ci  sine 
^J,  Jo  ^TO 


;c'-6^8in'5' 

Then  for  the  case  of  an  eUipsoid,  not  of  revolution,  we  must 
pat  p*  instead  of  G^,  where 


l  +  (^-l)co8«« 
so  that  our  fiwmula  becomes 


/^ /T  sin  g  CQfl'g  du  dS 


If  we  integrate  with  respect  to  0  first,  we  shall  have  two  forms, 
according  as  -)  is  greater  or  less  than  unity ;  and  D'Alembert 
discusses  the  matter  at  great  length. 

648.  Bat  suppose  we  integrate  the  formula  of  the  preceding 
Article  with  respect  to  u  first.    We  have 

2c  sin  d  COB*  5     _   2g  sin  g  ooe*  g 
7       ~ 


1+(t  -l)sin*^     cos'tf  +  TsinV 

2c  eingcoJg 
o(^*g+^Al  +  (^-  ij  cos* u|  flin' e 


2c  an  0  coif  0 


(cofl*d+ jsin*^  co^«  +  (co6?5+ u  sin'lS)  sin'u 


d'aleubert.  415 

Integrate  witli  respect  to  u  between  the  limits  0  and  ^  ^^^ 

multiply  the  result  by  4.     Then  we  find  that  the  required  at- 
traction 

A^j^  f  »  sin  0  COB* 0 d6 


"11 M 


[a*  cos' tf +  0*  flin'  S)  v'(i'  cos*  tf  +6*  sin'  6) 

Thus  the  attraction  is  made  to  depend  on  a  single  definite 
int^raL  We  may  say  that  this  result  ib  the  point  at  which 
modem  investigations  have  finally  arrived. 

We  shall  presently  see  that  D'Alembert  absolutely  rejected 
this  important  formula  which  was  within  his  teach. 

649,  D'Alembert  himself  draws  attention  to  the  &et,  that 
when  we  have  to  find  the  value  of  a  double  integral,  the  iacility 
of  the  process  may  depend  very  much  on  the  order  in  which 
vre  efiect  the  two  integrations.  See  his  page  158.  He  makes 
this  remark  after  he  has  considered  a  way  of  finding  the  volume 
of  a  right  cone,  by  cutting  it  into  hyperbolic  slices,  by  planes 
parallel  to  the  axis:  this  way  Ls  difficult,  though  the  final  result 
is  necessarily  very  simple. 

650.  The  third  part  of  the  memoir  occupies  pages  159... 207; 
it  consideTs  different  ways  of  calculating  the  attraction  of  elliptic 
spheroids,  and  treats  also  of  the  attraction  of  sonte  other  spheroids. 

I  will  notice  some  of  tiie  more  important  pinnts. 

We  know  that  a  plane  may  be  so  moved,  parallel  to  itself, 
that  all  the  sections  which  it  makes  of  an  ellipsoid  shall  be  ctr- 
eular  sectiona  D'Alembert  suggests  the  problem  of  finding  the 
attraction  of  an  ellipsoid  at  the  extremity  of  the  diameter  which 
passes  through  the  centres  of  a  series  of  circtilar  sections.  But  the 
integrations  are  too  complex  to  be  worked  out.  See  his  pages 
159...164. 

Let  any  se^j^ent  of  an  ellipse  revolve  round  its  bounding 
chord ;  then  the  attraction  exerted  by  the  solid  thus  generated 
OQ  a  particle  at  the  extremity  of  the  chord  can  always  be  found, 
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or  at  least  expressed  ae  a  single  definite  integral  without  radicals. 
See  D'Alembert's  page  164. 

In  fact,  this  attraction  =  Stt     r  sin  ^  cos  f  (W,  where  $  is  the 
Jo 
angle  between  the  chord  and  the  tangent  to  the  ellipse  at  the 

•.  .  ft  cos  g  +  fc  sin  g 

ongm;  and  '"-„  gin.(j4.ft  ring  coa^  +  o  cob'^' 

A  theorem  which  presents  itself  inadentally  may  be  noticed  : 
see  D'AJembert's  page  167-  Take  any  diameter  of  an  ellipse,  and 
let  a  solid  be  generated  by  the  revolution  of  one  of  the  halves  of 
the  ellipse  about  this  diameter :  then  the  volume  generated  varies 
inversely  as  this  diameter. 

If  this  diameter  be  called  21,  and  the  axes  of  the  ellipse  be  2a 

and  2J,  the  volume  of  the  solid  is  — =j—  . 

D'AIembert  invites  mathematjcians  to  continue  their  attempts 
to  express  the  attraction  of  an  ellipsoid  without  the  use  of  arcs  of 
conic  sections ;  he  says  that  the  attempt  does  not  appear  to  him 
hopeless :  see  his  page  171.  We  now  know  that  he  was  seeking 
what  it  is  impoesibte  to  obtain.  Plana  has  drawn  attention  to 
tliis  passage  iaCrelle'st/ourTia{^r...3fofA«fnati£,  YoL  xxpage  190. 

IVAlembert  gives  some  simple  examples  c^  the  process  for  the 
change  of  the  independent  variaUes  in  a  double  intend  which 
Lagrange  had  developed  in  the  volume  of  the  Berlin  M^moirea  for 
1773.     See  D'Alembert's  pages  176  and  177. 

651.  We  now  arrive  at  a  very  singular  passaga  D'Alembert 
in  effect  gives  the  procetw  of  our  Art.  64-8  and  rejects  it  as  inad- 
Toissihle.    See  his  pages  177...180.    His  y  is  our  8.    He  says : 

J'avou  imagiiiS  d'int^grer  d'abcml  la  formule  de  U  page  183  da 
Tome  VL  de  nos  Oputcuht  en  fiusant  varier  u,  et  ensuite  y,  et  j'avoia 
cm  troDver  on  r^ultat  qui  me  oondnisoit  A  nne  formole  alg€briqoe 
d'attraotion  pour  les  spb^roldes  eUiptiques.  Comma  cette  methods 
ponrroit  en  tromper  d'autr^  il  na  sera  pent^tre  pas  inutile  de  la 
ditaiUer  ioL 
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Id  his  process  there  is  Dothing  wrong  in  principle,  but  he  has 
omitted  a  bracket  in  the  third  line  of  his  Art.  147 ;  thus  his  result 
is  slightly  inaccurate.  He  gives  some  invalid  arguments  against 
the  method.  Thus  D'Alembert  deliberately  rejects  one  of  the 
most  important  formulae  of  the  subject,  which  in  fact  quite  super- 
sedes a  large  part  of  the  present  memoir.  This  is  perhaps  the 
strangest  of  all  his  strange  mistakes. 

652.  D'Alembert  shews  in  his  page  199  that  a  theorem  given 
by  Laplace  in  the  Paris  M4moires  for  1775  might  be  investigated 
with  ease.  Laplace  himself  found  afterwards  a  much  simpler 
demonstration  than  that  which  be  originally  gave:  for  this  see 
the  Paris  Mimoirea  for  1776,  page  261.  D'Alembert  says  in  his 
page221,  with  respect  to  Laplace  and  his  two  proofs  of  his  theorem: 

Oe  mSme  Acad^niicieii,  i.  qui  j'avois  communiqafi  ma  d^moustratioD 
tr^s-aimple  de  son  th^orgmc.,  en  a  aussi  troav^  depuis  une  autre  plus 
simple  que  la  premiere,  et  qii'U  a  lue  tl  1' Acad^mie  au  moie  de  Juillet  1778. 
II  m'a  appris  en  mSme-temps  que  M.  de  la  Grange  avoit  auasi  tronv£  da 
son  cfltfi  une  dfimonstiation  do  ce  thfiorfime  g6n^i-al. 

The  following  is  the  theorem.  Let  the  radios  vector  of  a 
spheroid  be  1  +  a^,  where  a  is  very  small  and  ft  a  function  of  the 
colatitudo  ^.  At  any  point  of  the  sur&ce  let  A  denote  the 
attraction  fdong  the  radius  vector,  and  B  the  attraction  at  right 
angles  to  the  radius  vector  in  the  meridian  plane  from  the  pole : 
then  wilT 

d^_-S_2fl|a^  ... 

d^~J      Tdy^ ^  '■ 

We  shall  demonstrate  the  theorem  when  we  treat  on  Laplace's 
contributions  to  our  subject. 

Suppose  T  the  whole  force  along  the  tangent,  »  the  angular 
velocity :  then  to  the  order  of  approximation  we  regard 

T=  B-  A-^-^^  +  t^,'Bm^J>■cosf■. 


in  the  small  term  we  may  put  -^for  A;  thus 

^-«-T"5|.  +  ""  "■"*«»* 

(2) 

T.H.  A. 

tr 
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From  (1)  and  (2)  we  have 

^  =  -^-^SlT^fc08f (3). 

Let  P  denote  the  gravity,  bo  that  P=  A— to*  ain'  ^ ;  then  (3) 
becomee 

th»t»  ^^(p+^^b>)  =  -f w. 

lyAIembert  cootemplateB  the  theorem  under  the  form  (4),  and 
puts  it  into  words :  see  his  pages  200  and  201. 

If  the  body  is  floid  and  in  relative  equilibrium  the  condition 
T=  0  must  be  satisfied ;  and  tbiis  the  theorem  is  simplified. 

653.  On  pages  391.  ..392  of  the  volume  D'AJembert  su^ests 
a  process  for  the  calculation  of  the  attraction  of  a  hemispherical 
mountain  on  a  pendulum  occupying  any  position  close  to  the 
mountain ;  but  it  is  not  fully  intelligible,  and  nothing  is  really 
effected.  He  makes  the  erroneous  statement  that  the  direction 
at  right  angles  to  any  radius  of  the  mountain  will  also  be  at  right 
angles  to  the  radius  of  the  Earth. 

654.  The  eighth  volume  of  D'Alembert's  Opuscules  Maih4- 
matiquea  was  published  in  1780.  A  memoir  entitled  Nouvellea 
rdflexiona  sur  les  hnx  de  V^quilih-e  des  fluides  occupies  pages  1...35; 
and  tbereare  some  remarkarelating  to  the  memoir  on  pages  3o4. .  Sa7. 

655.  This  memoir  is  not  very  closely  connected  with  our 
subject ;  we  will  briefly  indicate  the  nature  of  the  topics  discussed. 
We  may  observe  that  the  old  and  obscure  language  with  respect  to 
fluid  equilibrium  is  still  retained ;  no  advantage  is  taken  of  the 
capital  improvement  effected  by  Euler  in  introducing  the  notion 
of  pressure  and  its  appropriate  symbol^. 

D'Alembert  notices  an  objection  which  he  says  an  able  mathe- 
matician had  brought  to  him.    It  amounts  to  this.    Suppose  for 
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simplicity  the  density  of  the  fluid  to  be  umfonn ;  then  we  have 
shewn  in  Art  394,  that 

dx      dy ' 
but  in  the  demonstration  small  quantities  of  the  second  order  have 
been  neglected :  thus  we  may  be  in  doubt  whether  any  inference 
from  this  result  is  rigorously  true.     D'Alembert's  words  adapted  to 
the  notation  and  diagram  of  Art.  394  are : 

...iJ  est  certain  que  Xdx  ne  reprfeente  la  force  da  caual  PS  qu'4 
un  infiniment  petit  du  eeccnd  ordre  prfe,  puipqu'on  n^lige  1« 
quantity  infiniment  petites  du  premier  ordre  qni  entreut  dans  X,  pour 
en  exprimer  la  Taleur  le  long  du  canal  i'S^ ;  il  est  certain  anssi  qu'il 
en  est  de  m6me  de  Td^ ;   ne  peut-on  poa  conclure  del^  m'a  objects 

un  habile  Matb6mBticieD,  que  I'l^qimtioii  -r  =  ^    ne  reprfeente  I'fiqui- 

libre  du  canal  rectangulaire  PQRS,  qn'iL  un  infiniment  petit  du  second 
ordre  prSs,  et  qu'aiuBi  elle  ne  repr^sente  pas  rigouieusuueot  I'^uilibrei 
qui  doit  exiiiter  rigovreusement  entre  lea  parties  du  fluide,  et  qui  aeroit 
nfcessairement  trouble,  s'il  n'Stoit  pas  telT 

D'Alemhert  discusses  the  matter  in  his  pages  2.. .8. 

D'Alembert  considers  whether  it  is  necessary  that  X  and  Y 
should  be  continuous;  that  is  whether  throughout  the  fluid  X 
should  always  be  the  same  function  of  x  and  _v,  and  also  Y  the 
same  function  of  a;  and  y.  He  maintains  correctly  that  this  is  cot 
necessary:  see  his  pages  9, ..15. 

But  he  seems  on  his  page  355  to  lose  faith  in  his  own  demon- 
stration. 

In  his  pages  16.. -20  he  adverts  to  a  supposition  he  hadfonnerly 
made  with  the  view  of  giving  greater  generality  to  the  equations 
of  fluid  equilibrium :  see  Art.  397.  In  effect  be  now  abandons 
that  supposition. 

In  hie  pages  20... 26,  to  use  modem  language,  he  makes  some 
remarks  on  the  equations  of  fluid  equilibrium,  when  referred  to 
polar  coordinates;  he  bad  formerly  considered  this  topic;  see  Art,  574. 

His  pages  26.. .28  he  devotes  to  shewing  that  if  a  fluid  occupies 
an  infinite  tube,  and  a  finite  portion  of  the  fluid  be  put  in  motion, 
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no  sensible  moTement  Id  the  masB  will  be  prodiicedL    It  does  not 
seem  to  me  that  the  investigation  is  of  any  valae. 

In  bis  pages  28.  ..30  he  professes  to  demonstrate  the  statement, 
commonly  admitted  by  writers  on  hydrostatics,  that  if  a  fluid  mass 
be  in  equilibrium  any  portion  of  it  may  be  supposed  to  become 
solid  without  dlstiirbing  the  equilibrium.  The  demonstration  does 
not  seem  to  me  of  any  value. 

We  have  three  last  remarks  in  conclusion.  On  page  30  he 
Bsys:  Tenninons  ces  recherchee  par  quelques  reflexions  surlaloi 
de  la  compression  de  I'air  en  raison  des  poids  dont  il  est  chargd 
Then  on  page  32  he  says:  Nous  ajouterons  id  en  finiesant,  une 
remarque  &  laquelle  il  est  bon  de  faire  attention  dans  la  gradua- 
tion des  banHuHres.  And  on  page  33  he  says :  Je  terminerai  ces 
recherches  par  une  nouvelle  remarque  sur  la  th^rie  de  I'^uilibre 
des  fluides.  This  new  remark  however  is  substantially  old,  having 
been  given  in  page  206  of  the  Th^orie  de  la  Ji^tiatavce  des 
Fimdea:  see  Art.  448. 

656.  In  pages  292.  ..297  of  the  eighth  volume  of  the  Opi«- 
eules  Math/matiquea  we  have  a  memoir  entitled  Sur  la  Figure  de 
la  Terre;  and  some  remarks  on  it  are  given  on  pages  389. ..392 : 
these  form  J/Alembert's  last  contribution  to  our  subject. 

6.57.  We  have  already  observed  that  D'Alembert  having 
arrived  at  a  certain  equation  shewed  that  it  would  sometimea 
have  two  roots ;  but  left  for  others  to  demonstrate  the  proposition 
that  then  could  not  be  more  than  two  roots ;  and  this  was  first 
established  by  Laplaoe :  see  Arts.  681  and  585.     D'Alembert  says : 

M.  de  la  Fkoe  m'en  a  commoniqn^  une  demonstration  asses  simple 
qui  m'ea  a  fait  aiiui  tronvOT  une  trte-simple,  presqae  mob  aacun  calcnl. 

D'Alembert's  demonstration  is  ingenious  in  principle  but 
unsound. 

In  equation  (1)  of  Art.  581  put  a;  for  \;  thus  we  get 
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Let  ^  be  an  ordinate  correapoQdmg  to  the  abecisBa  m,  and  let 
the  curve  be  drawn  whose  equation  ia 

.A^ain  let  i\  be  an  ordinate  corresponding  to  the  abscissa  x,  and 
let  the  curve  be  drawn  whose  equation  is 
1)  =  tan"'  X. 

We  have  to  shew  that  the  curves  cannot  intersect  more  than 
twice  for  positive  values  of  x,  besides  the  intersection  at  the  origin. 

and  tbua  when  x  is  very  small 

"-'-3+    9    +■•■ 
Also  when  «  is  very  smtJl 


Thus  when  x  is  veiy  small  y  is  greater  than  ij ;  and  so  near 
the  origin  the  first  curve  is  above  the  second. 

When  X  is  infinite  y  is  infinite  and  ij  is  finite.  Thus  if  the, 
curves  intersect  at  one  point,  say  x,,  they  must  intersect  at  another 

say  x.    At  this  second  point  therefore  -^  will  be  greater  than  -y- . 

To  ensure  that  the  curves  never  intersect  again  we  have  only  to 

shew  that  t —  ^  ^  always  positive  when  a>  is  greater  than  «, ; 

for  if  this  be  the  case,  y  is  always  greater  than  17  if  s  is  greater 
than  ic^ 

Now  D'Alembert  says  that  j   -  j    is  of  the  form 

(r+a»)C9  +  3x"r"' 
and  this  is  true.     Then  he  asserts  that  every  quantity  of  the  form 
Aaf  +  Bx*  +  Caj*  +  D,  which  is  positive  for  a  certun  value  of  a,  will 
be  positiye  if  ai  is  increased.     His  words  are  : 
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...toute  qiiautit6  de  cette  {arma  Al^+  Bl^  +  C/^  + D,  qui  aer&^poiatiya 
pour  nne  oertame  valeur  de  ic,  doit  I'Stre  si  on  augmeate  k ;  car 
cette  quautit6  est  toi^oim  =A¥i^  +  E)*  +  G,  qui  augmente  quand  i 

angmeuta 

But  this  statement  is  untnie.     In  the  present   case  ^ —  ^ 

18  posiciye  when  a;  ia  veiy  small,  but  it  Is  not  always  positive:  it 
must  be  n€^tive  when  x=x^. 

The  demonstration  may  be  made  sound  by  shewing  that  in  the 
present  case  the  valties  of  A,  B,  C,  Dora  such  that 

Ax'  +  Bal'+Cx^  +  D 
is  idways  positive  when  x  is  greater  than  a;,.     This  method  is 
really  adopted  by  Cousin  in  his  Astrotwmie  I^ydque,  page  14*. 

But  we  do  not  require  the  values  of  A,  B,  G,  D  to  establish 
the  point ;  it  is  sufficient  to  observe  that  D  is  zero :  this  is  obvious 
from  the  fact  that  when  x  is  very  small  we  must  have 
dy     dt}  _  d  Syai'  _  2qa^ 
dx     dx"  dx    9         3 

Since  then  />  =  0,  we  have 

dy  dv_3^{A3f+Bj?  +  U) 
'dx~dx  (l'+K*)l;9  +  3a!^"  * 
now  -we  know  that  the  quadratic  expression  Ax*  +  Ba?  +  C  cannot 
change  sign  more  than  twice  ;  and  in  the  present  case  the  sign  i^ 
positive  when  a  — 0,  negative  when  «  =  «,,  and  positive  when 
■  ic—ic,;  therefore  the  sign  must  always  be  positive  when  as  is 
greater  than  x^ 

658.  The  memoirs  of  D'Alembert  on  our  subject  which 
we  have  thus  analysed  in  our  Chapters  XIII.  and  XVL  occupy 
about  700  pages  in  their  original  form.  But  the  amount  of  im- 
portant matter  which  they  contain  is  not  in  proportion  to  their 
great  extent.  Probably  the  researches  in  the  third  volume  of  the 
Recherche8...Syi!tSme  du  Monde  are  the  most  valuable.  The  sixth 
volume  of  the  Opasctdes  Muth^matCques  contains  much  interesting 
matter;  but  this  matter  ia  rather  of  a  speculative  kind  thaa  of 
physical  importance. 
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On  the  whole  we  may  sum  up  D'Alembert'B  contributionB  to 
our  subject  thus :  He  shewed  how  to  calculate  the  attractions  of  a 
nearly  spherical  body  of  a  form  more  general  than  an  ellipsoid  of 
revolution  :  eee  Ai't.  452.  He  drew  explicit  attention  to  the  fiact 
that  more  than  one  oblatum  would  correspond  to  a  given,  angular 
velocity,  a  fact  which  had  indeed  been  implicitly  noticed  before : 
Bee  Art  580.  He  considered  the  action  of  a  distant  body  or 
bodies  on  a  mass  of  rotating  fluid  supposed  in  relative  equilibrium : 
see  Arts.  596.. .630. 

On  the  other  hand  we  must  observe  that  there  are  numerous 
and  striking  faults.  Laplace,  referring  more  especially  to  the 
Jiecherches . . .  SysUme  du  Mmide,  says :  Les  recherches  de  D'Alembert, 
quoique  g^n^rales,  manquent  de  la  clart^  si  ndcessaire  dans  les 
calculs  compliqu^  M^canique  Celeste,  Vol  v.  p^e  8.  The  full 
import  of  the  criticism  becomes  apparent  when  we  remember  that 
with  French  writers  clarti  is  the  supreme  indispensable  requisite : 
want  of  clearness  with  them  is  on  the  same  level  as  want  of  utility 
with  Englishmen,  or  want  of  learning  with  Germans.  The  errors 
of  D'Alembert  are  certainly  surprising ;  they  seem  to  me  to  indi- 
cate that  he  was  little  in  the  habit  of  enlarging  his  own  views  by 
comparing  them  with  those  of  others.  His  criticisms  of  Olairaut 
prove  that  he  had  not  really  mastered  the  greatest  work  which 
had  been  written  on  the  subject  he  was  constantly  studying.  His 
readiness  to  publish  unsound  demonstrations  and  absolute  errors 
is  abundantly  shewn  in  the  course  of  our  criticism :  see  for  instance 
Arts.  576,  651,  and  657.  On  the  whole  the  blunders  revealed  in 
the  History  of  tha  Mathematical  Theory  of  Frobaiilit^,  and  in  the 
present  History,  constitute  an  extraordinary  shade  on  a  fame  so 
bright  as  that  of  D'Alembert 
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FRISI. 

659.  In  the  present  Chapter  I  shall  give  Bome  account  of 
three  works  by  Paul  Friri.  As  I  have  stated  io  Art  632, 1  have 
not  seen  the  first  publication  by  Frisi  on  our  subject;  but  proba^ 
bly  it  was  incorporated  in  bis  later  works. 

660.  The  first  of  these  works  is  entitled  Pe  Cfravitaie  Libri 
Tres.  This  was  published  at  Milan  in  1768:  it  is  a  quarto  yolame 
of  420  pages,  besides  12  pages  which  contain  the  Title,  Dedication, 
Preface,  and  Index;  there  are  six  plates  of  figures. 

This  work  forros  a  treatise  intended  for  didactic  purposes,  the 
object  being  to  conduct  a  student  with  elemeotary  mathematical 
knowledge  through  a  course  of  Mechanics  and  Physical  Astro- 
nomy :  see  the  first  page  of  the  Preface.  The  two  volumes 
published  by  ¥rm  about  six  years  later,  under  the  title  of  Co«mo- 
graphia,  may  be  regarded  as  an  improved  and  enlarged  edition  of 
the  present  work. 

The  part  of  the  volume  with  which  we  are  concerned  consists  of 
pf^es  135.. .189;  they  form  the  first  four  Chapters  of  Frisi's  Second 
Book. 

The  pages  135. ..145  are  introductory.  They  contain  an  out- 
line of  the  facts  then  known  as  to  the  lengths  of  degrees  and  to 
the  lengths  of  the  seconds  pendulum. 

661.  The  first  Chapter  is  entitled  De  Figura  TerrcB,  it  occu- 
pies pa^es  146.. .154. 

This  Chapter  contains  appro^^imate  formulee  for  the  lengths  of 
a  degree  of  meridian  and  of  a  degree  of  longitude.    From  these 
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formulsB,  and  the  results  furnished  by  observation,  the  elliptidty 
of  the  Earth  may  be  deduced.  Frisi  m^ntains  that  all  the 
measurements  hitherto  made  i^ree  reasomibly  well  with  the  ratio 
of  the  axes  assigned  by  theory  for  an  oblatum  of  fluid,  namely  that 
of  231  to  230. 

Some  erroneous  statements  occur  in  the  second  Corollary  on 
page  151.  Frisi  has  given  a  formula  for  determining  the  ellip- 
ticity  from  the  lengths  of  a  degree  of  meridian  in  two  different 
latitudes.     Then  he  says  that  if  the  arc  in  Lapland  and  the  arc  at 

the  Cape  of  Good  Hope  be  taken  the  ellipticity  deduced  is  _- ■- ; 

but  in  the  Coamographia,  Vol.  n.,  page  97,  he  gives  the  correct 

result,  namely  about  ^^.     The  error  probably  arose  from  taking 

the  ellipticity  which  Boscovich  had  deduced  from  the  arcs  in  France 
and  South  Africa  by  mistake,  instead  of  that  which  was  deduced 
^m  the  arcs  in  Lapland  and  South  Africa:  see  the  supplement  by 
Boscovich  to  Stay's  poem,  VoL  II.,  page  408.     Again  Frisi  gives 

^TT  as  the  ellipticity  deduced  from  the  arcs  in  Peru  and  South 

Africa;  but  in  the  Coamographia,  VoL  II.,  page  96,  he  gives  the 

correct  result,  namely  about  yoS-     The  error  probably  arose  from 

simply  copying  one  made  by  Boscovich :  see  Art.  508. 

Frisi's  first  Chapter  closes  thus : 

Qaam  ex  ampliaaima  PeuGilvanite  planitie  Clarisa.  Mason,  et  Dixon 
afferent  mensuram  gradus  figune  tt^rrestris  inqaisitioai  aovfuu  Inoem 
aflondent.  Interim  certum  mauet  Terrain  sub  seqnatore,  et  polari 
circulo,  et  in  meridiontdi  ASncs,  et  Gallira  Karbimeusis  parte,  atque  in 
Anglia  etiam,  et  Stiria,  ao  Fedemonte,  a  figuree  aphteroidicee,  et  propor- 
tionia  aasumpts  hypotheai  non  magis  recedere,  quam  ut  in  minimos 
errores  obserrationum  differentia  onmJB  refund!  possit 

The  anticipation  as  to  the  light  to  be  derived  from  the 
American  arc,  has  scarcely  been  realised;  for  this  arc  has  not  been 
received  with  much  confidence:  see  Bowditch's  translation  of  the 
iidoanique  Celeste,  Vol.  ii.,  page  444. 
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662.  The  second  Chapter  is  entitled  De  <Equilibrio  parHeu- 
lairum  sese  trahaiiium;  it  occupies  pages  154. ..IGl. 

This  Chapter  contains  a  demonstration  of  the  proposition  that 
an  oblatum  is  a  form  of  relative  equilibrium  for  rotating  fluid;  the 
method  is  that  of  Maclatiriti  and  Clairaut :  see  Art  318. 

We  have,  in  this  Chapter,  some  extensions  to  ellipsoids  in 
general  of  results  which  had  already  been  established  for  ellipsoids 
of  revolution:  seethe  Corollary  Ii.  on  page  157,  and  the  Corollary 
U.  on  page  158.  Thus  Newton  had  shewn  that  a  shell  bounded 
by  homotbetical  ellipsoids  of  revolution  exerts  no  attraction  on  a 
particle  placed  within  the  inner  surface.  Fnsi  shews  that  this  is 
true  for  a  shell  bounded  by  homothetical  ellipsoids  when  the 
particle  is  on  the  ioQer  surface.  He  does  not  expressly  shew  that 
this  is  true  when  the  paHicle  is  within  the  inner  surface ;  but  it  was 
qnite  in  his  power  to  infer  this  from  what  he  bad  already  given. 

This  seems  to  be  the  first  introduction  of  the  ellipsoid,  as  dis- 
tinguished from  the  oblatum  and  the  oblongum,  into  our  subject. 
D'Alembert  afterwards  considered  the  matter  in  the  sixth  volume 
of  his  Opuactdea  Math^matigues:  see  Art  615. 

Frisi  also  alludes  to  the  results  which  will  follow  when  the 
fluid  oblatum  is  disturbed  by  the  action  of  one  or  two  distant 
attracting  bodies,  lik^  the  sun  and  the  moon.  His  process  how- 
ever is  brief  and  not  very  satisfactory.  This  matter  was  after- 
wards discussed  in  detail  by  D'Alembert  in  the  sixth  volume  of 
his  Opuscules  Maih^matiquea :  see  Chapter  xvi. 

At  the  end  of  the  Chapter  Frisi  refers  to  Maclaurin,  Simpson, 
Clairaut,  and  Newton.  The  last  is  styled  vir  longe  omnium  inge- 
niosissimus:  these  words  are  omitted  in  the  corresponding  passage 
of  the  Coamographia.     But  in  both  works  Frisi  says: 

...ut  recte  propterea  dixerit  I>aiiiel  Bemoulliua,  §  8.  cap.  2.  de 
fluxu,  et  refluxu  maris,  Newtonom  trans  velum  etdam  vidisse,  qme  vix 
ab  aliis  mioroscopii  Bubaidio  discemi  poasunt. 

We  have  given  the  original  words  of  D.  Bernoulli  in  Art.  501. 

663.  The  third  Chapter  is  entitled  Be  ^heerarum,  sphoeroi- 
dtimque  atti-actione;  it  occupies  pages  164.. ,175:  but  the  pages 
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170.. .173,  which  are  rather  difficult,  do  not  belong  to  our  subject, 
and  are  removed  to  a  more  appropriate  place  in  the  Cosmographia. 

Here  we  have  an  esact  investigation  of  the  attraction  of  a 
spherical  shell  on  aa  internal  particle;  and  an  application  to  the 
case  in  which  the  particle  is  on  the  surface  of  the  ahell,  or  forms  a  ' 
compouent  of  the  shell.  The  process,  like  others  in  the  Chapter, 
really  involves  the  Integral  Calculus,  though  without  its  notation. 

Next  we  have  an  approximate  investigation  of  the  attraction 
of  an  oblatum  on  a  particle  situated  on  the  prolongation  of  the 
axis  of  revolution;  the  result  is  correct  to  the  first  power  of  the 
ellipticity. 

Then  we  have  an  approximate  investigation  of  the  attraction  of 
an  oblatum  on  any  external  particle;  this  problem  is  treated  in 
Clairaut's  manner:  see  Clairaut's  pages  236... 239,  or  Art.  335. 

Friai  refers  to  the  criticism  of  Short  and  Murdock  on  his  sup- 
posed discovery  of  an  error  in  Newton;  see  Arts.  533  and  534. 
Frisi  however  does  not  admit  the  accuracy  of  the  criticism ;  he 
says; 

Iftevum  bujnamodi  cap.  6.  dlsMftatioQis  de  I^gnm  Term  a  nobis 
jam  adootatum,  in  Transact,  aani  1753.  exousare  voluenint  Clariss. 
Short,  et  Murdock,  postrema  Nevtonl  verba  in  eadem  rcdione  ^uam 
proxime  intelligeates  de  rationia  continuitate,  nou  de  identitate  cum 
ratione  semiaxiom :  qui  tamen  sensua  allati  textna  minime  videtur  ease. 

664.  The  fourth  Chapter  is  entitled  De  CB^tlibrio,  et  lege  ter- 
restrium  jxmdervm;  it  occupies  pages  17o.'-189. 

Here  we  have  first  a  proposition  and  corollaries  which  belong 
rather  to  a  rude  theory  of  the  tides  than  to  our  subject 

Next  we  have  an  approximate  investigation  of  the  ratio  of  the 
axes,  in  order  that  an  oblatum  of  rotating  fluid  may  be  in  relative 
equilibrium. 

Then  it  is  shewn  that  if  the  Earth  be  homogeneous,  or  be 
composed  of  spheroidal  strata,  the  weight  of  a  given  body  on  the 
surface  of  the  Earth  will  increase  in  passing  from  the  equator  to 
the  pole;  the  increment  varying  as  the  square  of  the  une  of  the 
latitude. 
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For  a  particular  case  Frisi  fiuds  that  we  may  reasonably  satisfy 
the  observations  by  supposing  the  Eai-th  to  consist  of  a  sphere 
having  the  minor  axis  for  diameter,  and  of  an  outer  portion  ; 
each  of  the  two  j^ortions  being  homogeneous,  but  the  density  of 
.  the  sphere  to  the  density  of  the  outer  portion  as  1  +  ^  is  to  1. 
See  his  pages  183.. .185. 

On  his  page  186,  Frisi  draws  attention  to  a  point  as  to  which  be 
differed  with  Newton.  He  had  already  referred  to  this  by  anticipa- 
tion on  his  page  174,  where  he  says  Omnino  falsum  est  illud,  quod 
in  Prop.  38.  Lib.  3.'  assumpserat  Newtonus,...  We  will  return 
to  this  point  when  we  give  an  account  of  Frisi's  CosmoginpKia. 

665.  On  hia  pages  224. ..235  Frisi  has  a  Chapter  entitled 
De  variationibus  Maria,  quce  oriri  possuni  ex  Sols  aut  Luna.  The 
first  half  of  this  Chapter  bears  cather  more  on  our  subject  than 
the  title  might  seem  to  indicate;  but  we  will  reserve  our  notice  of 
it  until  we  speak  of  the  Coemographia. 

666.  Frisi  himself  gave  an  account  of  the  contents  of  his 
work  before  it  was  published;  this  account  is  contained  on  pages 
514...530  of  the  Bologna  Commentarii,  Vol  v., part  2, 1767.  This 
account  adds  nothing  to  our  subject.  Frisi,  on  page  522,  draws 
attention  to  the  two  points  at  which  he  differs  with  Mewton :  see 
Arts.  663  and  664. 

667.  Judging  from  the  part  of  Frisi's  work  which  I  have  thus 
had  to  examine,  I  should  say  that  it  may  be  considered  to  have 
formed  a  reasonably  good  elementary  treatise  at  the  time  of  its 
appearanca  It  contains  however  none  of  the  higher  researches 
which  Clairaut  had  given  bb  to  the  Figure  of  the  Earth,  when 
supposed  to  be  heterogeneous ;  and  thus  the  promise  held  out  in 
the  Preface  of  conducting  the  reader  to  the  summit  of  physical 
astronomy — ad  sununum  Physicse  celestis  apicem— is  scarcely  ful- 
filled. 

668.  We  have  now  to  notice  the  second  work  by  Paul  Frisi. 
It  is  in  two  quarto  volumes.  The  first  volume  is  entitled  Cosmo- 
graphicB  FhygtccB,  et  Mafhematioce  Rirs  prior  Motuum  periodicorum. 
theoriam  con^nens.    The  second  volume  is  entitled  Coamograpkia 
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Physica,  et  MdthemaiiccB  /iirs  altera  De  Itotationw  Motu  et  Pk<E- 
nomenis  inde  pendentihus. 

The  work  waa  published  at  Milan;  the  first  volume  is  not 
dated ;  the  second  is  dated  1775.  The  first  volume  contains  266 
pages,  besides  a  pa^e  of  errata,  and  the  Title,  Dedication,  and 
Index  OB  6  pages.  The  second  volume  contains  276  pages,  besides 
the  Title,  Dedication,  and  Index  on  6  pages.  Each  volume  has 
three  plates  of  figures. 

669.  It  is  well  known  that  in  what  is  called  the  Jesuits' 
edition  of  Newton's  Frincipia,  there  is  a  note  by  the  editors  in 
which  they  profess  their  submission  to  the  decrees  issued  by  the 
supreme  i'onti£&  agtunst  the  motion  of  the  Earth,  although  in 
commenting  upon  Newton  they  were  obliged  to  adopt  the  same 
hypothesis  as  he  did.  I  do  not  know  at  what  date  these  decrees 
of  the  supreme  Ponliflfe  were  first  allowed  to  be  disregarded. 
Certainly  in  the  present  work  Prisi  has  no  hesitation  in  adopting 
the  truth  as  to  the  Earth's  motion;  his  language  seems  much  more 
decisive  than  it  was  in  his  former  work.  We  have  the  following 
■words  on  page  28  of  Vol  L  of  the  Cogmographia: 

Oalilaeua  Martem,  et  Venerem  moveri  circa  Solem  oertissime  ex 
eoraiudein  pliasibus  collegit  Totum  vero  Telluria  moUe  siatema  novo 
hoc  analogia  ai^mento  confinnatain  ita  in  dialogis  vindicavit,  adorna- 
▼itque,  nt,  qua  in  physicia  rebus  certitudiae  fieri  poterat,  ostenderit 
Pl&netas  qninque  primarioa  eimal  cum  Terra  motu  periodico  ab  occi- 
deute  in  orientem.  reyolvi  circa  Solem  in  plania  tranaeuutibuB  per  Solem 
ipBum,  et  pamm  dehiBcentibas  a  se  iuTioem :  Lunaui  ab  occidente  pariter  , 
in  orientem  revolvi  circa  Solem,... 

The  context  shews  that  the  last  word  Solem  is  a  mistake  for 
Tmram, 

670.  The  Coamograpkia  may  be  considered  as  an  enlarged 
edition  of  the  treatise  De  Qravitate,  of  which  we  have  already 
given  an  account.  The-  part  of  the  Cosmographia  with  which  we 
are  concerned  consists  of  pages  SS-..^^,  and  207.. .219  of  the 
second  volume. 

671.  The  pages  83.. .142,  form  the  Second  Book  of  the  second 
volume.  This  Book  consists  of  an  introductory  portion  followed  by 
four  Chapters. 


izedbyGoOt^IC 


430  FRISI. 

The  introdactory  portion  occupies  pages  83... 92.  This  gives 
an  account  of  the  various  lueasuremeDts  of  area  on  the  Earth's 
suriace  up  to  the  current  date. 

The  following  important  passage  relative  to  the  errors  which, 
might  arise  from  the  use  of  a  zenith  sector,  occurs  on  page  88 : 

...certo  antem  ostendtt  Clariss.  Maskelinius  cum  in  expeditioiie  ad 
iiUDlani  S.  HelentB  pro  paralla,zi  Sirii,  aliisque  Caillii  oliservationibaa 
recogDOBceudia  suscepta  deprehendit  lis  Bectonbus,  quibus  Maupertuisiun, 
aliique,  ad  meoBiusni  gradiium  usi  fuerant,  frictioDem  fili  ex  instrunienti 
centre  Buepenst  errorem  3",  aut  4"  in  partes  adveraas  qnandoque  pa- 
rere :  ut  fuse  a  summo  ipso  Astronomo  cum  Grenovicii  eaeem  aocepi. 

The  substance  of  this  passage  occurs  also  in  the  De  Gravitate, 
page  140;  but  the  words  from  ut  fuse  to  the  end  are  not  given 
there. 

IVisi  notices  that  the  arc  measured  at  the  Cape  of  Qood  Hope 
by  La  Caille,  was  longer  than  might  have  been  expected  from  the 
results  of  other  measurements.  He  suggests  that  this  may  be 
owing  to  the  circumstance  that  the  continent  of  Africa  supplies 
an  excess  of  matter  toward  the  end  of  the  arc  which  is  nearer  to 
the  equator  when  contrasted  with  the  ocean  near  which  the  other 
end  of  the  arc  is  situated.  Thus  the  plumb  line  at  the  end  of  the 
arc  which  is  nearer  to  the  equator  may  be  considered  to  be  affected 
as  it  would  be  by  a  range  of  mountains  at  the  equator;  so  that  the 
•amplitude  of  the  arc  would  be  rendered  a  little  too  short.  This 
suggestion  was  also  made  by  Cavendish ;  see  the  Philosophical 
Transactions  for  1775,  page  328.  We  have  spoken  of  the  modem 
remeasurement  of  the  South  African  arc  in  Art.  642. 

672.  The  first  Chapter  is  entitled  Be  dimenaione  graduum,  et, 
qua  imde  coUigitur,  Figura  Terrce;  it  occupies  pages  92, .,104. 

This  Chapter  corresponds  to  the  first  Chapter  which  we  ex- 
amined in  the  former  work ;  see  Art  661.  Frisi  maintains,  as 
before,  that  all  the  measurement  hitherto  made  agree  reasonably 
well  with  the  ratio  of  the  axes  assigned  by  theory  for  sn  obtatum 
of  fluid,  namely  that  of  231  to-  230. 
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673.  The  second  Chapter  is  entitled  De  aqiiitibrio  particwia- 
rum  omnium  sese  traJientium:  it  occupies  pages  104. ..113.  This 
Chapter  corresponds  to  the  second  Chapter  of  Uie  fonner  vork: 
see  Art.  662. 

There  is  a  slight  mistake  in  the  second  corollary  on  page  112. 
The  mistake  is  not  of  much  importimce,  but  the  correct  ex^Hres- 
sions  ioTolved  are  often  useful:  see  Art.  596. 

Suppose  a  body  acted  on  by  a  reiy  distant  particle  of  Diaes  3f. 
Take  a  fixed  point  in  the  first  body  as  origin ;  and  let  the  axis 
of  X  pass  through  the  second  body.  Let  k  represent  the  distance 
of  the  particle  of  mass  M  from  the  origin. 

Then  the  action  of  Jl/  at  a  point  (jf,  y)  will  be  equivalent  to 
^D, — '  parallel  to  the  axis  of  x,  and  -  -*J^  parallel  to  the  axis 

of  y;    where  S'={k  —  xy+^:   both  resolved   attractions  being 
estimated  outwards. 

£xpand  and  neglect  powers  of  r  and  ^  above  the  first.     Thua 

we  obtain  p  +  —jt-  parallel  to  the  axis  of  x,  and  — 0  parallel  to 
the  axis  of  y. 

ary  Theory  we  may  say  that  we  have  as  disturbing  forces,  —fi- 


Frisi's  mistake  consists  in  changing  the  coefficient  2  tu  S. 

We  may  if  we  please  arrange  these  disturbing  forces  differently. 

2Mx     Zifx     Mx  ^L  ^        u        ^^'^ 

Smce  -p-  =  -J, J,- ,  we  may  say  that  we  have  -^-  parallel 

to  the  axis  of  x,  besides  —  -tj-  and  —   „-  parallel  to  the  axes  of  x 

andy  respectively:  then  the  latter  two  maybe  combined  into  a 

single  force  towards  the  origin.     Thus  finally  we  have  -„    parallel 

to  the  axis  of  x,  and  — ~^ — ^  towards  the  origin. 
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Or  we  may  if  we  please  arrange  these  disturbing  forces  in 
My     2My     BMy 
aDOtner  way.     bince  — m  ~  ~~ia jj~>  ^®  ™^y  ^^7  *"**■  ^^ 

have Tji  parallel  to  the   axis  of  y,  besides  — ^j-   and  —^ 

parallel  to  the  axes  of  x  and  y  respectively :  then  the  latter  two 
may  be  combined  into  a  single  force  towards  the  origin.     ThtM 

finally  we  have  —  -p-  parallel  to  the  axis  of  y,  and  7? — 

from  the  origin. 

674.  The  third  Chapter  is  entitled  Ve  fpkcerarum,  spkeroi- 
dumqite  attractUme;  it  occupies  pages  114.. .123.  This  Chapter 
corresponds  to  the  third  Chapter  of  the  former  work  :  see  Art.  663. 

Frisi  retains  his  opinion  noticed  in  that  Article  as  to  the 
supposed  error  of  Newton. 

675.  The  fourth  Chapter  is  entitled  De  Planetarum  Figura, 
qwB  ex  cequilibrii  tegibus  coUigitur;  it  occupies  pages  123. -.142. 
This  Chapter  corresponds  to  the  fourth  Chapter  of  the  former 

work :  see  Art.  664.     The  ■=  of  Art.  664  is  now  replaced  by  rr  ■ 

676.  I  will  now  explain  the  difference  between  Frisi  and 
Newton  to  which  I  have  alluded  in  Art.  663 :  Frisi  refers  to  it  on 
his  page  135. 

Let  m  denote  the  mass  of  the  moon,  M  that  of  the  Earth, 
k  the  distance  between  their  centres. 

.  Suppose  the  moon  to  be  a  homogeneous  fluid ;  then  the  surface 
of  the  moon  may  be  in  the  form  of  an  oblongum  with  the  longer 
axis  directed  to  the  £arth. 

Let  6  denote  the  minor  semiaxis  of  this  oblongum,  and  h+h  the 
major.  Suppose  the  centre  of  the  moon  brought  to  rest;  then  we  may 
consider  that  besides  the  attraction  of  the  Farth,  there  is  a  central 

disturbing  force,  and  also  the  disturbing  force  —7^  as  in  Art.  673. 

Then  if  we  proceed  as  Newton  did  for  determining  the  figure  of 
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the  Earth,  or  in  some  more  analytical  method,  we  shall  obtain 
approximately 

3Mb 

S     4'   m         4  *m  'ff' 
V 

15  M^ 

There  is  no  difference  of  opinion  as  to  this  result ;  it  ^rees 
with  one  obtained  by  D.  Bemonlh  in  hb  Eesay  on  the  Tides, 
Chapter  rv.  Article  8.  It  is  also  consistent  with  Newton's  result 
in  the  Prindpia,  Book  m.  Proposition  36. 

The  simplest  way  of  connecting  the  result  with  Newton's  in- 
vestigations is  to  adopt  the  last  method  of  airanging  the  disturb- 
ing forces  given  in  Art.  673;  so  that  we  have  a  central  force  and 

also  a  force rf-  parallel  to  the  axis  of  y.  Then  in  Art  28  cor- 
responding to  a  centrifugal  force  which  may  be  denoted  by  et*y  we 
obtfuned  an  oblatum  in  which  «  =  ^ ;  and  now  corresponding  to  a 
disturbing  force  — ^  we  obtain  an  dblonffum  with  a  similar 
value  for  the  eUipticlty, 

Now  proceed  in  a  similar  way  to  determine  the  figure  of  the 
Earth,  supposed  fluid,  under  the  acUon  of  the  moon. 

Let  B  and  B+S  denote  respectively  the  semiazes  of  the  ob- 
longum ;  then  we  have 

„    15  m  5* 

Hence,  by  division. 

This  result  is  given  by  FrisL  Bui  Newton  in  his  Principia, 
Book  m.  Proposition  38,  asserts  in  &ct  that 

M     m  .8" 
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It  18  dear  that  Frisi  is  right ;  but  I  do  not  know  of  any  com- 
mentator on  Newton,  who  hae  accepted  the  correction.  Some 
further  information  on  the  eubject  will  be  found  in  a  paper 
publiebed  in  the  Monthly  Notices  of  the  Royal  Astronomical 
Society,  Vol.  xxxu.  pages  2S4...236. 

677.  In  bia  pages  140. ..142  Frisi  treats  on  the  attraction  of 
mountaiuB;  he  refers  to  what  D'Alembert  had  given  on  the  subject 
in  the  sixth  volume  of  his  Opwcvlea  MathSmatiques.  Frisi  in 
these  pages  uses  the  notation  of  the  Differential  Calculus  which 
does  not  occur  in  the  other  parte  of  his  work  that  have  come  under 
our  examination.  Frira  throws  doubta  on  the  genuineness  of  those 
observations  to  which  D'Alembert  drew  attention :  see  Art.  594. 

678.  Frisi's  pages  207.. .219  form  a  Chapter  entitled  Be 
cequilibrio  fluidorum  nueleoa  aphcBroidicos  circumambientium. 

This  Chapter  presents  in  an  improved  and  enlarged  form  the 
propositions  bearing  on-  our  subject  to  which  we  referred  in 
Art.  665. 

Frisi  first  shews  that  the  attraction  at  any  point  of  the  surface 
of  a  nearly  spherical  oblatum  or  oblongum  consists  of  a  central 
force  together  with  a  small  force  parallel  to  the  major  axis.  Then 
he  considers  the  case  of  a  spherical  nucleus  surrounded  by  fluid, 
the  whole  rotating  with  uniform  angular  veloaty.  Next  he  sup- 
poses the  nucleus  to  be  an  oblatum  or  an  oblongum;  this  investi- 
gation includes  the  preceding  as  a  particular  case.  The  result  at 
which  Frisi  arrives  amounts  to  the  same  as  that  which  I  have 
stated  at  the  end  of  Art.  374 ;  bis  investigations  are  fairly  satis- 
factory. 

On  his  pages  215  and  216,  Frisi  arrives  at  results  respecting 
what  we  should  now  call  the  stahUity  of  the  relaUve  equHibriumt 
which  resemble  those  of  D'Alembert :  see  Art  567.  Frisi's  in- 
vestigations on  this  matter  however,  as  might  be  expected,  are 
rather  rude ;  they  were  not  given  in  his  former  work,  and  were 
doubtless  suggested  by  the  sixth  volume  of  D'Alembert's  Opuscules 
MaihSmatiqvea,  to  which  Frisi  refers  on  bis  page  219.  Frisi  refers 
also  on  this  page  to  BoBCOvich,  respecting  the  same  matter,  saying 
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'^  de  quibuB  casibuB  plura  ingeniose  acripeerat  BoBCOTichius."  Frisi 
however  does  not  say  that  his  own  conclusion  does  not  agree  with 
that  of  Bosoovich ;  the  latter,  as  we  have  stated  in  Art.  470,  held 
that  the  oblongum  could  not  be  a  stable  form,  whereas  Frisi  holds 
with  D'Alembert  that  it  is  so  in  a  certain  case :  see  Art.  590. 

On  his  page  210  Frisi  attempts  to  investigate  the  approximate 
cspressiona  for  the  attraction  on  a  j)article  outside  an  oblatum 
resolved  at  right  angles  to  the  straight  line  drawn  to  the  centre, 
supposing  the  particle  very  near  the  plane  of  the  equator :  but  I 
cannot  consider  his  process  satisfiuitory:  see  Art.  321, 

679.  Friei's  Fifth  Book,  entitled  Be  Atmoyyhcera  Planetarum, 
occupies  pages  231... 271  of  the  second  volume  of  his  Coamoffraphia. 
It  b  not  really  a  part  of  our  subject,  and  I  have  not  examined 
it  throughout.  I  will  however  make  some  remarks  on  certain 
passages. 

Frisi  deduces  in  a  satisfactory  manaer  the  result  which  we  may 
thus  express  in  modern  language:  if  we  omit  all  consideration 
of  centrifugal  force  the  height  of  the  atmosphere  vrill  be  infinite. 
But  then  he  seems  to  be  frightened  at  his  own  result,  and  makes  a 
remark  which  amounts  to  saying  that  his  investigation  does  not 
hold.    See  his  page  240. 

The  subject  seems  to  have  been  regarded  as  paradoxical  by 
some  of  the  mathematicians  of  the  eighteenth  centuiy.  See  for 
instance  Fontana's  Rtcercke  aopra  diverai pwnH...,  pages  89. ..105. 
Fontana  refers  to  an  error  committed  by  David  Gregory;  Frid 
without  mentioning  a  name  seems  to  refer  to  the  same  point  in  bis 
second  Corollary  on  page  239. 

Fontana  also  finds  fault  with  section  36  of  a  memoir  by  Flay- 
&ir,  in  the  Edinburgh  Tranaaetiona  for  1788;  but  it  seems  to  me 
that  Fontana  misunderstands  what  is  said:  Playfair  wishing  to 
shew  that  the  height  of  the  atmosphere  is  infinite  attains  his  end 
by  supposing  that  the  density  is  zero,  for  then  bis  formula  gives  the 
inadmissible  consequence  that  the  radius  of  the  earth  is  infinite. 
He  is  however  not  so  clew  as  he  might  be  on  the  matter,  and 
Fontana  takes  him  to  make  the  hypothesis  that  the  radius  of  the 
earth  is  infinite.     Fontana's  words  are : 
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n  Sig.  GioTumi  FUy&ir...uifeFiBce,  che  0  semidiametro  terrwtie  r 
i  infiDito^  e  di  qui  che  lAe  aihmoaphere  on  tktM  tuppoaiiion  admitM  of  no 
Utnit,  UIozioDe  visibilmente  asaurda  eneoda  ooatro  il  &tto,  e  1&  nfttiuu 
delle  cose  il  dare  a1  semidiametro  delta  terra  una  lunghe^  infinita. 

Frisi  obtains,  in  bU  pages  254  and  255,  an  equation  to  deter- 
mine  the  limit  of  the  atmosphere;  the  e<]uation  representing  the 
generatdng  curve  of  the  bounding  figure.    This  equation  is 

(3o*-fl0'{a^ +  ?*)  =  *«*. 
where  a  represents  the  equatorial  eemiaxie.  This  threes  with 
what  we  have  already  given :  eee  Art.  640.  Frisi,  in  fact,  deter* 
mines  one  of  the  two  constants  there  occurring,  inasmuch  as  he 
supposes  the  surface  to  pass  through  the  points  where  the  centri- 
fugal force  becomes  equal  to  the  attraction. 

frisi  says  in  bis  page  257,  with  respect  to  this  equation, 
...atmOBphero  fi^uram ex  limitibaB  altitudinis  ucdedozimiu  nt  rami 
omnes  excurrentes  ad  infinitum,  et  caaoe  alii  ramontm  daplicium  pns- 
clodwentar,  quoa  D.  Mairau  in  tractatu  de  Aurora  Boreali  ennme- 
raverat. 

680,  A  collection  of  works  by  Friai  was  published  at  Milan 
in  three  volumes  quarto;  the  fint  volume  appeared  in  1782,  the 
second  in  1783,  the  third  was  issued  by  the  author's  brothers  in 
1785  after  his  death. 

We  are  concerned  only  with  the  third  volume  of  these  works, 
which  is  entitled  iltWIi  Frisii  Operum  fomua  tertiua  Coamogra- 
phiam  Physicam,  et  Mathemaiicam  contiTiena.  It  contains  561 
pages,  besides  the  Index  on  3  pages,  and  the  Title  and  Dedication 
on  6  pages ;  there  are  3  plates  of  figures. 

681,  The  Second  Book  of  this  volume  is  entitled  De  Figura 
Terra  et  Planetarum;  it  occupies  pages  117.. ,184.  This  may  be 
described  as  a  republication  of  the  Second  Book  of  the  second 
volume  of  the  Cosmographia,  with  some  onussionB  and  some 
additions ;  the  changes  however  are  of  little  importance.  We  may 
therefore  refer  to  tiie  notice  already  given  of  the  Coamographia 
in  Arts.  668.. .679;  and  shall  only  add  a  few  remarks  on  some 
points  of  interest. 
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682.  On  his  pages  164  and  165,  Frisi  diecusses  the  problem 
of  the  solid  of  revolution  of  ^ven  volume  and  mazimiim  attraction. 
He  arrives  at  the  following  differential  equation  for  the  generating 


suggest  themselves. 

(1)  Frisi  makes  do  reference  to  an  incorrect  investigation 
which  he  had  formerly  given;  to  this  we  shall  return  in  the  next 
Chapter :  see  Art  686. 

(2)  In  enunciating  the  problem  he  implies  that  the  gene- 
rating curve  is  to  pass  through  two  fixed  points;  but  he  pays  no 
attention  to  this  condition  in  his  solution.  If  I  had  been  acquaint- 
ed with  this  passage  of  Frisi's  work  when  I  published  my  Be- 
searches  in  (A«  Calculus  of  Variations  I  should  have  noticed  it  then. 
Compare  page  123  of  that  work. 

(3)  Frisi  in  a  CoroUaiy  adverts  to  the  solution  given  by 
Silvabelle:  see  Art.  531.  Frisi  seems  to  think  that  the  results 
obtained  by  himself  and  Silvabelle  do  not  agree:  for  he  uses  the 
words  "formularum  diversitatem."  But  Silvabelle's  result  is 
a*a;~  (x*+i/*)',  where  a  is  a  constant;  and  if  we  differentiate  this, 
and  eliminate  a,  we  obtain  Frisi's  result.  Frisi  then  objects  to 
Silvabelle's  solution.  The  objection  amounts  to  saying  in  modem 
language  that  Silvabelle  confounds  dy  witbSy.  Silvabelle's  process 
however  is  quite  sound,  if  we  are  careful  to  understand  it  properly. 

683.  We  may  notice  the  points  in  which  Frisi  makes  special 
reference  to  Newton. 

(1)  The  passage  which  I  have  quoted  in  Art.  662  now  ap- 
pears on  page  153,  thus: 

Datuel  Benioallias...Bcnte  dixerat  Newtono  trans  velnm  edam  ap- 
pamiflM  qtue  vix  ab  alils  microecopii  subeldio  distangai  posBnnt. 

(2)  Frisi  retuns  his  opinion  as  to  the  supposed  error  of 
Newton:  see  Arts.  663  and  674. 

(3)  Frisi,  with  more  justice,  retains  his  opinion  as  to  the  other 
point  on  which  he  differed  with  Newton:  see  Art  676.    Frisi 
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says,  in  reference  to  tbis,  on  his  page  170,  "qui  Newtoni  locos  a 
nemine  antea  fiierat  emendatus." 

684.  We  may  observe  that  the  names  of  Lagrange  and 
Ijaplace  are  now  mentioned  by  Frisi:  see  bis  p^es  153  and  166. 

In  Friai's  pages  190.. .204,  we  have  reproduced  with  some 
additions  the  matter  contained  in  pages  207...219  of  the  Coatno- 
graphia:  see  Art.  678. 

All  the  three  works  by  Frisi  which  we  have  noticed  are 
printed  on  stout  durable  paper.  Either  the  general  public  must 
have  received  them  with  a  &vonr  not  usuaUy  be^wed  on  mathe- 
matical treatises,  or  they  must  have  obtained  the  private  patronage 
of  wealthy  persons;  for  the  expenses  of  producing  them  could 
Bcarcely  have  been  otherwise  sustained. 
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CHAPTER  XVIII. 


MISCBLLANEOtJS  INVE8TIGATI0NB  BETWEEN  THE 
YEARS  1761  AND  1780. 


685.  The  present  Chapter  will  cont^D  an  account  of  various 
miscellaDeouB  investigations  between  the  years  1761  and  1780. 
The  6rst  three  of  Laplace's  memoirs  relating  to  our  subject  were 
published  diuing  this  period,  but  it  will  be  convenient  to  defer  our 
notice  of  them  until  the  next  Chapter. 

686.  In  the  Novi  Commentarii...St  Petersburg,  Vol.  vit, 
which  is  dated  1761,  there  is  a  paper  by  Frisi,  entitled  De  Pro- 
blematis  (pii3m8dam  isoperimetrida :  it  occupies  pages  227.. .234  of 
the  volume. 

This  paper  belongs  to  the  e^ly  history  of  the  Calculus  of 
Variations,  and  not  to  our  subject.  I  advert  to  it  however  be- 
cause on  his  last  page,  Frisi  alludes  to  Silvabelle's  problem  and 
two  others  of  the  same  kind,  but  without  referring  to  Silvabelle: 
see  Art.  531.  In  particular,  Frisi  states  definitely  his  result  for 
Silvabelle's  problem.  But  this  result  is  wrong ;  and  in  fact  the 
whole  page  is  vitiated  by  an  error  which  occurs  at  the  top.  It 
will  be  found  that  in  his  notation  he  has  neglected  to  allow  for  the 
change  of  TL  into  FL. 

687.  An  academical  essay  was  published  at  Tubingen  in 
1764,  entitled  JHsaertatio  J^ifsico-MathemaHca  de  rations  pon^ 
denan  subpolo  et  cequatore  TeUiiris...aiictor  Wolffgemgue Ladovicua 
KraffU  This  consists  of  28  pages  in  small  quarto,  with  a  page  of 
diagrams.  It  appears  from  the  last  pf^  of  the  essay  that  the 
&ther  of  the  auUior  had  been  a  professor  at  Tabingen. 
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688.  The  mechanical  [KiiicipleB  involved  in  the  essay  are  not 
always  Bound,  Thns  in  the  first  paragraph  the  author  aeems  to 
think  that  the  time  of  Japitei's  rotation  <m  his  axis  ia  deteimined 
by  EepWa  Third  Law ;  for  he  says : 

Fan  modo  in  Jore^  et  mnlto  quidem  major,  duunutrunim  inse- 
qoalicas  a  Caadni  et  FlamBteedio  detecta  est,  cnjus  diamam  drca 
azem  oonremDiiem  cnm  pins,  qoam  dnplo  celeriorem  nostra,  ostendat 
■agacueimi  £epplesi  regtda,  qoadrata  temporom  peiiodicoruin  esse  ot 
oobofl  diBtantiarom  a  lole... 

689.  For  another  example,  we  may  take  some  remarks 
which  the  author  makes  involving  centrifugal  force.  Suppose  a 
sphere  of  radius  a  to  rotate  with  unifoim  angular  velocity;  let 
/denote  the  attraction  at  any  point  of  the  surface,  and  ^  the  cen- 
trifugal force  at  the  equator:  then  at  a  point  on  the  euT&ce  in  lati- 
tude X  the  gravity  will  be  approximately/— ^co3*  X.  So  far  Krafil 
is  correct.  Now  produce  the  radius  vector  of  the  place  to  a  point 
at  the  distance  x  from  the  centre.  Then  he  reduces  the  expres- 
sion for  gravity  in  the  ratio  ot  e^  to  a^,  and  takes  for  the  centrifugal 
force  resolved  along  the  radius  vector  the  usual  expression :  thus 

he  obtains  for  the  gravity  -^(f—^co&'\)  —  ^cos*X.    But  it  is 

obvious  that  he  has  thus  introduced  the  centrifugal  force  twic^ 
once  erroneously  and  unnecessarily.    The  expression  for  gravity 

should  he  -^ <f>  cos*  \.    This  error  occurs  on  pages  8  and  10. 

On  page  10  he  assigns  the  distance  from  the  centre  at  which 
gravity  would  vanish;  but  the  result  depends  on  his  erroneons 
formula,  and  is  therefore  wrong. 

690.  But  it  is  curious  that  Erafit  avoids  this  mistake  in  a 
problem  which  he  discusses.  The  problem  would  be  expressed 
thus  in  modem  langut^ :  to  find  the  lines  of  force  outside  a 
sphere,  supposing  that  the  sphere  attracts,  and  that  there  is  also 
a  force  of  the  nature  of  centrifugal  force. 

Take  the  axis  of  x  for  that  which  would  correspond  to  the 
axis  of  rotation ;  let 


\ 
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Then  we  have  to  determine  a  curve  from  the  equation 
X'  Y' 

that  is  ^    -~ — 1^  =  cydx. 


{a^  +  f)*  ' 


where  c  is  put  for 


>'■ 


KraSl  obtains  this  differential  equation;  to  integrate  it  he 
Bumos  y  = ^ ~ ,  this  gives 

car  da  =  = s: 


that  18         —a-  +  conataat  =  log  -.;  _>  .  ^Z ,-.",■  ■=;. 

Krafft  gives  the  seoond  term  on  the  right-hand  side  incorrectly ; 
see  his  page  12. 

Kraffi;  does  not  enunciate  his  prohlem  in  our  modem  knguagEw 
According  to  him  a  tower  is  to  be  built  on  the  Earth's  surface,  in 
such  a  manner  that  there  is  to  be  no  force  at  any  point  tending 
to  overturn  it :  in  other  words,  the  force  at  any  point  of  what  we 
may  call  the  axis  of  the  tower  is  to  be  along  the  tangent  to  the 

691.  EraSl  shews  that  the  increment  of  gravity  in  proceeding 
from  the  equator  to  the  pole  varies  as  the  square  of  the  sine  of  the 
latitude  very  approximately ;  his  method  closely  resembles  that 
given  by  Boscovicb,  and  is  liable  to  the  same  remark :  see  Art.  467. 
Moreover,  the  theorem  which  Krafft  uses  as  the  foundation  of  his 
method  is  that  to  which  we  have  drawn  attention  in  Art  34,  and 
this  asBumes  that  the  Earth  is  in  the  form  of  a  fluid  rotating  in 
relative  equilibrium.    But  Kraffl  has  said  nothing  about  fluidity, 
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SO  that  an  incautious  reader  might  suppose  him  to  be  afiSmung 
some  propodtioQ  relative  to  the  attraction  of  an  ohlattun. 

692.  The  main  part  of  the  essay  however  is  the  detenninatitm 
of  the  attraction  of  an  oblatum  at  the  pole  and  the  equator ;  this 
is  finally  accomplished  to  the  order  of  the  square  of  the  eLIipticity : 
aee  his  pages  14.. .20,  . 

He  first  calculates  the  attraction  of  an  elliptic  lamina  on  a 
particle  directly  over  the  centre  of  the  lamina.  Thus  his  problem 
is  the  same  as  Euler  had  already  considered,  and  KrafiFt  iavesti- 
gatea  it  in  a  similar  way,  hut  there  is  no  reference  made  to 
Euler :  see  Art.  229. 

If  we  put  X  for  ■-,,,  ,  ..■ ,  we  shall  find  by  that  Article  that  if 
we  neglect  X*  and  higher  powers  of  X,  the  attraction 

Of  the  three  integrals  which  this  involves,  KraSt  worfcs  out 
the  firat  in  the  laborious  way  which  Euler  adopted ;  he  merely 
states  the  v^ues  of  the  other  two  integrals. 

We  have  obtained  the  first  and  the  second  by  a  simple  method 
in  the  Article  cited.     The  third  may  be  easily  given.     We  have 

ira*     trc*a'     ire*  fV(tt'  +  c*)      ,) 
"l6  ~    4     +  2    t       c  ^r 

Thus  ErafiFfc  obtains  a  very  approximate  value  of  the  attraction 
of  the  elliptic  lamina ;  but  he  speaks  on  his  page  IS  as  if  he  had 
thus  obtained  the  accurate  value.  Then  knowing  the  attraction 
of  the  elhptic  lamina,  he  proceeds  to  calculate  that  of  an  oblatum 
-at  the  equator  and  at  the  pole ;  his  investigation  is  rather  intricate 
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but  it  is  correct,  and  his  final  reaults  are  in  exact  agreement  vith 
those  given  towards  the  end  of  Art.  229. 

It  is  strange  however  to  see  this  tedious  approximate  Bolution 
of  the  problem  of  the  attraction  of  an  oblatum  at  its  equator  and 
pole  so  long  after  the  exact  formulae  had  been  obtained  by 
Maclaurin  and  by  Simpson. 

693.  Kn^  says  that  if  we  take  the  polar  axis  to  be  to  the 
equatorial  as  100  is  to  101,  we  find  that  the  attraction  at  the  pole 
is  to  the  attraction  at  the  equator  as  134396  \&  to  134129,  that  is 
approximately  ae  509  is  to  508.  It  seems  to  me  that  by  his 
formuhe  the  ratio  should  be  that  of  352790  to  352091,  that  is 
approximately  that  of  505  to  504:  moreover  the  approximation 
of  509  to  508  does  not  follow  from  his  first  figures. 

694.  Some  miscellaneous  observations  on  mathematical  topics 
occupy  pages  21.  ..27  of  the  essay.  They  do  not  seem  to  conttuu 
anything  of  interest  except  a  statement  relative  to  the  series 
1,  3,  4,  7,  11,  18,.,.  in  which  each  term  is  the  sum  of  the  two 
preceding.  This  series,  according  to  KraSt,  was  introduced  by 
Daniel  Bernoulli  in  his  Uxercitationea  Mcdhematica,  who  gave  a 
formula  for  the  sum  of  a  finite  number  of  terms,  the  value  of  the 
last  term  being  given.    Let  p  denote  the  last  term,  then  the  sum  is 

3  [3p—  6  +  VC^p*  ±  20)},  where  in  the  ambiguity  the  upper  or  the 

lower  sign  is  to  be  taken  according  as  the  number  of  the  terms  is 
odd  or  even.  KraSt  adds:  "Sed  nuUo  artificio  detegi  potest 
terminns  generalis."   Sut  this  statement  is  very  strange ;  for  if  we 

put  a  for  — 5^ ,  and  yS  for  — ^ —  i  it  can  be  easily  shewn  that 

the  nth  term  of  the  series  is  a'  +  /3*.  The  sum  of  n  terms  can 
then  be  readily  obtiuned,  and  shewn  to  agree  with  the  expressiou 
pven  above. 

The  series  occurs  on  page  7  of  tJie  ExercUalwneB  Mathematitxe, 
and  there  D.  Bernoulli  seems  also  to  state  that  the  general  term 
cannot  be  expressed.    He  says  : 

...anioam  seoiem  exempli  loco  afiawn  talem  1,  3, 4,  7, 11, 18,  29... 
in  qua  quilibet  terminns  duorum  prteoedeDtium  est  Bumma,  et  quam 
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nimqnaiQ  ad  tenmnmn  geueralem  reducl  posae  daxtonstratam  habeo  ; 
h»c  wriea,  qiumTis  Geometris  non  oonBiderata,  quod  souun,  ftttentione 
tam«u  diguissima  eat  ob  multcta,  quibni  gandet,  propriBtataa:... 

695.  Erafft'e  essay  does  not  contribute  in  any  way  to  the  ad- 
vancement of  the  subject;  in  &ct  the  author  by  bis  ignorance  of 
what  had  been  eEFected  by  Maclaurin  and  by  Simpson,  shews  that 
his  knowledge  was  below  the  level  it  might  have  reached.  The 
problem  which  we  have  noticed  in  Art.  690,  may  have  been  new 
at  the  time,  but  this  is  very  uncertain. 

The  address  of  the  President,  John  Kies,  to  the  author  of  the 
essay  may  be  preserved  as  a  specimen  of  the  academical  pleasantry 
of  the  last  century : 

OnTissimum  eflt  argnmentum,  tn^us  elaborationem  in  Xe  snscepiati, 
mitatos  Tuum  volatum  ^  Folo  ad  Aeqnatorem  Te  feliciter  mdiinnn 
gratulor,  oaloulonim  quos  evitare  non  licuit,  neqae  multitudo  neqn» 
pondera  Te  il  Tuo  tiamite  potuet'unt  avertere,  et  uti  in  Beries  eonim 
infinitas  incidieiti,  ita  ind«  reduci  Tibi  aeriem  prtMperitatis  et  fblicitatiB 
iufinitam  ex  animo  apprecor.  Seqnere  porro  vestigia  Celebemmi  Parentia 
rou  ^oKiifiirov,  Anteceasoris  niel  in  ofGcio  aoademioo  deaideiatistdmi. 
Vale  et  me  amare  perge  d.  8.  Octobr.  1764. 

696.  "We  next  notice  a  memoir  entitled  Pet.  von  Osterwald 
Sericht  ilher  die  vorgenommene  Measung  einer  Orwidlinie  mm 
MilJichen  Sts  Dachau.... 

This  memoir  is  contained  in  the  Aihandlai^en  der. .  .Baieriaehea 
Akademie.. .Yol  IL,  1764. 

It  occupies  pages  361. -.386  of  the  volume. 

The  base  line  to  which  this  memoir  relates  may  have  been 
useful  for  the  topography  of  Bavaria,  but  it  has  had  I  believe  no 
influence  on  our  subject.  The  base  waa  measured  twice;  the  first 
result  was  43824  French  feet;  the  second  result  was  10  feet  3 
inches  more.  Five  rods  of  fir-wood  were  employed,  each  12  feet 
long.  The  temperature  was  higher  on  the  average  at  the  second 
measurement  than  at  the  first ;  and  to  this  circumstance  Osterwald 
attnbutes  the  difference  of  the  result  He  ^ves  an  accoant  of 
experiments  to  shew  that  heai  contracted  and  cold  expanded  his 
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Tods:  bat  this  seems  very  strange,  and  probably  no  one  at  the 
present  day  would  accept  such  a  conclusion, 

697.  In  the  Fhihaophical  Transactions,  VoL  LVi.,  which  is 
for  the  year  1766,  published  in  1767,  we  have  a  memoir  entitled 
Proposal  of  a  Method  for  Measuring  Degrees  of  LongHude  upon 
Parallels  of  the  ..Squalor,  by  J.  Mickdl,  B.D.,  F.B.S.  The  mfflnoir 
occupies  pages  119.. .125  of  the  volume:  it  was  read  May  8, 1766. 

Micbell,  in  &ct,  proposed  to  measure  an  arc  perpendicular  to 
the  meridian  of  a  given  place ;  but  he  does  not  discuss  the  practi- 
cal difficulties  which  would  occur  in  attempting  to  execute  the 
design.  The  memoir  indeed  seems  to  belong  to  an  earUer  genera^ 
tion,  and  to  be  quite  out  of  date  in  1766. 

698.  We  have  next  to  notice  a  memoir  by  Canterzanus,  en- 
titled De  Attractione  Spkeera.  This  memoir  is  contained  in  Vol.  v., 
part  2,  of  the  De  Bo7umienei..,Academia  Commentarii,  published 
at  Bolt^na  in  1767;  the  memoir  occupies  pages  66. ..70  of  the 
volume. 

There  is  an  account  of  the  memoir  on  pages  175.. .177  of  the 
prehminary  portion  of  Yol.  v.,  part  1,  of  the  same  series ;  this 
account  is  by  Franciscus  Maria  Zanottus. 

Zaoottus  desired  to  ^ve,  as  an  appendix  to  a  book  on  central 
forces,  the  theorem,  that  accordiug  to  the  ordinary  law  of  attrac- 
tion a  sphere  attracts  an  external  particle,  as  if  the  mass  of  the 
sphere  were  collected  at  its  centre.  As  in  the  book  he  bad 
adopted  short,  simple,  Cartesian  explanations,  Zanottus  wished 
this  theorem  to  be  exhibited  in  hke  manner,  or  at  least  to  be 
established  by  a  strictly  synthetical  demonstration. 

It  seems  curious  that  at  this  time  a  book  should  have  been 
written  using  Cartesian  methods — Cartesianos  calculoa.  Moreover, 
it  is  difBcult  to  see  why  Zanottus  could  not  be  content  with 
Newton's  demonstration ;   but  to  this  he  does  not  allude. 

Zanottus  refeis  to  a  demonstration  by  Sigorgnius,  which  he 
condemns  as  unsatisfactory;  and  justly,  assuming  that  he  has 
reported  it  faithfully. 
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John  Bernoulli,  he  says,  had  demonatrEited  the  theorem,  using 
infinitesimal  differences,  in  the  manner  of  Leibnitz. 

Qravesand  also  had  given  a  demonstration, "  brevem  admodum, 
si  tantum  legas ;  si  comprehendere  etiam  velis,  non  admodum." 
Moreover,  this  demonstration  was  not  really  synthetical,  but  only 
an  analytical  one  disguised. 

Finally  Zanottus  had  recourse  to  Canterzanus,  whom  he  de- 
scribes as  "mazimo  iogenio  juvenem a  quo  nihil  non  speran- 

dum  esse  videbatur."  Canterzanus  accordingly  satisfied  him  by  a 
demonstratioQ  which  occupies  nearly  five  laige  pages.  The  de- 
monstration is  sound,  and  not  devoid  of  elegance.  We  will  give  a 
brief  account  of  it,  by  the  aid  of  algebraical  symbols ;  thou^  this 
would  probably  have  been  veiy  distasteful  to  Zanottus  himseE 

Let  A  denote  the  centre  of  the  sphere,  0  any  point  outside 
the  sphere;  we  propose  to  find  the  attniction  of  the  sphere  at  0. 

Let  OA  =  c ;  let  a  denote  the  radius  of  the  sphere.  Let  x  he 
in  value  between  c  —  a  and  c  +  a.  Describe  with  0  as  centre  a 
spherical  surface  of  radius  x,  and  another  of  radius  x+Sx,  where 
&x  is  infinitesimal.  Between  these  two  surfaces  a  portion  of  the 
given  sphere  is  contained.  The  attraction  of  the  portion  at  0  is 
along  OA,  and  is  ultimately  equal  to 

-J  X  va?  sin*  68x,  that  is  ir  sin*  0Sx, 

where  0  is  the  angle  which  a  straight  line  drawn  from  0  to  the 
boundary  of  the  portion  makes  with  OA :  see  Art  8. 

This  is,  in  fact,  the  essence  of  Canterzanus's  method ;  he  ob- 
tains this  result  synthetically,  and  without  di£Sculty. 

He  then  has  to  determine  the  whole  attraction  of  the  sphere ; 
this  also  he  obtains  synthetically,  though  with  some  little  trouble. 

In  modem  notation  we  should  say  that  the  whole  attraction  is 

/■■*"". 
sin*d{£c;    and  we  should  easily  effect  the  integration   by 
1-0 

obeervmg  that 


The  result  will  be  -=-=- . 
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699.  We  now  proceed  to  a  memoir  entitled  Eustachii  Zatiotti. 
De  angvlo  potiUonia  et  ejus  usu  in  determinanda  TeUvria  jigwra. 
This  is  puhluihed  in  the  De  Bortoniensi  ScUTaiarum...ComTn&n,taTii. 
VoL  V.  part  2,  1767.    It  occupies  pages  256. ..264  of  tlie  volume. 

Zanottue  at  Bologna  observed  the  sun  setting  near  a  high 
tower  of  Modena.  Hence  he  determined  the  angle  of  position  of 
the  tower  by  a  way  which  he  considered  gave  a  very  accurate  result. 
Then  if  the  difference  of  longitude  between  his  observatory  and 
this  tower  were  known,  be  could  calculate  the  difference  of  latitude 
on  the  assmnptJon  that  the  Earth  is  a  sphere.  By  comparing  thta 
calculated  difference  with  that  assigned  by  direct  observations, 
information  would  be  obtained  as  to  the  Figure  of  the  Earth, 
However,  it  is  admitted,  that  practically  the  di£Bculty  of  fixing 
the  difference  of  longitudes  exactly  renders  the  suggestion  useless. 
Still  ZanottuB  thinkfi  that  some  advantages  could  be  obtiuned  by 
the  use  of  the  angle  of  position,  when  determined  with  the  accu- 
racy which  his  method  would  ensure. 

700.  A  memoir  by  J.  A,  Euler  entitled,  Yersuch  die  Figur  der 
Erden  durck  Beobacktungen  dea  Monda  zu  beatimmen,  is  contained 

In  the   Ahhandlungen   der Baieriaehen  Ahademie...   Vol.  T., 

Munich,  1768.  The  memoir  occupies  pages  199.. .214  of  the 
volnme.  The  memoir  consists  of  two  parts.  In  the  first  part, 
assuming  the  form  of  the  Earth,  the  influence  exerted  by  this  form 
on  the  meridian  observations  of  the  moon  is  investigated.  In  the 
second  part  it  is  proposed  to  determine  the  form  of  the  Earth 
&om  such  observations ;  but  the  author  himself  admits  that  the 
process  is  not  satisfactory. 


701.  A  memoir  hy  Lambert  entitled  Sur  la  Figure  de  t  Oc&m 
is  contained  in  the  Berlin  Mimoirea  for  1767,  published  in  1769. 
The  memoir  occupies  pages  20.. .26  of  the  volume.  The  memoir 
is  not  mathematical,  and  does  not  belong  to  our  subject,  but 
rather  to  geology. 

702.  In  Volume  LViii.  of  the  PhUoaophicdl  Ih-anaactiona 
vhich  is  for  1768,  published  in  1769,  we  hare  an  Extract  of  a 
Letter,  dated  Vienna  April  4, 1767,  from  Father  Joseph  Lieagantg, 
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Jemtit,  to  Dr.  Bevia,  F.R.B.,  containing  a  short  Accmmt  of  the 
Measurement  of  Three  Degrees  of  Latitude  wider  the  Meridian  of 
■Vienna.  This  occupies  p^es  15  and  16  of  the  volume.  It  records 
the  amplitudes  and  the  lengths  of  tlie  various  parts  into  which 
Lieegamg's  entire  arc  was  divided.    See  Art.  704. 

703.  In  the  same  Volume  of  the  Utilosophical  Trangactiorts 
we  have  an  account  of  the  operations  carried  on  by  Charles  Mason 
and  Jeremiah  Dixon,  for  determining  the  length  of  a  D^ree  of 
latitude  in  the  provinces  of  Maryland  and  Pennsylvania,  in  North 
America.  There  is  an  introduction  by  Maskelyne,  theu  the  detail 
of  the  work  by  Mason  and  Dixon,  and  finally  some  remarks  and  a 
postscript  by  Maskelyne.  The  whole  occupies  pt^es  270.>>328 
of  the  volume.  The  peculiarity  of  these  operations  is  that  the 
whole  length  was  actually  measured  with  rods. 

I' do  not  know  what  Maskelyne  means  by  saying  on  page  325 
that  "  an  error  of  only  1"  in  the  celestial  measure  would  produce 
an  error  of  no  less  than  67  feet  in  the  length  of  the  d^ree." 
Instead  of  67  feet,  it  seems  to  me  that  we  should  read  100  feet, 
for  the  lei^h  of  the  degree  is  found  to  be  more  than  360000 
feet :   see  his  page  324. 

Maskelyne  himself  had  supposed  that  from  the  nature  of  the 
country  no  deflections  of  the  plumb-line  were  to  he  feared  ;  then 
he  says  on  his  page  328  : 

But  the  HononrEkble  Mr.   Henry  Cavendish  has  siDca  con- 

sidered  this  matter  more  minutely,  and  having  mathematically  invea- 
tigated  several  rules  for  finding  the  attraotjon  of  the  ineqaaliticH  of  the 
Earth,  haa,  upon  probable  suppoeitioiu  of  the  distance  and  height  of  the 
Allegany  monntains  from  the  degree  mea«urei],  and  the  depth  and 
declivity  of  the  Atlantic  ocean,  computed  what  alteration  might  be 
prodooed  in  the  length  of  the  degree,  from  the  attraction  of  the  said 
hills,  and  tiie  defect  of  attraction  of  the  Atlantic;  and  finds  the  da- 
gree  may  have  been  diminished  by  60  or  100  toises  from  these  causes. 
He  has  also  foand,  by  rimilar  calculations,  that  Hm  d^^rees  measorod  in 
Italy,  and  at  the  Gape  of  Good  Hope,  may  be  very  sensibly  affect«d  by 
the  attraction  of  hills,  and  defect  of  the  attraction  of  the  Mediterranean 
Sea  and  Indian  Ocean. 
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Frisi,  in  his  Coamographia,  Vol  li.,  page  91,  BeemB  to  think 
that  tbia  diminutioa  of  GO  or  100  toiBee  in  the  American  arc  can 
hardly  b©  accepted.  It  is  indeed  difficult  to  see  how  the  Atlantic 
ocean  can  have  produced  any  appreciable  effect.  Bailly  refers  to 
the  passage  without  any  expression  of  dissent:  see  his  Statoire  de 
FAsfy-OTiornie  Modeme,  Vol.  lir.,  page  41. 

On  pages  329.. .335  of  the  same  volume  of  the  FkUotophicdl 
TransactioTis,  some  pendulum  observations  are  recorded,  which 
were  made  by  Mason  and  Dixon  at  thenorthern  end  of  their  arc, 
that  is  in  latitude  39*  56'  19"  North. 

704,  An  account  of  the  measurements  of  arcs  of  the  meridian  in 
Austria  and  Hungary  by  Liesganig,  was  published  at  Yienna  in 
1770,  under  the  title  of  Dimensio  Oraduum  Mendiani  Viermmsii 
et  Hungarici.  The  volume  is  in  quarto;  it  contains  a  Dedication 
and  an  Introduction,  the  text  on  262  pages,  and  a  leaf  of  Errata; 
there  are  ten  plates. 

The  volume  contains  no  theoretical  investigations,  so  that  it  does 
not  fall  within  our  range.  Practically  the  results  of  the  operations 
do  not  seem  to  he  esteemed  of  any  value:  see  De  Zach's  Correa- 
p<mdanc€  Astronomique,  VoL  Vir.;  and  the  article  Figure  of  the 
Sartk  lu  the  Eneyelopadia  Metropolttana,  page  170. 

705.  In  the  Fhiloaophical  Transat^ns,  Vol  LXI.,  for  1771,  pub- 
lished in  1772,  we  have  a  memoir  entitled  An  atUmpt  to  exjdatn  some 
of  the  principal  Phanomena  of  EUctricity,  by  Means  of  an  dastio 
Fluid:  By  the  Etmourahle  Henry  Cavetidiah,  F,R.S.  The  me- 
moir occupies  pages  584.. .677  of  tl^p  volume.  This  memoir  would 
require  careftil  attention  in  a  History  of  Electricity;  but  a  very 
brief  notice  will  suffice  for  our  purpose,  as  it  contributes  nothing 
that  is  really  new  to  the  theory  of  attraction. 

We  have,  on  pages  586  and  587,  the  attraction  of  a  cone  on  a 
particle  at  the  vertex,  assuming  the  law  to  be  that  of  the  inverse 
nth  power  of  the  distance. 

We  have,  on  p^e  592,  the  enunciation  of  the  proposition  that, 
on  the  ordinary  law  of  attraction  or  repulsion,  a  spherical  shell 
does  not  exert  any  action  on  an  internal  particle:  for  the  demon- 
stration we  are  referred  to  Newton's  Principur,  Lib.  L,  prop.  70. 
T.ILA.  S9 
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CavendiBh  adds: 

It  follows  alao  from  kia  demooBtratioii,  tbftt  If  the  repuluon  is  id- 
Yenttly,  m  some  higher  power  of  the  distance  than  the  square^  the 
particle  P  will  be  impelled  towards  the  center;  and  if  the  repulaion 
is  invenely  as  some  lower  power  than  the  sqiuire,  it  will  be  impelled 
from  the  center. 

Hence,  if  the  law  of  attraction  ot  of  repulsion  is  given  to  be 
that  of  some  smgl9  power  of  the  distance  it  follows  that  a  particle 
vill  not  he  at  rest  when  placed  inside  a  spherical  shell,  unless  the 
lav  he  that  of  the  inverse  square.  But  this  does  not  apply  if  the 
law  is  merely  assumed  to  be  expressed  hj  some  function  of  the 
distance,  as  for  example  by  Ar**  +  kr^,  where  r  denotes  the  distance, 
and  the  other  letters  denote  constants.  The  general  proposition 
was  given  by  Laplace  in  the  Micamque  Celeste,  Livre  II.  §  12 :  it 
has  since  passed  into  the  elementary  treatises  on  Attraction. 

On  Cavendish's  page  616,  we  have  an  investigation  of  the 
attraction  of  a  circular  lamina  on  an  external  particle  symmetri- 
cally situated ;  the  expression  obtained  is  made  to  yield  various 
easy  inferences  in  the  subsequent  pages. 

706.  In  the  Paris  Mfynoires  for  1772,  B&xmde  par-He,  published 
in  1776,  there  is  a  memoir  by  La  Condamine,  entitled  Bemar([uea 
ewr  ia  Toiae-&alim  du  Chdtdet,  et  sur  lea  diversea  Toiaea  employ^ 
ana  mesttrea  des  DegrA  terreatrea  et  d  ceUe  du  Pendule  d,  aeeondea. 

The  memoir  occupies  pages  482.  ..601  of  the  volume;  see  also 
pages  8... 13  of  the  historical  portion  of  the  volume. 

The  memoir  was  read  on  the  29th  of  July,  1758 ;  but  was 
foi^otten  by  its  author,  and  fou^d  two  years  after  his  death. 

The  object  of  the  memoir  is  to  recommend  the  toise  of  the 
Equator  as  the  standard  toise;  this  toise  is  that  which  was  used  in 
measuring  the  arc  of  the  meridian  in  Peru,  and  which  is  elsewhere 
called  the  toise  of  Peru:  see  Arts.  186  and  551. 

A  certain  iron  toise  existed  which  was  theoretically  the  stand- 
ard toise;  this  was  the  Toiae-italon  dv,  Chdtdet,  so  called  from  the 
place  where  it  was  kepi  This  standard  appears  to  have  been 
fixed  in  ita  place  in  a  wall  in  1668;  and  Ficard  adjusted  by  it  the 
toise  which  he  used  for  measuring  his  arc  between  Paris  and 
Amiens.    At  the  date  of  the  composition  of  La  Condamine's 
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memoir,  the  staDdard  was  damaged  and  no  longer  trustworthy; 
and  Picard's  toise  bad  not  been  preserved.  La  Condamine  givea 
information  respecting  the  toise  of  the  Equator;  and  he  compares 
frith  it  various  other  toiaes,  beginning  with  that  used  tojneasure 
the  arc  iu  Laphtnd,  called  the  toise  of  the  North. 

With  respect  to  the  toise  of  the  Equator  and  the  toise  of  the 
North  La  Condamine  says  on  his  page  492: 

II  tab  -mi  qoe  depuis  qne  1«s  deux  toises  Bont  revtaum  en  France, 
on  a  cm  trouver  entr'eUes,  par  one  nouTelle  comperaison,  one  ISgSre 
difilSrence,  qn'on  a  jug£e  d'un  Tingtidme  ou  d'nc  trentiSme  de  ligne  (dont 
la  toise  du  Kord  est  plus  oourte)  cb  attendant  nne  determination  plus 
pr6cis&  Yoyez  le  rapport  dee  quntre  Commissaires,  insM  dans  les 
M^moires  de  l'ikcad6niie  de  I'annje  17S4,  p.  178;  et  le  Jonnud  des 
op&^tions  de  M.  le  Honnier,  imprim£  au  Lonvn  en  1767,  page  8, 
ligns  11. 

We  have  alluded  to  this  in  Art.  551. 

La  Condamine  thinks  that  the  toise  of  the  Equator  and  the 
toise  of  the  North  were  or^nally  of  the  same  length,  and  that 
the  slight  difference  between  them  arose  from  the  shipwreck  in 
the  Gulf  of  Bothnia  when  the  expedition  returned  from  Lapland. 
At  a  later  period,  when  these  two  toises  were  again  compared, 
they  were  found  to  be  equal:  see  the  Base  du  Systime  Mitrique, 
VoL  UL,  page  413. 

La  Condamine  considers  in  the  next  place  the  toise  which  was 
used  in  the  geodetical  operations  in  France  in  1739  and  1740,  and 
in  1756;  this  toise  is  called  the  toise  of  the  Observatory  or  of  the 
D^rees  of  France.  La  Conclamiue  arrives  at  the  conclusion  that 
this  toise  was  practically  equivalent  in.lengtb  to  the  toise  of  the 
Equator. 

La  Condamine  also  thinks  that  the  toise  used  by  la  Caille 
for  measuring  an  arc  at  the  Cape  of  Good  Hope,  agrees  with  the 
toise  of  the  Equator, 

La  Condamine  refers  also  to  a  toise  which  had  been  used  by 
De  Uairan  in  some  pendulum  experiments :  La  Condamine  con- 
siders that  this  toise  is  about  a  tenth  of  a  line  shorter  than  the 
toise  of  the  Equator.    But  I  have  found  a  statement  by  D'AIembert 
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wUcli  ]b  not  quite  consistent  with  this;  it  is  in  the  article  Figure 
de  la  Terra  in  the  origiuiJ  .^tcycJop^w,  page  754: 

or  la  toise  deM.de  Mairan  est  ansei  la  m6me  qni  a  servi 

\  Is  mesare  des  d^r£a  sous  I'fiquateur  et  sons  le  c«rcle  polaire,  et  la 
ni6me  qa'on  a  var^o^iib  poor  T£n£er  en  1740  la  base  d«  AC  Ftcard. 

I  preeume  that  the  anthorit;  of  La  Condamine  is  superior  to 
that  of  D'Alembert 

La  Condamine  hrieflj  examines  the  various  methods  of  pre- 
serving an  exact  record  of  the  standard  of  length :  he  recommends 
that  the  standard  should  be  hollowed  out  in  a  tahle  of  porphyry 
or  of  granite. 

In  a  note  at  the  end  of  the  Memoir,  we  are  told  that  the  pro< 
position  to  take  the  toise  of  the  Equator  as  the  standard  toise  was 
not  adopted  in  1758,  owing  to  the  oppositioa  of  De  Mairan;  but  in 
1766  the  royal  authority  was  exerted  in  favour  of  it. 

The  memoir  is  of  great  importance  with  respect  to  standards  of 
length ;  it  contains  references  on  the  subject  to  memoirs  in  the 
precediDg  volumes  of  the  Paris  Academy,  and  to  other  works.  An 
interesting  paragraph  respecting  a  suitable  universal  standard  of 
length  occurs  on  page  500  \  it  begins  thus : 

M.  Mouton,  Chauoine  de  Lyon,  eet  le  premier,  que  je  sache,  qui 
propoea  oetts  roeeare  tir^  dn  pendule;  oe  fat  en  1670.  OhteroaiioMa 
diam.  SoL  Zun.  L}^>n,  pabli^  en  1670. 

707.  A  memoir  by  Lagrange  entitled  iSur  Vattradion  dea 
aphirvidee  elUptigvea  is  contained  in  the  Nouveafus  M^moires  de 
I' Aoadimie... Berlin  for  1773,  published  in  1773.  The  memoir 
occupies  pt^es  121.  ..148  of  the  volume. 

708.  Lagrange  refers  to  the  investigations  given  by  Maclaurin 
in  his  Prize  Essay  on  the  Tides.    Lagrange  says  on  his  page  121 : 

...  il  faut  avouer  qne  cette  partie  de  TOavrage  de  M.  Moclanrin  est 
nn  chef-d'mavre  de  G^m^trie,  qu'on  peut  comparer  k  tout  ce  qn'Ar- 
chimede  nous  a  lain6  de  pins  bean,  et  de  plus  ingfinienx. 

Lagrange  proposes  to  demonstrate  by  analytical  methods  the 
results  which  Maclaurin  demonstrated  by  geometry. 
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709.  liagrange  speaks  thus  of  %mpson  on  his  page  122 : 

00  tronve  k  la  Tfoit£  dans  les  OnTTages  de  M.  Thomas  Simpson 
QUA  solotioD  pnrement  aoalytiqae  du  probleme  de  M.  Maolaurm,  dsns 
laqaelle  on  ne  suppose  point  qno  le  epli^roide  elliptique  soit  il  trds 
pea  pris  BpliMqn«;  mais  d'nn  autre  cdt£  cette  solution  a  le  dSfaut  de 
procider  par  le  mojen  des  s^iieB,  oe  qui  la  rend  non  seulement  longne 
et  con);^qnde,  mais  snoore  peu  direote  et  peu  rigounnse. 

1  suppose  that  the  defect  which  Lagrange  has  in  view  when  he 
describes  Simpson's  solution  as  deficient  in  ligouT  is  the  &ct  that 
the  series  are  not  always  convergent :  see  Art  282. 

710.  The  general  formube  for  the  attraction  of  a  body  on  a 
particle  in  terms  of  rectangular  coordinates  are  first  inveet^ted, 
and  it  is  remarked  that  the  great  difficulty  is  to  effect  the  integra- 
tions which  are  indicated  in  the  formulae..  This  leads  to  the  sub- 
ject of  the  transformation  of  the  variables  in  a  triple  integral. 
L^range  gives  the  method  which  has  since  remained  in  nearly  all 
our  elementaiy  books ;  although  obscure  and  unsatisfactory.  I 
have  Bupphed  an  account  of  this  method,  and  indicated  its  defects, 
in  my  Integral  Caladtu8,  where  I  have  explained  and  adopted 
another  method. 

The  transformation  of  multiple  integrals  is  an  important 
branch  of  analysis ;  we  may  consider  that  Lagrange  was  the  author 
of  it,  and  that  the  subject  of  attraction  suggested  the  consideration 
of  it  to  him.  See  Xacroiz  ISxiiU  du  Caicul  Differentiel  et  du 
Caleul  Integral,  ToL  ii.,  page  20a 

As  an  example  of  this  transformation,  Lagrange  gives  the  for- 
mula, DOW  very  familiar,  by  which  we  pass  &om  rectangular  to 
polar  coordinates  in  the  expression  for  an  element  of  volume, 
namely 

dxdydx  =  »*  sin  BdBd^. 

711.  Lagrange  works  out  the  case  of  the  attraction  of  an 
oblatum  on  an  internal  particle;  the  process  is  essentially   the 
same  as  would  be  found  in  any  modern  treatise  on  attractions :  see,   ' 
for  example,  tHatKa,  Chapter  xiii. 
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712.  Idgrange  a&ya  on  his  page  139 : 

M.  Maclaurin  dans  son  TraitS  da  flax  at  da  reflux  de  U  mer  s'eat 
contents  d«  cbercher  rattraction.  d'un  sphfiroide  elliptiqne  sot  an  point 
qnelconqoe  de  ce  Bph^roide;  et  les  r6ealtats  de  sa  belle  m^thode 
synthftique  H'acoordeiit  parfaitement  avec  cenx  qae  nous  Tenons  de 
troarer  par  I'AnalTse.  M.  d'AIembert  Tient  d'^tendre  la  aolution  de 
M.  Maclaurin  k  dee  Bph6ro!dea  oil  toutee  lee  coapes  seroient  elliptiqnea, 
en  fitisant  remarqaer  qae  les  propositioas  qtii  serrent  de  base  i  cette 
■olation  Bont  ^galement  rraiee  i  regard  de  tona  lee  Bph^roidee  elliptiqnee, 
Boit  de  i^Tolntlon  ou  non;  c'est  oe  que  lunia  aTons  tronT^  directemeut 
par  notre  Analyse. . . 

The  researchea  of  D'AIembert  which  are  here  noticed  are,  I 
presume,  those  in  the  sixth  volume  of  the  OpuaeuUs  Maih^ma- 
tiques. 

In  the  last  words  of  the  preceding  extract,  L^;range  alludes 
to  the  demonstration  of  various  properties  in  the  attraction  of  an 
ellipsoid,  not  necessarily  of  revolution,  on  an  internal  particle. 
Lagrange  shews:  that  as  long  as  we  keep  on  the  same  radius 
drawn  from  the  centre  of  the  ellipsoid  the  attraction  varies  as  the 
distance  from  the  centre ;  that  the  attraction  of  a  shell  bounded 
by  similar,  similarly  situated,  and  concentric  ellipsoidal  surfaces  on 
a  particle  within  the  shell  is  zero ;  and  that  the  attraction  resolved 
parallel  to  an  axis  varies  ae  the  perpendicular  distance  trom  the 
plane  which  contains  the  other  axes.  For  the  case  of  an  ellipsoid 
of  revolution  these  results  had  been  long  known ;  the  first  and  the 
second  were  given  by  Newton,  and  the  third  by  Maclaurin.  It 
had  more  recently  been  shewn  that  they  were  also  true  for  ellip- 
soids not  of  revolution :  see  Arts.  615  and  662.  Lagrange  now 
establishes  these  propositions  by  analysis. 

713,  With  respect  to  the  absolute  value  of  the  attraction  of 
an  ellipsoid  on  an  internal  particle  Ijagrange  says  on  his  page 
139: 

...i  r^ard  de  la  valeor  abaolne  de  I'attraction  des  q)h6roTdee  qni 
no  aont  paa  de  revolution,  M.  d'AIembert  a  essayfi  de  la  d6termmer  par 
diflerens  raojaoB  tr^  ing^nieox,  mais  dont  aacun  no  loi  a  pleineinent 
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714.  Lagrange  also  investigates  the  ftttraction  of  an  oblatom 
on  an  external  particle  whicli  is  situated  on  the  prolongation  of 
the  axis  of  revelation.  He  says  at  the  end  of  the  investigation 
on  his  page  144: 

Ce  Frobleme  a  aascd  6t€  r^BoIa  STn^^tiquement  par  M.  Maelanria 
dana  boh  Traits  des  fiiudoDB,  et  noa  solutioaa  s'aooordent  dans  Iw  t^ 
Bultats. 

In  the  course  of  the  investigation  Lagrange  allows  himself  to 
fall  under  the  suspicion  of  contradicting  the  first  principlee  of  the 
Int^ral  Calculus :  see  his  pages  142  and  143.     He  says  in  fact  that 

jPdp  vanishes  when  taken  between  the  limits  a  and  —a,  where  P 

is  a  function  of  p  which  ia  always  positive.  The  result  at  which 
he  arrives  is  correct,  but  his  method  is  unsatis&ctory.  Instead  at 
integrating  with  respect  to  p  between  the  limits  a  and  —a,  and 
then  with  respect  to  q  between  the  limits  0  and  ir,  he  ought  to 
integrate  with  respect  to  p  between  the  limits  0  and  a,  and  with 
respect  to  q  between  the  limits  0  and  2n-. 

His  polar  ezpreaaion  for  the  element  of  volume  really  assumes 
that  map  is  always  positive. 

715.  Lagrange  alludes  to  the  case  of  the  attraction  of  an 
ellipsoid,  not  of  revolution,  on  an  external  particle  which  is  situated 
on  the  prolongation  of  an  axis.     He  says  on  his  page  145 : 

joaia  l'int£gration  de  la  difiSrentielle  dont  il  ■'agit  iiaat  trds 

difficOe,  si  mSme  elle  n'est  pas  impoeatble,  nous  ne  bohs  j  arrSterouB 
pu;  outre  que  cette  matiere  n'est  pas  proprement  de  I'(d>jet  auqnel 
ce  M&noire  £toit  deetin€,  elle  a  d'ailletm  (it6  dSji  saTamment  discat^ 
dans  1«  dxieme  Tolome  des  Opusooles  de  M,  d'Alembert,  avquel  il  noas 
Buffira  par  cons^uent  de  renvoyer. 

Lagrange  says  that  we  should  find  still  greater  difficulties  in 
attempting  to  investigate  the  attraction  of  an  ellipsoid  on  any 
external  point;  He  shews  what  the  expressions  which  have  to  be 
int^irated  become  when  the  axes  of  coordinates  are  shifted  so 
that  one  of  them  is  made  to  pass  through  the  external  point. 
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716.  The  memoir  does  not  proceed  bo  &r  in  the  subject  as 
Maclaurin'a  Treatise  of  Fluxuma  did ;  for  the  theorem  which  we 
have  reproduced  in  Arts.  257  and  258  is  not  demonstrated  by 
Iiagrange.  But  as  we  shall  see  Lagrange  added  the  demonstra- 
tion in  the  Berlin  M^moires  for  1775. 

717.  An  account  of  a  measurement  of  an  arc  of  the  meridian 
in  Lombardy  by  Beccaria  was  published  at  Turin  in  1744 ;  I  have 
not  seen  the  volume.  The  result  obtained  by  this  operation 
appears  however  never  to  have  been  received  with  confidence. 
See  the  memoir  by  De  Zach  in  the  Turin  M^vwirea  for  1811  and 
1812;  and  De  Zach's  Correapotidance  Astronomique,  Vol.  vii., 
page  602 ;  and  also  the  article  M^wre  of  the  Earth  in  the  Ettcy- 
clop<sdia  Metropolitana,  pages  170,  208,  and  210. 

718.  A  work  was  published  in  Florence  in  1777,  entitled 
Zettere  di  im  Italiano  ad  un  Parigino  intomo  alle  rifleaaioni  dd 
Big,  Cassini  de  Thury  8vl  grado  Torinese.  The  work  consists 
of  67  octavo  pages :  it  is  anonymous. 

Cassini  de  Thuiy  seems  to  have  made  some  remarks  on 
Beccaria's  book  in  the  Mercure  de  J^rance  for  1776 ;  and  the 
present  work  is  a  reply.  The  main  purport  of  the  reply  is  to 
shew  that  Beccaria's  result  was  what  might  have  been  expected 
if  due  allowance  were  made  for  the  attraction  exerted  by  the 
Alps.  There  is  however  no  theory  nor  calculation  in  the  book, 
but  only  general  considerations,  I  have  not  seen  the  remarks 
which  Cassini  de  Thuiy  made ;  but  jud^ng  &om  the  reply,  they 
contained  some  inaccuracies  or  misprints. 

719.  We  have  referred  in  Art.  643  to  the  extracts  from  two 
letters  which  J^Alembert  addressed  to  Lagrange ;  the  letters  gave 
rise  to  some  investigations  by  Lagrange,  which  we  shall  now 
notice.  • 

720.  In  the  Nouveavx  M^moiree  de  Tj^ccul^ts.., Berlin  for 
1775,  published  in  1777  we  have  on  pages  273.. .279  an  Addition 
au  M^moire  mir  lattraction  des  sph^mides  dliptiques  imprimd 
dam  U  Yolume  pour  SAnn^  1773,  par  M.deLa  Orange. 
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This  addition  wae  read  on  the  9th  of  November  1775 ;  it  com- 
mences thus : 

Ijes  remarqnes  eontontiee  dans  la  lettre  de  M,  d'AIembert  dont 
j'lii  eu  I'honiiear  de  Cure  part  ik  I'Acad^ntte  il  y  a  hnit  joun,  m'ont 
dnan^  ocoamon  de  ohercher  d  le  ThSoreme  de  U.  Maclaurin  concemant 
I'attractioa  d'nn  allipBoide  but  un  point  quelconque  plac£  dons  1« 
prolongement  de  I'un  de  ses  trois  axes  ne  pourroit  pas  se  dMture  dee 
foiTDulcB  quej'oi  doDD^es  dauB  ceMSmoire;  et  jecFoie  que  lee  Analyates 
Temmt  aveo  plaisir  avec  combien  de  facility  on  peut  parvenir  par  oes 
fbrmules  it  la  d^monetration  da  Th^oreme  dont  il  s'agit. 

721.  Lagrange  starts  with  a  formula  which  he  had  obtained 
in  the  memoir  of  1773  for  the  attraction  of  an  ellipsoid  on  a  point 
on  the  prolongation  of  an  axis. 

Let  c  he  the  polar  semiaxis,  a  the  equatorial  semiaxis,  of  an 
oblatum ;  let  the  density  be  unity.  Then  for  the  attraction  on  a 
particle  on  the  prolongation  of  the  polar  axis  at  the  distance  r 
from  the  centre  we  have  by  Art.  261,  the  expres^on 

Put  m  for  -ij  then  the  expreesion  hecomes 


1  —  m  (       i/O.  —m)  r  i/m 

Now  let  OS  snppose  that  instead  of  an  oblatum  we  have  an 
ellipsoid ;  let  a  and  b  be  the  semiaxes  of  the  section  which  is  at 
right  angles  to  the  diataoce  r;  and  let  c  as  before  be  the  semiaxis 
in  the  direction  of  r.  The  attraction  will  be  equal  to  the  integral 
between  0  and  2ir  of 

1  —  flt  t        V(l  - »»)  ^t/f^      )  2ir ' 

.                     ,      ^     c'Ca'sinV  +  J'MB'ffl 
where  m  now  denotes  — ^ t^ , 

This  is  obvious ;  for  a  wedge  of  this  ellipBoid  made  by  two 
planes  inclined  respectively  at  angles  0  and  0  +  d0  ta  the  plane 
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of  a  and  c  may  be  considered  as  equivalent  to  the  wedge  of  an 
oblatum  which  has  for  semiaxes  c  and  a,,  where 

a'eo^0     a'  ain'g  _  ^ 
?~  +       A*      -  ^' 


80  that 


a'  sin'  d  +  b*  cos'  5 ' 


Thtia  from  the  known  value  of  the  attraction  of  an  ohlaium  we 
have  deduced  the  expression  which  must  be  intcgmted  in  order  to 
determine  the  attraction  of  an  ellipsoid  in  the  case  under  consider- 
ation. The  method  we  have  used  b  not  formally  identical  with 
Lagrange's,  but  it  ia  coincident  in  prinpiple. 

lagrange  then  by  a  suitable  transformation  of  the  expression 
just  obtained,  succeeds  in  demonstrating  Maclaurin's  theorem. 

722.  Strictly  speaking,  lagrange's  demonstration  applies  only 
to  the  case  in  which  the  attracted  particle  is  on  the  prolongation 
of  the  letut  axis  of  the  ellipsoid.  But  it  will  be  found  on  exami- 
nation, that  the  method  may  be  apphed  with  obvious  modifications 
to  the  cases  of  the  other  axes. 

Lagrange  finishes  thus: 

Ceat  le  thioreme  que  M.  Maclaurin  a  fenonc^  sans  demonstration 
dans  I'Axt  663  de  son  Traiii  dea  Jktxiona;  et  que  nous  noTis  ^tiona 
propoe£  de  dMnlre  de  nos  formulee. 

As  we  have  already  stated  in  Art.  260,  Lagrange  underrates 
what  Maclauiin  really  effected, 

723,  A  work  was  published  in  177S,  by  Cassini  de  Thury, 
entitled  Belatum  (Tun  Voyage  en  Allemagne,...Sfavie  dela Descrip- 
tion dea  Congy4txs  de  Zouis  XV,  depuis  1745  jus^'  en  1748. 

This  work  is  in  quarto,  containing  xxviii  + 194  pages:  it  may 
have  a  brief  notice,  though  v^  slightly  connected  with  our  subject. 
Caesini  de  Thury  travelled  to  Vienna,  and  made  numerous  obser- 
vations of  angles  in  the  course  of  his  journey.  He  calculated  a 
large  number  of  distances,  by  means  of  triangles;  and  the  data 
and  the  results  are  recorded.     There  are  numerous  maps  on  which 
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the  triaoxles  are  drawn.  Oa  pages  1...6,  we  have  an  accotmt  of 
the  lueasureraent  of  a  base  near  Munich. 

On  page  xx.  there  is  an  ^lagion  to  an  Ohserratory  -which 
Cas^Bi  had  formerly  constructed  on  the  top  of  a  tree  100  feet 
high:  it  seems  to  be  the  same  as  we  noticed  in  Art.  226. 

Caesini  de  Thuiy  was  present  with  the  French  army  during 
part  of  the  war  in  Flanders  in  1745  and  1746.  He  records  a  set 
of  triangles,  and  gives  a  map,  extending  over  the  range  of  the 
French  conqueats.     He  says  on  page  124: 

telle  est  Hdte  qae  Ton  doit  Be  ftnmei-  de  I'^tendae  des  con- 

quotes  du  feu  Boi,  que  j'&i  t&chg  de  reprgseuter  dana  nne  Carte  g^nb^e, 
qui  eet  le  senl  monument  qui  nons  en  reate,  ei  Voa  compte  pour  rien 
nne  lougae  poix  qui  eu  a  £t6  la  suite,  et  que  le  plus  aim6  des  Bois 
pr^fSroit  it  la  Tictoire. 

Cassini  de  Thury  refers  on  page  lii.  to  a  work  published  in 
1765;  this  I  have  not  seen,  but  conjecture  to  be  that  of  which  the 
title  is  ^ren  on  page  483  of  La  lAnde's  Bibttograp^ie  Asbrono- 
mique  with  the  date  1763. 

At  the  end  of  the  volume  we  have,  on  fire  pages,  Eairaita  dea 
Registres  de  FAcademie...:  these  furnish  an  account  of  the  book, 
by  Laplace,  signed  1^  Le  Monnier  and  himsel£ 

The  work  cannot  be  considered  of  any  scientific  importance: 
see  the  Vaiia M^moirea  for  1775,  pages  41.. .44  of  the  historical  por- 
tion; and  De  Zach's  Monailiche  Correapondenz,  Vol.  vn.,  page  397. 

724.  In  the  Philosophical  Th-ansactions,  Vol  LXV.,  for  1775, 
published  in  1775,  there  are  two  memoirs  by  Maskelyne, 

The  first  memoir  is  entitled  A  Proposal  Jbr  measuring  the 
Attraction  of  some  HiU  in  this  Kingdom  by  Astrojtomical  Observa- 
tume.  This  occupies  pages  495... 499  of  the  volume :  it  was  read 
in  1772. 

The  second  memoir  is  entitled  An  Account  of  OhservaHotu 
made  on  the  Mountaim  SchehaJUen  for  finding  its  Attraction.  This 
occupies  pages  500. ..542  of  the  volume:  it  was  read  July  6, 
1775. 
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Mr  Charles  Moboq  ezamined  vaiioos  bills  in  England  and 
Scotland,  and  selected  Scheballieii,  iu  Perthshire,  as  suitable  for 
the  proposed  operations.  Maskelyne's  second  memoir  details  the 
astronomical  and  geodetical  proceedings,  and  records  the  obeerva- 
tions  of  the  stare.  From  a  preliminary  determination  founded  on 
observatioip  of  10  stars  it  appeared  that  a  deviation  of  11"  6 
yraa  produced  in  the  plumb-Une  by  the  sum  of  the  attiactiona 
on  the  North  and  South  sides  of  the  mountain. 

725.  The  following  remwks  occur  in  the  first  memoir,  on 
page  496: 

Bir  Isaac  NEvroir  gives  ns  the  first  hint  of  such  an  attempt,  in 
Ids  pttpular  Trestaae  of  the  STstem  of  the  World,  where  he  rraiarks, 
"That  a  monntaia  of  an  hemUiplierioal  figure,  three  miles  high  and 
nx  broad,  will  not,  hj  its  attraction,  draw  the  plumb-line  two  minutes 
out  of  the  perpendicular."  It  will  appear,  by  a  veiy  wsy  calculation, 
tiiat  snob  a  mountain  wonid  attract  the  plumb-line  1'  18'  from  the 
perpendicular. 

The  -work  to  which  Maskelyne  here  alludes  is  entitled  A 
Treatise  of  the  eyatem  of  the  World.  By  Sir  Isaac  Newton. 
London,  1728,  This  purports  to  be  a  tnuislation  of  the  popular 
e^Ktsition  drawn  up  by  Newton  himself  to  which  he  refers  at  the 
beginning  of  the  third  Book  of  the  Prindpia.  The  data  1728  is 
after  the  death  of  Newton.  The  passage  which  Maskelyne  quotes 
is  from  page  41.  On  the  same  page  is  a  statement  equivalent  to 
that  which  we  have  noticed  in  Art.  125,  so  that  Maupertuis  must 
have  taken  it  from  this  book.  Since  that  Article  was  printed,  I 
have  obtained  a  copy  of  the  second  edition  of  Maupertuis's  Figure 
dee  Astres;  the  statement  is  omitted  in  this  edition. 

The  passage  stands  thus  : 

...For  the  attractions  of  homogeneous  spheres  near  their  sur&ce^ 
are  as  their  diametera.  Whence  a  sphere  of  one  foot  in  diameter,  and 
of  a  like  nature  to  the  Earth,  would  attract  a  small  body  plac'd  near 
its  sorfitoe,  with  a  foroe  about  20000000  times  lees,  than  the  Earth 
would  do  if  phioed  near  its  sur&oe.    Snt  so  small  a  foroe  could  produce 

no  sensible  e£Ebct     If  two  snob  spheres  were  distant  by  ^  of  an  inch, 

they  woold  not  even  in  spaces  void  of  resiatanoe,  come  ta^ther  by  the 
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force  of  their  miitnal  attradioa  in  legs  than  a  months  Um«.  And  leM 
c^eres  will  oome  together  at  a  rate  ;et  ilover,  vi&  in  the  proportiooi 
of  tbeir  diameters. 

Since  the  statement  is  ascribed  to  Newton  it  may  be  proper  to 
give  an  investigation,  which  need  not  appear  necessary  when  only 
the  authority  of  Maupertuis  was  involved.  , 

Let  a  denote  the  radius  of  each  sphere,  R  tiiat  of  the  earth, 
^■^c  the  original  distance  of  the  centres  of  the  spheres.  When 
the  centres  of  the  spheres  are  at  the  distance  r  the  acceleration 

which  tends  to  bring  them  nearer  is  ^  pff  ■  (~)  •    Thus  duriog 

the  motion  this  accderation    lies  between    -^  ( s )  ,  and 

^^  is- 1  .  If  the  acoelerstiou  were  constant  and  equal  to  /  the 
time  of  motion  would  be  \/  -f  •    Hence  the  real  time  lies  between 


=f-°(i)'»^Kf)' 


In  the  example  it  is  jsiud  that  the  sphere  is  <me  foot  in 
diameter,  but  this  must  be  a  mistake  for  one  foot  in  radius.    Thus 

oal,  c="^,  j-32,  and  5=20000000;  therefore  the  time  in 

seconds  is  between  ^2  +  —J  1000  t^j  and  2000  l^i  ,  that  is 

less  than  250  seconds. 

This  differs  so  widely  from  what  we  find  in  the  foregoing 
passage,  that  the  words  must  I  conclude  have  some  meaning 
drSerent  from  that  which  they  appear  to  suggest. 

The  preceding  elementary  considerations  are  suffident  for  oar 
purpose ;  but  there  is  no  diBScnlty  in  supplying  an  exact  investi- 
gation. 

Let  X  denote  the  distance  of  the  centre  of  one  sphere  ^m 
a  fixed  origin  at  the  instant  denoted  by  t,  and  al  the  distance 
of  the  centre  of  tlie  other  sphere ;  suppose  x'  greater  than  x,  and 
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pat  rial  X  —X.    Let  m  denote  the  mass  <^  each  Bpherev  M  the 
mara  of  the  earth,  and  T  the  whole  time  of  motion.    Then 

hence  by  aubtiactiou 

d'r        2m 

therefore  (^)=+^^J_l), 

where  £  denotes  the  initial  value  of  r,  that  is  2a+c. 
Therefore  T.JL\'J^3T 

ABSume  r  =  h  nn*0 ;  thus 


Enn'y3  = 


T- 


This  ie  exact,  and  the  value  may  be  easily  calculated  nn- 
merically. 

Suppose  0  small  compared  with  b  i  then  we  may  approximate 
tiius: 

Pnt  7  for  K  —  A  therefore  sin  2^3  =  sin  Sy  =  27  nearly. 
Also  coB7=  ^-^=  (— T— )  ;  80  that  approximately 


1 


4«l-|;.and/ 


26' 
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726.  Haskelyne  obtained  some  reaolts  by  calculation,  which 
are  thus  stated : 

B;  oa]<nilatioa...>t  ehould  follow,  that  the  Bum  of  the  contraiy 
attractitHiB  of 'Wliem8ida...oD  the  plamb-liue  placed  half-my  ap  liie 
hill,  would  not  be  lem  than  30",  and  might  amotmt  to  46"... 

By  a  calcalation...,  the  anmof  the  contrary  attnictionB  of  the  plamb- 
lin^  placed  alteraately  on  the  N'ordi-eide  of  Helwellin,  and  the  Sonth- 
udeof  Skidda,  amounts  to  aboat  20". ..And  although  the  density  of 
the  earth  near  the  Buriace  should  be  fire  times  less  than  the  mean 
deturity,  aa  there  is  aome  reason  to  anapeot,  and  the  attractionB,  as  here 
stated,  should  consequently  be  diminished  in  the  proportion  of  five  to 
one,  still  the  sum  of  the  contrary  attractions  of  Whemside  would  be 
6"  or  9",  and  the  sum  of  the  contrary  attractions  of  Helwellin  and 
Skidda  would  be  4" . . . 

727.  On  the  whole  4(3  stars  were  observed,  and  337  obaeTTa- 
tions  taken.  Maskelyne  proposed  at  his  leisure  to  compute  the 
result  from  all  the  obaervatioDs :  see  his  page  530.  It  does  not 
appear  that  this  was  done  by  him ;  hut  it  was  by  De  Zach ;  see 
L'attraction  dea  Montagnes,  pages  686. ..692.  The  result  obtained 
by  De  Zach  agrees  very  closely  with  Maskelyne's  own. 

Some  important  calculatiooe  were  founded  oa  Maskelyne's 
result  by  Hutton  in  1778,  and  by  Playfair  in  ISll ;  these  we  shall 
consider  hereafter :  see  Art.  730. 

728.  We  next  notice  a  work  entitled  Eesai  aur  lea  Pk^nominea 
rdoH/a  aux  diaparUiona  piriodiquea  de  VAivaeau  de  Satume, 
Par  M.  Dionia  du  8^our.  Paris,  1776.  This  is  an  octavo,  and 
contains  xxxii  +  44i4  pages,  besides  title-pages,  and  pkte.  A 
notice  of  the  work  is  given  in  the  historical  portion  of  the  Paris 
M^moirea  for  1775,  pages  53...fifi. 

The  work  relates  to  the  appearances  presented  by  Saturn's 
ring,  and  barely  touches  on  the  theory  with  which  we  are 
concerned. 

On  pages  4>02...4iO6  we  have  the  equation  which  Maupertuis 
investigated  for  the  form  of  the  ring ;  for  the  demonstration  we 
are  refeired  to  Maupertuis :  see  Art.  119. 
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On  pages  407.  ..411  we  have  a  fonilula  for  the  attraction  of  a 
circular  lamina  OD  a  constituent  particle:  the  formula  however 
would  not  he  of  any  use,  because  the  expresaion  to  be  integrated 
becomes  infinite  within  the  range  of  integration. 

The  author  believes  that  the  parts  of  the  ring  of  8atum 
must  be  animated  hy  a  centrifugal  force  in  order  to  balance  the 
effect  of  the  attraction  of  Saturn  :  see  his  pages  iv  and  401. 

This  supposition  has  been  confirmed  since  by  the  researches  of 
lAplac^  and  the  observations  of  Herschel. 

729.  A  work  was  published  by  John  Whitehorst  entitled  An 
Inqairy  into  the  original  state  and  formation  of  the  Earth... 

The  first  edition  appeared  in  1778,  and  the  second  in  1786 ; 
both  are  in  quarto.  In  Hutton's  Philosophical  and  Mathematicai 
Dietumary  under  the  head  Wkitehurst,  it  is  stated  that  a  third 
edition  appeared  in  1792. 

The  work  is  geological,  and  not  mathematical,  and  so  does  not 
fell  within  our  range. 

I  extract  one  sentence  which  reproduces  an  undemonstrated 
assertion  noticed  in  Art.  130 ;  it  occui-a  on  page  6  of  the  first 
edition:  "...and  therefore  when  the  component  parts  of  fluid 
bodies  are  thas  assembled  together,  they  must  necessarily  assume 
spherical  forms.. ..' 

730.  In  the  Pkilosojp^ical  TmTtsactiona,  Vol.  LXVIIL,  for  1778, 
port  2,  published  in  1779,  there  is  a  memoir  by  Hutton,  entitled 
An  account  of  the  Calculations  made  from  the  Survey  and  Measurea 
taken  at  SchehaUien,  in  order  to  ascertain  the  mean  Density  of  tKe 
Earth.  The  memoir  occupies  pages  689.. .788  of  the  volume :  it 
was  read  on  May  31, 1778. 

The  attraction  of  the  mountun  had  to  be  calculated  for  each 
of  the  two  stations  at  which  Maskelyne  made  his  astronomical 
observations.  The  form  of  the  mountain  was  ascertained  by  a 
very  minute  survey ;  then  it  was  supposed  to  be  decomposed  into 
slender  vertical  prisms,  the  attraction  of  every  one  of  which  could 
be  calculated.  There  were  960  such  prisms  for  each  of  the  two 
stations. 
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The  numerical  labour  was  of  course  very  great ;  bat  the 
memoir  adds  nothing  to.  the  theory  of  Attraction.  We  may 
notice  the  method  adopted  for  facilitating  the  calculation,  derived, 
as  Button  says  on  his  jutge  750,  "  partly  from  some  hints  of  the 
Honourable  Henry  Cavendish,  F.RS.  and  partly  fiY)m  some  of  my 
own,  which  had  been  communicated  to  the  Antronomer  Royal  in 
the  years  1774  and  1775..."  Compare  the  note  on  page  237  of 
the  article,  F^ure  of  the  Earth,  in  the  Eneyclopeedia  Metropolitana. 

Talce  the  horizontal  plane  through  one  of  the  stationa  for  the 
plane  of  polar  coordinates ;  let  the  station  be  the  origin,  and  let 
the  initial  line  be  in  the  direction  of  the  meridian. 

Let  there  be  a  vertical  prism  standing  on  a  base  which  has  r 
and  0  for  t^e  polar  coordinates  of  a  comer ;  and  let  rAr A9  denote 
the  area  of  the  base.  Suppose  e  the  height  of  the  prism ;  then, 
taking  the  density  as  unity,  the  horizontal  attraction  of  the  prism 

IB  veiy  apfowdmately  •  ir^.'j:  and  the  resolved  part  of  this  in 
the  direction  of  the  meridian  is  -yr-, — ^  coe  &.    This  may  be  put 

in  the  form  ■,(J'.  -jl  {sin(0  + A^ -sindjAr.     Then  to  facilitate 

the  calculation  the  values  of  Ad  were  so  taken  as  to  make 
sin  (0+  Ad)  —  031$  retain  a  constant  value.  Thus,  to  obtain  the 
attntctitm  of  the  prisms  forming  part  of  the  same  ring,  the  values 
of  -jrj — -s;  must  be  summed,  and  the  result  obttuned  must  be 
multiiJied  by  {sin  (d  +  Ad)  -  sin  d]  An 

Button's  concluuon  is  that  the  mean  density'  of  the  Earth  is 
i  of  that  of  the  mountain.     He  conjectures  that  the  mean  density 

f  water ;  so  that  the  mean 
densityofthe.Earthisaboat  5  times  that  of  water.    See  Art<  17. 

Button's  memoir  is  reproduced  in  his  TraOa  on  MaHimtaiicai 
and  PhUotophvial  Sabjecta,  Vol  n.  1812,  with  the  addition  of  a  few 
remarks  towards  the  end,  on  the  character  of  the  mountain,  which 
T.  ILA.  ,30 
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were  derived  partly  from  Ur  Duncan  Macara,  and  partly  from 
Professor  Playfair. 

731.  In  ihe  Hvilosophical  Transactiotu  for  1811,  part  2,  pub- 
lished in  1811,  there  is  a  memoir  by  Playfair  entitled  Account  of 
a  lAthological  Survey  of  SckehaUien,  made  in  order  to  determine 
the  epedfio  Oravity  of  the  Bocks  which  compose  thai  Mountain. 
The  memoir  occupies  pages  347...377  of  the  volume:  it  was  read 
June  27,  1811.     It  will  be  conTenient  to  notice  this  memoir  here, 

Hutton,  ae  ve  have  seen,  calculated  the  attraction  of  Schehallien, 
and  tiience  deduced  the  mean  density  of  the  ijarth,  on  the  Eiuppo- 
Bition  that  the  mountain  was  homogeneous ;  and  he  assumed  2'5 
for  the  density,  that  of  water  being  unity.  Playfair  investigated 
the  composition  of  the  mountain,  and  modified  the  calcnlatdcms  by 
allowing  for  the  actual  density  of  the  parts.  Playfair  found  that 
the  upper  part  of  the  mountun  was  composed  of  quartz  of  the 
mean  specific  gravity  2-6398 ;  and  that  the  lower  p!U^  "as  com- 
posed of  mica  aad  homblend  slate  of  the  mean  specific  gravity 
2-83255,  and  limestone  of  the  mean  specific  gravity  2;76607.  On 
ibe  whole  he  considered  that  the  matter  composing  the  mountain 
could  be  divided  into  two  classes  of  rocks ;  namely,  quartz  of  the 
mean  specific  gravity  2639876,  and  micaceous  rock,  including  cal- 
careous, of  the  mean  specific  gravity  281039.  The  line  separating 
the  two  claeees  of  rocks  could  be  accurately  traced  on  the  face  of 
the  mountain.  As  to  the  arrangements  in  the  interior  of  the 
mountain,  Playfair  considered  that  only  two  suppositions  could  be 
ihade  with  any  degree  of  probability ;  these  amount  to  assuming 
that  the  two  classes  of  rocks  are  separated  by  a  vertical  boundary, 
or  by  a  nearly  horizontal  boundary.  Playfair  calculates  the  mean 
density  of  the  Earth  on  both  suppositions ;  on  the  former  he 
obtains  4-55886,  and  on  the  latter  4-866997. 

The  memoir  adds  nothing  to  the  theory  of  Attraction.  Flay&ir 
availed  himself  of  the  practical  method  for  focilitating  the  compu- 
tation which  is  given  in  Button's  memoir.  Playfair  says,  on  hia 
pt^364: 

I  have  also  used  a  theorem  in  these  compntationB,  which  gives 
an  accurate  value  of  the  attraction  of  a  half  cylinder  of  any  altitnde  a. 
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and  aaj  radius  r,  on  &  point  ia  the  centre  of  its  bftse,  and  in  the  direc- 
tion of  a  liae  bisecliog  the  base. 

Let  A  be  eqvial  to  tb&t  attraction ;  then 

"^e  investigation  of  tliis  formula  may  be  osefully  suj^lied. 

Take  the  origin  at  the  attracted  point ;  let  the  axis  of  s  coin- 
cide with  the  axis  of  the  cylinder,  and  the  axis  of  x  with  the 
direction  in  which  the  attraction  is  estimated.  Then  the  resolved 
attraction  is 

xdxdyds 
'  C^  +  ^+z')^' 

We  integrate  fiiat  with  respect  to  e,  between  the  limits  0' 
and  a ;  thus  we  obtain 

ft  axdxdtf 


llli: 


'Ca?  +  yO{^  +  y'  +  «T 


The  limits  for  y  are  -^(1^  —  3^  and  •/(t'—a?);  and  the  limits 
for  fc  are  0  and  r. 

Assume  x  =  8Cob$  and  y  =  «sin5;  thus  the  int^ral  trans- 
forms into 


Uh    {f  +  ii 


and  the  value  is  2a  log  — . 

There  is  something  wrong  about  tiie  plates  which  ought  to 
accompany  the  memoir.  Playfair  refers  to  a  plan  of  the  mountain 
which  shews  the  boundary  between  the  two  classes  of  rocks,  and 
also  to  a  diagram  ;  see  his  page  363 :  but  neither  of  these  is  given. 
Also  it  appears  from  his  page  363,  that  the  plates  which  are  given 
ought  to  have  been  coloured. 

732.  It  will  be  convenient  to  notice  here  a  subsequent  paper 
connected  with  the  Schehallien  experiment.    In  the  IWotophical 
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li-emgaetiona  for  1821,  part  2,  pablished  in  1821,  there  is  a  meoioir 
by  EuttOD,  entitled  On  the  mean  density  of  the  Earth.  It  occupies 
pages  276.-292  of  the  volume :  it  wae  read  April  5,  1821. 

Hutton  adverU  to  the  SchehalUen  operations,  and  to  Flayfair's 
investigation  of  the  density  of  the  mountain.  Huttou  thinka  that 
the  mean  density  of  the  Earth  is  very  nearly  five  times  that  of 
water,  hut  not  greater.  He  prefers  the  Schehallien  determiDa|ion 
to  tiiat  which  Cavendish  had  obtained  by  experiment.  At  tbe 
age  of  84,  he  had  undertaken  to  recompute  the  experiments  of 
Cavendish,  and  had  discovered  some  important  errors  iu  the  origi- 
nal computatioQ.  He  suggests  that  observations  might  be  made 
near  one  of  the  Egyptian  pyramids,  of  the  nature  «f  those  made  at 
Schehallien. 

733.  We  will  collect  here  the  titles  of  some  investigations 
which  deserve  to  be  studied  by  those  who  are  interested  in  the 
important  question  of  the  mean  density  of  the  Earth ;  the  greater 
part  of  these  investigations  fall  without  the  period  over  which  the 
present  history  ranges.  We  suppose  tbe  density  of  water  to  be 
onity. 

A  fiimoua  experiment  was  made  by  Cavendish,  from  which  he 
deduced  that  the  mean  density  of  the  Earth  was  about  6-18.  Tbe 
details  are  given  in  the  PhUosophioat  7hineaction»  for  1798 ;  we 
shall  recur  to  the  memoir  hereafter. 

A  memoir  by  Hutton  in  the  I'hilosophical  TVatisactions  for 
1821  we  noticed  in  Art.  732.  According  to  Hutton's  calculation 
the  result  of  Cavendish's  own  experiments  is  5'31. 

A  paper  by  Carlini  in  the  Milan  Ephemerit  for  1824  gives  an 
account  of  a  series  of  pendulum  experiments  made  at  the  hdgbt 
of  a  thousand  toises.  The  result  obtained  for  the  mean  density 
but  a  serious  error  is  introduced  by  using  a  wrong 
fo^ntlla  to  express  a  cei-tain  attraction ;  the  error  was  pointed  out 
by  Schmidt  (md  by  Giulio.  Moreover  there  ore  other  considera- 
tions which  shew  that  the  process  does  not  seem  to  deserve  much 
confidence.  See  the  Repvrt  on  AMronomy  by  the  Astronomer 
Royal  in  the  Reports  of  the  Sritisk  Association,  ToL  i.  page  169 ; 
and  a  note  by  Sabine  in  the  translation  of  Humboldt's  Cosmos, 
Vol.  L  1849,  page  xlvii. 
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The  subject  is  discusaed  in  Schmidt's  L^rlmch  der  matKema- 
tischen  und  phi/nachen  Geographie,  1830;  Hbe  VoL  n.  pa^^ 
469... 487. 

Schmidt  corrects  Carlini's  result  4*39  to  4-837.  Schmidt  ob- 
tains 5'52  by  calculation  from  Carendish's  own  experiments. 

In  1838,  a  work  was  published  at  Freiberg,  entitled  Yertwihe 
iS>er  die  miUlere  JHcktigkeit  der  Erde...von  F.  Reich.  In  his 
introduction  he  refers  to  an  article  by  Muncke  in  the  new  edition 
of  Gehler's  Pkyaikaiisckes  Wcrterbuch  Vol  lU.  page  940...,  as 
giving  a  valuable  comparison  of  the  results  hitherto  obtained. 
Reich  himself  repeated  Cavendish's  experiment  and  obtained 
nearly  5*44  for  the  mean  density. 

A  memoir  by  Menabrea  is  pablished  in  the  Turin  Mmtorie, 
Vol.  IL  1840,  entitled  Calcul  de  la  density  de  la  Terre.  This  con- 
tains an  investigation  of  the  theory  connected  with  Cavendish's 
ezperiment 

A  memoir  by  Qiulio  is  published  in  the  Turin  Menwrie, 
VoL  II.  1840,  entitled  Sur  la  determination  de  la  density  moyerma 
de  la  terre,  dMuite  de  rob8mT)ation  du  pendule  faite  d  Thosptce  da 
Mont  Cenispar  if.  Carlini  en  Sept.  1821. 

Carlini's  result  439  is  here  corrected  to  4*95. 

Cavendish's  experiment  was  repeated  by  Baily,  who  mads 
far  more  trials,  and  with  greater  precautions,  than  his  predeces- 
sors. The  details  form  Vol.  xiv.  of  the  Memoirs  of  the  Soyal 
Astronomical  Society,  1843;  see  also  the  references  connected 
with  this  volume  in  the  Roy&l  Society's  Catalogue  of  Scientific 
Papers  under  the  head  BaUy,  No.  45.  The  result  obtained  for 
the  mean  density  was  about  5-67 ;  but  the  results  of  individual 
experiments  were  found  to  vaiy  considerably. 

In  the  Philosophical  TraneacHons  for  1847  there  is  a  memoir 
by  Heam  entitled.  On  the  cause  of  the  discrepancies  observed  hy 
Mr.  Baily  with  the  Cavendish  apparatus  for  determinivg  the  mean 
dentiiy  of  the  Earth. 

The  diBcrepancies  are  attributed  to  the  influence  of  mag- 
netism. 
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After  the  publication  of  Baily'e  result  Reich  again  repeated 
the  experiment:  see  the  Leipzig  Abhandlungen,  Vol.  L  1852,  and 
the  Royal  Society's  Catalogue  of  Scieniific  Papers  under  the  head 
Beich,  No.  17.     1  be  result  gives  about  558  for  the  mean  denEity. 

Reich  refers  to  Heam's  memoir,  but  does  not  agree  with  it. 

In  the  Account  of  tKe... Principal  TriangulatMma...l%5%,  which 
forms  part  of  the  Ordnance  Survey  of  Cheat  Britain.. .ihe  subject 
is  discussed  in  Section  x.  Some  account  is  given  of  jn^ceding 
researches,  together  with  the  details  of  a  new  operation,  like  that 
•t  SchehallieD,  on  the  hill  called  Arthur's  Seat  at  Edinbur^  The 
new  operation  gives  the  mean  density  5'316. 

Pendulum  experiments  were  made  in  1854,  by  the  Astronomer 
Royal  in  Harton  Colliery  for  ascertaining  the  mean  density  of 
the  Earth :  see  the  FhOosophical  Transactions  for  1856,  and  the 
Royal  Society's  Catalogue  of  Sdenttjic  Papers  under  the  bead 
Airg,  Nos.  100,  101,  and  110.     The  result  is  the  valoe  6566. 

The  Astronomer  Royal  observes  with  respect  to  this  result  on 
page  3*2  of  the  Phxhsophicai  Tramactiona  for  1856 : 

The  value  thus  obtained  ia  mnoh  larger  than  that  obtained  from  the 
Sobehallien  experiment,  and  conaidersbly  lai^r  than  the  mean  found 
by  Baily  from  the  toraion-rod  experiments.  It  ia  extremely  difficult  to 
aangn  with  inwialon  the  eansw  or,  the  measnreB  of  the  error  of  any  of 
theae  determinations;  and  I  shall  content  myself  with  expicesing  my 
opinion,  that  the  valoo  now  presented  is  entitled  to  compete  with  tiie 
others,  on,  at  least,  eqoal  terms. 

Haughton,  in  the  Philoa&phical  Magasine  for  July,  1856,  by 
a  special  method  deduces  the  result  548  from  the  Harton  Colhery 
experiments. 

A  memoir  was  published  in  Qottingen,  in  1869,  entitled  D«6er 
die  Bestmmung  der  mittlerea  Dichiigkeit  der  Erde  von  Anton 
SckeU.  This  is  in  quarto,  containii^  39  pages,  with  three  plates. 
It  is  a  oaefiil  account  (rf  various  researches  on  the  subject 
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734.  We  notice  next  a  memoir  entitled  De  Figura  Terra 
Commentatio.  Autore  J.  A.  J.  Cousin,  Parisino.  This  is  contained 
in  the  Acta  AcademicB  Mectoralie  Mogvin;ti7ue...\TI1.  Erfurti, 
1778.     It  occupies  pages  209.. ,216  of  the  volume. 

The  memoir  consists  chiefly  of  relations  hetween  certain  lines 
in  any  curve,  expressed  in  the  language  of  the  Differential  Calcu- 
lus. But  no  diagram  is  supplied,  at  least  in  the  only  copy  which 
I  have  seen,  and  thus  part  of  the  memoir  is  unintelligible.  How- 
ever it  may  be  safely  pronounced  to  be  of  no  importance. 


735.  A  memoir  by  Euler,  entitled  Theoria  PardUaaeoa  ad 
Figuram  Terrce  sphaeroidicam  aecommodata,  is  contained  in  the 
Acta  Academice...Petropoliian<B  for  1779, ^rs  prior,  published  in 
1782.     The  memoir  occupies  pages  241.  .,278  of  the  volume. 

This  memoir  adds  nothing  to  the  theory  of  the  figure  of 
the  Earth.  Euler  assumes  that  the  Earth  is  an  oblatum,  and 
investigates  the  consequent  expressions  for  the  moon's  parallax. 
SCe  gives  tables  and  uumerical-  example^  which  are  calculated  on 

'the  supposition  that  the  ellipticity  is  -^rr^ . 

736.  In  the  FhilosophicaX  Transactiotis  for  1780,  published  in 
1780,  there  is  a  memoir  by  Hutton,  entitled  CaloulatwnB  to  deter- 
mine at  what  TbiJU  in  the  Side  of  a  Bill  ita  Attraction  toUl  be  the 
greatest.  It  occupies  pages  1...14  of  the  volume:  it  waa  read 
Nov.  11,  1779. 

The  memoir  proposes  to  find  at  what  point  on  the  surface  of  a 
hill  the  horiamtal  component  of  the  attraction  of  the  hill  is  great- 
est. The  problem  was  naturally  su^eated  by  the  operations  on 
the  mountain  Schehallien 

Hutton  supposes  that  the  vertical  section  of  his  mountain  is  a 
triangle,  and  that  the  mountain  extends  to  infinity  in  the  hori- 
zontal direction  on  both  sides  of  the  point  considered.  Thus  his 
problem  may  he  stated  in  these  words:  find  a  point  on  a  given 
face  of  a  triangular  prism  of  infinite  length  where  the  attraction 
of  the  prism  resolved  parallel  to  another  ^ven  face  is  greatest 
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Huttcm'a  M)lution  is  wrong.    I  will  Iniefly  indicate  the  txxnect 
method. 


Let  ABO  be  a  section  of  the  juiam  at  right  angles  to  its  edges. 
Let  P  he  aoj  point  on  the  side  AB. 

Then  we  may  divide  the  prism  into  two  prisms,  one  corre- 
sponding to  PBG,  and  the  other  to  PAG,  and  estimate  the  attrac- 
tion of  each  separately. 

Suppose  P  the  origin  of  polar  coordinates,  in  the  plane  of  the 
triangle ;  and  take  the  initial  line  parallel  to  BG. 

The  attraction  of  the  infinite  rod  parallel  to  the  edges  of  the 
prism  which  corresponds  to  the  polar  element  rdrdB  is  ~  rdrdff, 
where  the  density  is  taken  to  be  unity. 

Consider  first  the  prism  corresponding  to  PBG, 
The  attraction  (^  a  rod  will  he  2  cos  OdrdO  parallel  to  BC, 
and   2nnddrdS  perpendicular   to   BC.    Let  the   perpendicular 
PMhe  denoted  hy  h.    Then  we  must  int^piite  for  r  from  0  to 

-; — ^ ;  and  we  must  integrate  for  6  from  a  to  y9,  where  a  is  equal 
to  PGB,  and  fi  exceeds  a  by  BPG.    Thus  the  component  attrac- 


culartofC. 

Similarly  for  the  primn  corresponding  to  PAC  we  find  that 
the  component  attracrious  are  2A,  log  -: — ^  parallel  to  AG,  and 

2^(/S,-aJ  perpendicular  to  AG;  where  A,  denotes  the  perpendi- 
cular &om  P  on  AG,  and  a,  is  equal  to  PGA,  and  j8,  —  a,  to  APG. 
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Hence  the  attraction  of  the  whole  piism  correapoiidmg  to  ABO 
parallel  to  BG  is 

2A  log  ^^  +  2\  cos  0  log  ^H^'+  2ft.  Bin  C  09,-a.). 

This  expreasioa  may  be  made  to  involre  only  one  variable  a ;  and 
then  we  can  seek  the  maximum  value  by  putting  the  differential 
coefficient  with  respect  to  a  zero.  The  equations  which  serve  to 
ezpreee  the  other  variables  in  terms  of  a  are 

A(cot£  +  cot«)  =  5C, 

hBC+h,  AC'  twice  the  area  of -ABC, 

ff  =  ir-B, 

o.  +  a-C, 

Hutton  instead  of  taking  the  whole  prism  supposes  another 
plane  to  pass  through  PM,  and  to  make  an  infiniteaimal  angle  with 
the  plane  of  the  paper.  Thus  be  obtains  a  slice  in  the  form  of  a 
double  wedge ;  he  estimates  the  resolved  attraction  of  the  slice, 
and  assumes  that  this  will  represent  the  attraction  of  the  whole 
prism.    He  says: 

And  then  team  the  foi-«going  mppoaitioiis  it  w  erident  that  in 
iriiatover  point  of  AB  the  attnction  ot  ABC  k  gnatea^  there  also  will 
the  attraction  of  the  whole  hill  be  the  greatest 

This  assertion  is  unjustifiable.  After  I  wrote  this  I  found 
that  to  this  sentence  Hutton  adds  the  words  "very  nearly,"  in  the 
abridgement  of  the  memoir  which  is  given  in  the  PhilotojAical 
Transactions  abridged  by  Hutton,  Shaw  and  Pearson;  and  also 
in  the  republication  of  the  memoir  in  Hutton's  Trada,  ToL  n. 

Hutton  considers  especially  the  case  in  which  the  triai^Ie 
ABC  is  equilater^ 

Suppose  for  example,  that  P  is  at  A    Put  e  for  AB.    Then 

A  =  0,  A,-^.  «,-f,  A=r-  T^e  attraction  parallel  to  £t7 

-  oV3  v'S  "■     ow 


izedbyGoOylC 


474     MISCELLAinOns/lNYESnaATIOHB  BETWEEN   1761  AND   1780. 
Next  BuppoBe  that  P  is  at  the  middle  point  of  AB.    Then 

\-h-~^.    «-g,.    ^=3.    a.-g,    ft--^. 
The  attraction  parallel  to  £G 

--|- logV3+ -^logV3+ ^.Y■-2=*'-4-^*'g^3  +  -8"■ 
The  ratio  of  the  latter  to  the  former 

.V3 


hgl). 


This  is  obviously  the  ratio  of  tJie  whole  attraction  at  f  to  the 
whole  attraction  midway  between  A  and  B;  for  each  whole 
attraction  is  inclined  at  30*  to  the  horizon. 

This  will  be  found  1'204  approximately. 

Hutton's  theoretical  expression  for  the  ratio  is  quite  different ; 
but  numerically  it  is  nearly  the  same :  he  gives  almoet  1'206. 
The  coincidence  is  curious. 

787.  Here  we  may  be.  said  to  finish  the  first  part  of  our 
work ;  the  history  has  been  carried  through  a  period  of  nearly 
a  century,  from  the  publication  of  the  Principia,  in  which  Newton 
laid  the  solid  foundations  of  the  Theories  of  Attraction  and  of  tite 
Figure  of  the  Earth.  Maclaunn  and  Clairaut  continued  the  work 
with  great  success;  the  former  munly  devoting  himself  to  the 
Theory  of  Attraction,  and  the  latter  to  that  of  the  Rgure  of  the 
Earth.  The  incessant  labours  of  D'Alembert  effected  more  indi- 
rectly than  directly ;  they  kept  up  an  interest  in  the  subjects, 
and  probably  suggested  the  more  fortunate  efforts  of  L^endre 
and  Laplace.  In  the  second  volume  we  shall  trace  the  pr<^Te8s 
of  our  Theories  under  the  influence  of  the  powerful  analysis  of 
these  two  great  mathomaticiaDS. 

738.  Some  publications  are  recorded  in  La  Lande's  BtbUo- 
ffraphie  Astronomique  bearing  on  our  subject,  which  I  have  not  been 
able  to  consult ;  although  I  believe  they  are  of  small  importance, 
I  will  quote  the  titles  here,  adding  the  pages  of  La  lande's 
work  where  they  are  given. 
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